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Preface

There are many excellent textbooks on functional analysis. However, only few can
be regarded as introductory or elementary. In writing this book, my goal was to
produce a “really” introductory (and short) text on this subject.

This book originated from the notes that I kept while teaching the graduate
course Introductory Functional Analysis at San Francisco State University (SFSU).
The Mathematics Department of SFSU offers the Master of Arts in Mathematics
degree to its students. Many students who received an MA degree from this
department do not pursue a higher degree. When teaching this course I wanted my
students to get a better feel for analysis in general, appreciate its importance, and be
ready to learn more about it, should the need arise. Some of these students had gaps
in their knowledge of basic analysis and other branches of mathematics. For this
reason, in addition to functional analysis topics, the book contains materials that
any undergraduate/graduate student of mathematics should know. These materials
are subjects of the first and second chapters.

The first chapter presents selected topics of general mathematical interest that I
felt are needed to master the material presented in the book. First, it includes a brief
overview of convex functions with applications to classical inequalities, that will be
used in the succeeding chapters. Second, binary relations of equivalence and order
and their main properties are described. The chapter ends with Zorn’s lemma,
which is essential in the establishing some advanced results later in the book.

Most spaces in functional analysis are topological (often metric) vector spaces.
This is why natural prerequisites for a course in functional analysis include courses
in linear algebra and real analysis. I do not include a preliminary overview of linear
algebra. However, I felt that it is important to review basics of metric and topo-
logical spaces to fill the gaps between what the reader probably learned some time
ago and what is necessary to master topics covered in the book. This review is the
subject of the second chapter. In addition to standard topics on metric spaces
covered in real analysis, I prove a “light” version of the Baire Category Theorem in
Chapter 2. A brief discussion of this theorem is found at the end of the chapter.

vii



viii Preface

Metric and topological vector spaces are introduced in the first section of
Chapter 3. The rest of this chapter is devoted to “special spaces” that serve as
illustrations to many general theorems in the book. These spaces are
finite-dimensional spaces £, sequence spaces £, ¢, co, and s, and spaces of con-

tinuous functions and functions of bounded variation. Because I wanted to keep this
book on an “introductory” level, I did not include in this chapter spaces of
Lebesgue measurable functions despite their great role in functional analysis. The
main thrust of this chapter is on establishing properties such as completeness and
separability of the spaces under consideration.

Normed spaces, bounded linear operators on these spaces, and their properties
are subjects of Chapter 4. The concept of a Schauder basis (cf. Section 4.1) illus-
trates the advantage of blending the metric and linear structures of normed spaces
allowing for formation of convergent series. The central result of Section 4.2 is
equivalence of continuity and boundedness properties of linear operators, thus
taking an advantage of the vector space structure in establishing analytical prop-
erties of continuous linear operators. Fundamental topological properties of
finite-dimensional normed spaces are discussed in Sections 4.3 and 4.4.

A separate chapter in the book is devoted to linear functionals. First, in
Section 5.1, it is demonstrated that many normed spaces have considerably “large”
dual spaces, that is, spaces of continuous linear functionals on the underlying space.
In Sections 5.2 and 5.3 various results known as the Hahn—Banach Theorem are
established. This theorem plays a fundamental role in functional analysis. In par-
ticular, the Hahn—Banach Theorem shows that there are “enough” continuous linear
functionals on a normed space to motivate the study of the dual space. As an
application of this theorem, all bounded linear functionals on the space Cla, | are
described in Section 5.4. In conclusion of Chapter 5, reflexive spaces are introduced
and their elementary properties established.

Three “pillars” of functional analysis—the Uniform Boundedness, Open
Mapping, and Closed Graph Theorems—are covered in Chapter 6. (The forth
“pillar” is the Hahn—-Banach Theorem (cf. Chapter 5)). The distinguished role of the
completeness property in establishing these fundamental results is illustrated by a
number of examples and counterexamples in Section 6.4.

It is hard to imagine a textbook on functional analysis that does not include
topics on Hilbert spaces. Chapter 7 (that constitutes about 20% of the entire book) is
an in introduction to the theory of Hilbert spaces. It begins with a short coverage of
inner product spaces in Section 7.1. The next two sections introduce and discuss the
orthogonality property in inner product spaces and orthonormal families in Hilbert
spaces. In my opinion, the concept of summable families of vectors in normed
spaces is elementary enough to be included into an introductory course in functional
analysis. This notion is used in Section 7.3 to define Hilbert bases and establish
convenient representation of vectors in Hilbert spaces. In the same section, the
Gram—Schmidt process is used to construct orthonormal bases in separable Hilbert
spaces. Effective tools for studying linear functionals and operators on Hilbert
spaces are the Riesz Representation theorem and sesquilinear forms that are covered
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in Sections 7.4 and 7.5, respectively. The concept of Hilbert-adjoint operator (cf.
Section 7.6) is used to introduce the standard classes of normal, self-adjoint, and
unitary operators in Section 7.7. Projection operators are covered in the last section
of this chapter.

To enhance the presentation of Hilbert spaces, more advanced topics on sum-
mable families of vectors in a normed space are included in the Appendix A, where
Hilbert spaces ¢,(J) are described for arbitrary set J.

As I mentioned at the beginning of this Preface, I wanted to write an intro-
ductory text on functional analysis. In fact, I wanted to keep the book on “ele-
mentary” level. For this reason, the book does not rely on the Lebesgue theory and
does not include the Spectral theorem. However, some topics that are usually
considered as not completely elementary are included in the book. For instance,
Zorn’s lemma, Baire’s Category theorem and summability of families of vectors in
a normed space are included in the book.

In my opinion, the most effective way of learning mathematics is by “doing it”.
There are 240 exercises in the book. Most exercises are “proof” problems, that is,
the reader is invited to prove a statement in the exercise. Every chapter has its own
set of exercises.

Throughout the book the symbol F denotes either the real field, R, or the
complex field, C. Symbols N, Z, and Q denote the sets of natural numbers
{1,2,...}, integers, and rational numbers, respectively. The symbol C is always
used for the set inclusion relation, proper or not.

I wish to thank Sheldon Axler for his endorsement of this project and an
anonymous referee for reading the manuscript carefully and suggesting mathe-
matical and stylistic corrections. My special thanks go to Eric Hayashi for
numerous comments and recommendations which materially improved the original
draft of the book.

Berkeley, California Sergei Ovchinnikov
March 2018
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Chapter 1
Preliminaries

In this chapter, we briefly cover topics that are ubiquitous in mathematics
and are included in this book for the reader’s convenience.

Sections 1.1 and 1.2 introduce basic inequalities that are used later in the
book. Although spaces of Lebesgue integrable functions are not covered in
the book, some integral inequalities are covered in Section 1.3.

Equivalence and order relations and Zorn’s lemma are the topics of Sec-
tions 1.4 and 1.5.

1.1 Convex Functions

In this section, I is an open interval on the real line R that may be bounded
or unbounded. A function f : I — R is said to be convez if

FIAz+ (1= Nyl < M)+ (1= N fy), (L.1)
for all z,y € I and X € [0,1]. It is called concave if the opposite inequality
fP2+ (1 =Nyl > AMf(2) + (1= N fy) (1.2)

holds for all z,y € I and A € [0,1]. Note that the numbers Az + (1 — A)y
in (1.1) and (1.2) belong to the domain I of the function f (cf. Exercise 1.1).

Geometrically (cf. Fig. 1.1), inequality (1.1) means that each point R on
the graph of the function f that lies between two other points P and @ on
the graph lies on or below the chord PQ (cf. Exercise 1.2). In the case of
inequality (1.2), R lies on or above the chord PQ.

It is clear that a function f is concave if and only if the function —f is
convex.

The following theorem is instrumental in proving many inequalities that
appear later in this chapter.

© Springer International Publishing AG, part of Springer Nature 2018 1
S. Ovchinnikov, Functional Analysis, Universitext,
https://doi.org/10.1007/978-3-319-91512-8_1
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convex function

concave function

X X

Fig. 1.1 Convex and concave functions.

Theorem 1.1. A function f: I — R is convex if and only if

f ( > mk) <> (), (1.3)
k=1 k=1

forallzy,...,x, €I and 0 <Xy, <1 (1 <k <n) such that Y ;_, A\, = 1.

Note that the number >;_, Axzy belongs to I (cf. Exercise 1.1), so the
left-hand side in (1.3) is well defined.

Proof. (Necessity.) We prove by induction that (1.3) holds for every convex
function f.

The base case, n = 1, holds trivially.

Suppose that (1.3) holds for some m > 1 and let

Tiyo Ty T €1, 0S M S1(A<k<m+1), Y Ap=1
k=1

We may assume that A,,41 # 1. (Otherwise, the induction step is trivial.)
For A = Y";" | A, we have A\, 11 = 1— A, and then by (1.1) and the induction
hypothesis,

m—+1 m
f( > Akzk) = f(AZ %xk +(1- A)xm+1>
k=1 k=1

A
j\k Ik) + A1 f (@)
1

IN

>

<
7N
3

™~
>

2k
A
1

IA
>
NE

f(xr) + A1 f(Tmy)

s
£

Ao f (k)

k=1

The result follows by induction.
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(Sufficiency.) This follows immediately from (1.3) for n = 2. O

Similarly, a function f : I — R is concave if and only if

f ( > Am) > Aef (), (1.4)
k=1 k=1

for all zq,...,2, € I and 0 < A\ <1 (1 <k < n) such that >}, \p = 1.
The next theorem is a useful characterization of smooth convex functions.
The proof is left to the reader (cf. Exercise 1.3).

Theorem 1.2. If f is a differentiable function on I, then it is convez if and
only if f' is increasing on I. Similarly, f is concave if and only if [’ is
decreasing on I.

Ezample 1.1. (Cf. Fig. 1.2.) Let f(x) = 2P, p > 1, be a power function on
(0,00). Because f'(x) = pxP~! is increasing on (0, 00), f is a convex function.

On the other hand, the natural logarithm function f(x) = Inz on (0, c0)
is concave, because f’(x) = 1/x is decreasing on (0, 00).

y
y:xp ‘ y=Inx

/ B
> X

Fig. 1.2 The power and logarithmic functions.

1.2 Inequalities

In this section, unless otherwise specified, all variables assume values in the
field of complex numbers C. Recall that |z| stands for the absolute value
(modulus) of a complex number z, z stands for the complex conjugate of z,
Re(z) and Im(z) denote the real and imaginary parts of z, respectively, and

2> =2-2, 2Re(z)=2z+2, 2ilm(z)=2- %,

for every z € C.
We begin by proving the triangle inequality for complex numbers:
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|z 4+ y| < |z| + |y, for all z,y € C. (1.5)

Indeed,

o +yl” = (@+y)@FY) = @+ )T +7) =23 + 27 +yT +yJ
= |a]* + 27 + 77 + [y* = |2|* + 2Re(27) + |y|*
<ol + 2zlyl + [yl* = (=] + [y])?,
because Re(z) < |z| for every complex number z. From this, (1.5) follows

immediately. Of course, the triangle inequality also holds for real numbers.
For a real number p > 1 we define ¢ by the equation

11
S =1
p q

Clearly, there is a unique real number ¢ > 1 satisfying this equation. The
numbers p and g are called conjugate exponents.

Theorem 1.3. (Young’s inequality.) If p and q are conjugate exponents,
then for all complexr numbers x and y,

L)

lzy| <
q

(1.6)

Proof. If |zy| = 0, the inequality is trivial. Otherwise, || > 0, |y| > 0, and
by the concavity of the logarithm function, we have

p q 1 1
In ('x Ll ) > —In(|z[?) + = In(jy|*) = In|2| + In |y| = In|ay].
p q p q

Because the logarithm is a strictly increasing function, we have obtained the

desired result. O
Theorem 1.4. (Hélder’s inequality.) If p and q are conjugate exponents,
then
n n 1/p n 1/q
>t < (k) (i) (L7)
k=1 k=1 k=1
for arbitrary complexr numbers x1,...,T, and yi,...,Yn.

Proof. We may assume that at least one of the |xx|’s and one of the |y|’s
are positive. (Otherwise, both sides in (1.7) are zero and we are done.) Then
the real numbers

n 1/p n
u= (Z$k|p> and v = <Z|Z/k|q>
k=1 k=1

1/q
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are positive. We apply Young’s inequality (1.6) to |zx|/u and |yx|/v to obtain

M.Md(@)ﬁl(@){ l<k<n,

u v p\u g\ u

or, after summing from k =1 to k = n,

Dot |k Yk| < 1 ZZ:1/|$k‘p 4 1 >kt Y] _ 1 n 1 —1,
uv P uP q v4 P q
which is equivalent to (1.7). O

Theorem 1.5. (Cauchy—Schwarz inequality.) For arbitrary complex
numbers x1,...,Ty and Y1, ..., Yn,

n n n
Sl < | S el | S Il (18)
k=1 k=1 k=1

Inequality (1.8) follows from Holder’s inequality by setting p = ¢ = 2.
We present an elementary proof that does not rest on the theory of convex
functions.

Proof. We have (cf. the proof of (1.5))

n n n n
0> ftap + oyl <) okl +26 ) lzruel + Y luel?,
k=1 k=1 k=1 k=1

for all real numbers ¢. Hence the discriminant of the quadratic trinomial on
the right-hand side must be nonpositive:

n 2 n n
1(Xtonl) —a( St () <o
k=1 k=1 k=1

which is equivalent to (1.8). O

The next theorem establishes an inequality that plays a distinguished role
in analysis.

Theorem 1.6. (Minkowski’s inequality.) For arbitrary complex numbers

TlyevsTn, Yls---,Yn and a real number p > 1,
n 1/p n 1/p n 1/p
[Z|$k+yk|p] < [ZWHP} + [Z|yk|p] : (1.9)
k=1 k=1 k=1

Proof. We may assume that both real numbers
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n 1/p n
u= <Z|$k|p> and v = <Z|yk|p>
k=1 k=1

are positive. By the triangle inequality, we have

1/p

» » || e\ "
|2k + ykl” < (|zx] + |ye])? = u7+v7
P
u |x v
u+v u u+v v

p
rap( Sty v wl)’

uUu+v u u+v v
Because
U v
+ =
U+ v u—+v

and the power function z? is convex for p > 1, we have

p p p
u @Jr v |yl < u |z LY |yk|.
u+v u u+v v u—+v uP u—+v VP

Hence

u |xg|P v p
|xk+yk|p<(u+v)p< | k| |yk| )

u+v upP u-+v vP

By summing both sides of the above inequality, we obtain

n n » n »
Do lwk+yel” < (u+ v)p( i DDy L e ] )
u v

st uP u—+v VP
_ » u v
(u+w) (u+v+u+v>
n 1/p n 1/pp
—wror = |(Llar) () |
k=1 k=1

which is equivalent to (1.9). O

Holder’s inequality, the Cauchy—Schwarz inequality, and Minkowski’s
inequality also hold for infinite sequences of complex numbers.

Theorem 1.7. (Hélder’s inequality.) Let p and g be conjugate exponents.
If the series > poq|ze? and Y po|yx|? are convergent, then the series
> lzkyk| converges, and

1/q

l§:1|$kyk| < <I§kap)l/p(§yqu) : (1.10)
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Theorem 1.8. (Cauchy—Schwarz inequality.) If the series Y o |zx|?
and Y77 | lyk|? are convergent, then the series Y o |Tkyx| converges and

S el < | S el | S Il (L11)
k=1 k=1 k=1

Theorem 1.9. (Minkowski’s inequality.) Suppose that the series > oo,
|k P and Y ;2 lyk|P converge for a real number p > 1. Then the series

oo
Z |z + yr|P
k=1

converges, and

oo

>

k=1

oo

1/p 1/p oo 1/p
|xk+yk|p] < |:Z|l’k|p:| + [Z|yk|p] . (1.12)
k=1

k=1

Proofs of these theorems are straightforward and left as an exercise
(cf. Exercise 1.7).

If 0 < p < 1, then we have to invert the inequality sign in Minkowski’s
inequality (cf. Exercise 1.9). However, in this case, we have the following
analogue of the inequality in (1.12).

Theorem 1.10. Suppose that the series > ooy |zk|P and "7, |yx|? converge
for a real number 0 < p < 1. Then the series

(oo}

Z|$k + yrl?

k=1

converges, and
o0 o0 o0
Dol +unl” <D lwal? Dl (1.13)
k=1 k=1 k=1

The claim of the theorem follows immediately from the following lemma.

Lemma 1.1. Let p be a real number such that 0 < p < 1. Then for all
complex numbers x and y,

2+ yl” < Ja]” + Jy[”.
Proof. Let f be a real function of a real variable ¢ defined by
f@) =t —(t+1)P +1, for t > 0.

Because f(0) =0 and
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1 1
/ — =1 _ p—1 _ _
fi(t) = pt p(t+1)P~1 = p(tlp o 1)1p> >0, for t > 0,

we have f(t) >0 for ¢ > 0, so
(t+1)P<tP+1, fort>0.

Clearly, we may assume that y # 0 in the lemma. Then

i P X
&+ 9P < (lal + y])? = W(‘y’ " 1) < |y|P(]y

P
1) = o + bl
as desired. O

We conclude this section by establishing another useful inequality.
Theorem 1.11. For all complex numbers  and y,

ool _ el
1+jz4+yl — 14z 14|y

(1.14)

Proof. The function

of a real variable ¢ is increasing over [0, 00), because

1
(1+1¢)2

f'(t) = >0, for ¢t > 0.
Then, because |z + y| < |z| + |y| (cf. (1.5)), we have

letyl el el Y] el 1yl
Ttle+yl = T+fel+ 1yl T4l 4yl T+ lz[+]yl = T+ [z] T+ [yl

and the result follows. O

1.3 Integral Inequalities

In this section, the functions x and y are Lebesgue measurable functions on
the unit interval.

The proofs of the theorems in this section are very similar to the proofs
of the respective theorems in the previous section and are therefore omitted
(cf. Exercise 1.12).
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Theorem 1.12. (Holder’s inequality.) If p and q are conjugate exponents
and fol |z|P < oo, fol ly|? < oo, then fol |zy| < 0o and

[w<([ |:c|p)1/p( A yrf)l/q. (1.15)

By setting p = ¢ = 2 in Hélder’s integral inequality (1.15), we obtain the
integral version of the Cauchy—Schwarz inequality (1.11).

Theorem 1.13. (Cauchy—Schwarz inequality.) Suppose that

1 1
z]? < oo and 2 < .
|| y
0 0

Then fol |zy| < oo and

/01 2] < \// ]2 \// 2 (1.16)

Theorem 1.14. (Minkowski’s inequality.) If p > 1 and fol |z]P < oo,
fol ly|P < oo, then

(/01 |:c+y|P>1/p < (/01 |x|p> v + </01 y|p>1/p_ (1.17)

The result of the following theorem follows immediately from Lemma 1.1.

Theorem 1.15. Suppose that fol |z|P < o0 and fol ly|P < oo for a real number
0<p<1. Then fol |z + y|P < o0 and

1 1 1
/ 4yl < / 2l + / . (118)
0 0 0

1.4 Equivalence Relations

By definition, a binary relation on a set X is a subset of the Cartesian product
X x X. For a binary relation R on X we often write xRy instead of (x,y) € R.

Among many kinds of binary relations, the equivalence relations and par-
tial orders arguably are the most common. We introduce the basics of equiv-
alence relations below and cover partial orders in the next section. It is cus-
tomary to use one symbol, ~, for various equivalence relations. We follow
this convention here.
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An equivalence relation on a set X is a reflexive, symmetric, and transitive
binary relation on X, that is, a relation ~ on X satisfying the following
conditions for all z,y,z € X:

T~ reflexivity,
r~y implies y~x symmetry,
r~y and y~z implies z ~z transitivity.

If ~ is an equivalence relation on X and =z € X, then the set

2] = {y € Xy ~a}

is called the equivalence class of x with respect to ~. The set of equivalence
classes in X with respect to ~ is called the quotient set of X with respect to
~ and denoted by X/ ~. The mapping = +— [z] that assigns to each z € X
its equivalence class [z] in X is called the canonical map of X onto X/ ~.
Here are two “extreme” examples of equivalence relations on a set X.

Ezample 1.2. (1) The “complete” relation X x X. Here z ~ y for all z,y € X,
and it is easy to verify that ~ is an equivalence relation. It is clear that there
is only one equivalence class in X, namely the set X itself. Hence the quotient
set is a singleton.

(2) The equality relation = on X is evidently an equivalence relation. The
equivalence class of z € X is the singleton {x}.

A nontrivial instance of an equivalence relation appears in a formal defi-
nition of rational numbers.

Ezample 1.3. A fraction m/n can be viewed as an ordered pair of integers
(m,n) with n # 0. Two fractions (m,n) and (p,q) are said to be equivalent
if mqg = np:

(m,n) ~(p,q) it mg=np.

It is not difficult to verify that ~ is indeed an equivalence relation on the set
Z x (Z\ {0}). The equivalence classes of ~ are called rational numbers.

Theorem 1.16. Let X be a set and ~ an equivalence relation on X. The
equivalence classes with respect to ~ partition the set X, that is, every element
of X belongs to one and only one equivalence class.

Proof. By the reflexivity property, « € [z]. It remains to show that every two
equivalence classes are either identical or disjoint. Suppose that [z] N[y] # &
and let z € [z] N [y]. Then z ~ x and z ~ y. By symmetry, z ~ z. For every
a € [z], a ~ x. By transitivity, a ~ = and « ~ z implies a ~ z. Again by
transitivity, a ~ z and z ~ y implies a ~ y. Hence, a € [y]. It follows that
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[z] C [y]. By reversing the roles of z and y, we obtain [y] C [z]. Therefore,
[z] = [y] if [z] N [y] # @, and the result follows. O

An important example of an equivalence relation is found in linear algebra
(cf. Axler 2015, Section 3.E). Let V' be a vector space over the field of scalars
F, and U a subspace of V. We define a binary relation ~ on V' by

U~ v if u—uvéeU.

If u ~ v, then vectors v and v are said to be congruent modulo U. It is readily
verified that ~ is an equivalence relation on V. By Theorem 1.16, equivalence
classes of ~ form a partition of the vector space V. These classes are called
affine subspaces of V. It can be verified that [v] = U + v, that is, an affine
subspace [v] is the translation of the subspace U by v. The quotient set V/ ~
is usually denoted by V/U and called the quotient space of V- modulo U. The
set V/U is a vector space over the field F under the operations of addition
and multiplication by a scalar defined by

[u + [v] = [u] + [v]  and K] = [ku],

for u,v € V and k € F. (The reader is invited to verify that these operations
are well defined.)

1.5 Zorn’s Lemma

It is customary to use one symbol for various order relations, a symbol that
resembles the familiar inequality sign <. In what follows, we use the symbol
=< for these relations.

A partial order on a set X is a reflexive, antisymmetric, and transitive
binary relation < on X, that is, one that satisfies the following conditions for
all x,y,2z € X:

=z reflexivity,
ifr <yand y Xz, thenxz =y antisymmetry,
ifr <yandy <z, thenz <z transitivity.

If for every x and y in X either x < y or y < x, then the partial order < is
called a linear order (also known as a simple or total order). A prototypical
example of a linear order is the usual order < on the set N of natural numbers
(and on every nonempty set of real numbers).

Ezample 1.4. Let X be a set. The set inclusion relation C is a partial (and
not always linear; cf. Exercise 1.15) order on the power set P(X) (the set of
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all subsets of the set X). It is a linear order if and only if X = @ or X is a
singleton.

Example 1.5. Let us define a binary relation < on the set C of complex num-
bers by

u=v if and only if  Re(u) < Re(v) and Im(u) <Im(v).

It is not difficult to verify (cf. Exercise 1.16) that this relation is indeed a
partial (but not linear) order on C. For instance, complex numbers 1 and 2
are “incomparable” with respect to the relation < (that is, 1 A ¢ and ¢ A 1).

Ezample 1.6. (Cf. Example 1.5). Let X = R? (the 2-dimensional real vector
space) and define < on X by

(z1,y1) X (22,y2) if either 1 < mg, or 1 = x5 and y; < yo.

It can be seen that < is a linear order on X. Because of its resemblance to
the way words are arranged in a dictionary, it is called the lexicographical
order on R?.

Ezample 1.7. Let X and Y be sets and F' the set of all functions whose
domain is a subset of X and range is a subset of Y. For f € F' we denote by
D(f) the domain of the function f. We define a relation < on F' by

F=g i D(f)CDlg) and f(z) = g(x) for all « € D().

In words: f =< g means that f is a restriction of g, or equivalently, that g is an
extension of f. Because functions in F' are subsets of the Cartesian product
X xY, we observe that < on F' is an instance of the set inclusion relation.

A partially ordered set (a.k.a. poset) is a nonempty set together with a
partial order on it. More formally, a partially ordered set is an ordered pair
(X, %), where X is a set and < is a partial order on X. The pair (X, <) is an
example of an algebraic structure, a concept that is common in mathematics.
It is customary to call the set X itself a “partially ordered set.” If the relation
=< is a linear order on X, then X is often called a chain. Every nonempty
subset Y of a partially ordered set (X, <) is itself a partially ordered set with
respect to the restriction of the relation < to Y.

Let X be a partially ordered set. If there is an element a € X such that
a = x for every z in X, then a is called a least element of X. By the antisym-
metry property of order, if X has a least element, then it is unique. Similarly,
an element a € X is called a greatest element of X if x < a for every z in X
it also is unique if it exists.

Ezample 1.8. (1) The set of natural numbers N = {1,2,...} ordered by the
usual < relation has a least element but does not have a greatest element.
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(2) The power set P(X) ordered by the inclusion relation has least element
@ and greatest element X . These elements are equal only if X = &.
(3) Let {x1,22,...,2,} be a collection of distinct elements of some set X.
The sets
{131}, {ZZ?1, 132}, ceey {.171,122, ce ,l‘n}

form a chain
{z1} C{z1, 22} C -+ C{z1,29,..., 25}

in the power set P(X).

If Y is a subset of a partially ordered set X and a is an element of X such
that y < a for all y € Y, then a is said to be an upper bound of Y. A lower
bound of a subset of X is defined similarly.

An element a of a partially ordered set X is said to be a minimal element
of X if for every € X, x < a implies = a. Similarly, an element « is called
a mazimal element of X if a < z implies x = a for every x € X.

Ezxample 1.9. Let X be a set containing more that one element. If the set
C = P(X) \ & of all nonempty subsets of X is ordered by the inclusion
relation, then each singleton is a minimal element of €. However, € has no
least element. The empty set is a lower bound of C.

The following theorem is a fundamental result of set theory. The proof
uses the axiom of choice and is omitted (cf. Halmos 1960, Chapter 16).

Theorem 1.17. (Zorn’s lemma.) If X is a partially ordered set such that
every chain in X has an upper bound, then X contains a mazximal element.

To exemplify applications of Zorn’s lemma, we show that every nontrivial
vector space has a Hamel basis.

First, we recall some basic concepts of linear algebra. Let V' be a vector
space over a field F. For a finite sequence of vectors vy,...,v, in V and a
finite sequence of scalars A1, ..., A\, in F, an expression of the form

)\lvl + - +>\nvn

is said to be a linear combination of vectors vy,...,v,. Let M be a subset of
V. The span of M, denoted by span(M ), is the set of all linear combinations
of vectors in M. A set M C L is said to be linearly independent if for every
sequence v, ..., v, of distinct vectors in M, the relation

)\1(E1++>\n$n:0

implies A\, = 0 for all £ = 1,...,n. A subset B of vectors in V is called a
Hamel basis for V' if B is linearly independent and spans V.
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Theorem 1.18. Every vector space V has a Hamel basis.

Proof. Let M be the set of all linearly independent subsets of V. This set is
not empty, because it contains the empty set, which is linearly independent.
The set inclusion relation defines a partial order on M. Every chain € in
M has an upper bound, namely the union |J €. By Zorn’s lemma, M has a
maximal element B. Suppose that span(B) # V and let v be a vector in V
such that v ¢ span(B). Let us show that B U {v} is a linearly independent
set. In the relation
AU+ \vr + -+ v, =0,

where vy € B, k = 1,...,n, we must have Ay = 0, because v ¢ span(B).
Inasmuch as vy € B, k = 1,...,n, and B is a linearly independent set, we
have A\, =0, k =1,...,n. It follows that B is a proper subset of the linearly
independent set B U {v}, which contradicts the maximality of B. O
Notes

In Section 1.1 we present only properties of convex functions that are used in
this chapter. More properties are found in Exercise 1.3. The reader can find
comprehensive coverage of this important subject in many textbooks on real
analysis (see, for instance, Wade 2000 and Royden and Fitzpatrick 2010).

If f is a convex function on R, ¢ an integrable function over [0,1], and
f o ¢ also integrable over [0, 1], then the following inequality holds:

f(/olw(m)dx) < /Ol(fw)(x)daz.

This inequality is known as Jensen’s inequality. The inequality in (1.3) is
known as the finite form of Jensen’s inequality.

Zorn’s lemma, also known as the Kuratowski—Zorn lemma, was proved by
Kazimierz Kuratowski in 1922 and independently by Max August Zorn in
1935. This lemma occurs in several fundamental theorems in mathematics.
In addition to Theorem 1.18, we will use Zorn’s lemma to establish the Hahn—
Banach theorems in Chapter 5.

Exercises

In Exercises 1.1-1.4, I is an interval in R.

1.1. For x1,...,x, € I, the number
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T=MNT1+ -+ A\pTp

is said to be a convex combination of the numbers z1,...,z, if 0 < A\ <1
for 1 <k <mnand A\ +---+ )\, = 1. Show that

min{zy,...,2,} <z < max{xi,...,Tn}.
Accordingly, x € 1.

1.2. Prove that a function f : I — R is convex if and only if for every three
consecutive points P, R, @ on the graph of the function, the point R lies
below or on the chord PQ (cf. Fig. 1.1).

1.3. (a) Let f be a real-valued function on I. Prove that f is convex if and
only if for all numbers a, b, and z in I such that a < = < b, the following
inequalities hold:

f(z) = f(a)

r—a —a — T

(cf. Fig. 1.3).
(b) Show that

(1) a convex function on I has left-hand and right-hand derivatives,
f/(z7) and f’(z"), at each point z € I;
(2) these derivatives are increasing functions on I; and
(3) f'(@7) < f'(z") on I.
(c) Prove Theorem 1.2.

Fig. 1.8 slope(PR) < slope(PQ) < slope(RQ).
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1.4. A function on I of the form f(z) = px + ¢, p,q € R, is said to be affine.
Show that

(a) f is affine on R if and only if
fQz+ (1= Ny) =Af(z) + (1= A)f(y)

for all real numbers z y, and A.
(b) f is affine on I if and only if f and —f are convex on I.
(c) If f is convex on I = [a,b] and there exists A € (0,1) for which

fQa+ (1 =)p) = Af(a) + (1 =) f(b),
then f is affine on [a, b].

1.5. Show that for all u,v,w € C,

(a) lu—w| <|u—v|+|v—w|
(b) [u— | > |[u] —|v]|.
(c) [u+ o + Ju—v|* = 2(Ju]? + [v]?).

1.6. Show that
n n
PSRN D S
k=1 k=1

1.7. Prove inequalities (1.10) and (1.12).

1.8. Holder’s inequality for 0 < p < 1. Let p and g be real numbers such
that

O0<p<l1 and -+-=1
p q

(so g < 0). Assuming that yx # 0 for 1 < k < n, prove that

n n 1/p n
>l = (Sl ) (3 hnt)
k=1 k=1 k=1

(Hint: Note that ]% > 1, and then use (1.7), replacing p with %)

1/q

1.9. Minkowski’s inequality for 0 < p < 1. Assume that 0 < p < 1 and
show that

1/p

n 1/p n n 1/p
[Z|$k+yk|p] > [ZWHP} + [Z|yk|p] :
k=1 k=1 k=1

1.10. Let x1,...,x, be positive real numbers. The classical Pythagorean
means are the arithmetic mean (A), the geometric mean (G), and the har-
monic mean (H). They are defined by
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respectively. Prove that
min{zy,...,2,} < H <G < A <max{xy,...,Tn}.
1.11. Let a, b, x, and y be positive real numbers. Show that

T+y
a+b

> (z+y)ln

a:lnE +yln
a

S

Hint: The function f(t) = tInt is convex over (0, 00).
1.12. Prove Theorems 1.15 and 1.17.

1.13. Prove that the relation ~ on the set N x N defined by
(m,n) ~(p,q) if m+qg=p+n,

for all m,n,p,q € N, is an equivalence relation. Describe the equivalence
classes of this relation.

1.14. Prove that the relation ~ in Example 1.3 is an equivalence relation on
the set Z x (Z\ {0}).

1.15. Let X be a set with more than one element. Give examples of subsets
A and B of X such that A Z B and B € A.

1.16. Show that the relation < in Example 1.5 is a partial order on C.

1.17. Consider the set X of all closed disks in the plane that are subsets of
the square S = [0, 1] x [0, 1].

(a) Describe the maximal elements of the poset (X, C).
(b) Show that (X, C) does not have a greatest element.
(c) Describe the minimal elements of (X, C).

(d) Show that (X, C) does not have a least element.



Chapter 2
Metric Spaces

The purpose of this chapter is to present a summary of some basic properties
of metric and topological spaces that play an important role in the rest of
the book.

2.1 Metrics and Pseudometrics

Definition 2.1. A metric space is a pair (X, d), where X is a nonempty set
and d is a function d : X x X — R satisfying the following conditions:

(M1) d(z,y) =0 if and only if ==y,
(M2) d(z,y) = d(y, x), symmetry
(M3) d(x,y) +d(y, z) > d(z, z), triangle inequality

for all ,y, z € X. Elements of the set X are called points. The number d(x, y)
is said to be the distance between points x and y. The function d is called a
metric or a distance function.

Note that conditions M1-M3 imply that the distance function d is nec-
essarily nonnegative. Indeed,

0=d(z,z) < d(z,y) +d(y,z) = 2d(z,y),

for all z,y € X.

For any three points z, y, z in a metric space (X, d), the triangle inequality
(M3) claims that each of the three distances d(z,y), d(y, z), and d(z,z) is
not greater than the sum of the other two distances:
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This system of three inequalities is equivalent to the following chain of
inequalities:

|d(z, z) —d(y, 2)| < d(z,y) <d(z,2) +d(z,y) (2.1)

(cf. Exercise 2.2).
By induction, the triangle inequality is generalized to n > 3 points as

d(zy,7,) < d(w1,02) + -+ d(wp_1,7,) (2.2)

(cf. Exercise 2.4).
We will often refer to inequalities (2.1) and (2.2) as “triangle inequalities.”
The name is motivated by theorems in Euclidean geometry (cf. Fig. 2.1).

X

Fig. 2.1 Triangle in the Euclidean plane.

Example 2.1. The set R of all real numbers endowed with the distance func-
tion
d(Qj?y) = |$ - y‘v

where |z| is the absolute value of x, is a metric space. Similarly, the set of all
complex numbers C is a metric space with the distance function

d(z,w) = |z — w),
where |z| is the modulus (absolute value) of z in C (cf. (1.5)).

Example 2.2. Let X be a nonempty set. It is easily seen that the function

d(z,y) 0, ifx=y,
m? = .
Y 1, ifz#y,

is a metric, called the discrete metric (also known as the trivial metric) on
X. The space (X, d) is called the discrete metric space.
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Ezample 2.3. Let X be a vector space over the field F (which is either R or
C). A norm on X is a real-valued function on X whose value at © € X is
denoted by ||z||, with the following properties:

(a) ||z]| = 0 if and only if x = 0,
(b) [loz]| = |e[|z[],
(©) [l +yll < lz]l + llyll,

for all z,y € X and a € F. Note that these conditions imply that the norm is
a nonnegative function on X. It can be readily verified that d(z,y) = ||z — y/|
is a metric on X.

Let (X,d) be a metric space. It is clear that for a nonempty subset Y of
X the restriction of d to the set Y x Y is a metric on Y. Usually this metric
is denoted by the same symbol d. The metric space (Y, d) is called a subspace
of the space (X, d).

Example 2.4. Every nonempty set of real numbers is a metric space with the
distance function given by |z — y| (cf. Example 2.1). In particular, every
interval in R is a metric space, as is the set Q of all rational numbers.

It is customary to omit reference to the metric d in the notation (X,d)
and write “a metric space X” instead of “a metric space (X,d).” However,
we use the latter notation if different metrics on the same set are considered.

A concept of distance that is more general than that of a metric is espe-
cially useful in functional analysis.

Definition 2.2. A pseudometric on a nonempty set X is a real-valued func-
tion d satisfying the following conditions:

(PM1) d(z,z) =0,

(PM2) d(z,y) = ( LX), symmetry
(PM3) d(z,y) + d(y, z) > d(z, 2), triangle inequality
for all z,y,z € X (cf. Definition 2.1). The pair (X, d) is said to be a pseudo-

metric space.

A metric space is clearly also a pseudometric space such that the distance
between two distinct points is always a positive number.

Ezxample 2.5. Consider the following two functions on the set C:
dy(z,w) = |Re(z) — Re(w)] and da(z,w) = |Im(z) — Im(w)].

Both functions are pseudometrics on C. Note, for instance, that ds(x,y) =0
for all real numbers x and y.

Ezxample 2.6. Let X be a vector space over the field F. A functionp: X — R
is called a seminorm on X if it satisfies the following conditions:



29 2 Metric Spaces

(a) p(ax) = |a|p(z),
(b) p(x +y) < p(z) + p(y),

for all « € F and z,y € X. It can be shown (cf. Exercise 2.7) that the function

d(z,y) = p(r —y)

is a pseudometric on X.

2.2 Open and Closed Sets

Definition 2.3. Let X be a metric space, x € X, and r > 0. The set
B(z,r) ={y € X :d(y,x) <r}

is called the open ball of radius v centered at x. Similarly, the closed ball of
radius v centered at x is the set

B(z,r)={y € X : d(y,xz) <r}.

The definitions of open and closed balls have their roots in Euclidean
geometry. However, in abstract metric spaces, these concepts may have some
counterintuitive properties (cf. Exercises 2.11 and 2.13).

The open ball of radius € > 0 centered at x € X is called the e-neighborhood
of z. A neighborhood of x € X is a subset of the space X containing the e-
neighborhood of = for some ¢ > 0.

Let E be a subset of a metric space X. A point z € FE is said to be an
interior point of E if E contains an open ball centered at x. The interior of
the set F is the set of all its interior points. This set is denoted by int E.

Example 2.7. In these examples, all sets under consideration are subsets of
the metric space R.

(a) The interior of an open interval (a,b) is the interval itself.
(b) The interior of the closed interval [0, 1] is the open interval (0,1).
(¢) The interior of the set of rational numbers Q is empty (cf. Exercise 2.16).

Definition 2.4. A subset U of a metric space X is said to be open if it
contains an open ball centered at each of its points.

In other words, a subset U of X is an open set if it coincides with its
interior.

Every metric space X has at least two distinct open subsets, namely the
empty set and the set X itself. If the metric space X consists of a single
point, then & and X are the only open subsets of X (cf. Exercise 2.17).

Two fundamental properties of open sets in a metric space are found in
the next theorem.
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Theorem 2.1. Let X be a metric space and T the collection of all open sub-
sets of X. Then:

(a) The union of every family {U,;}ics of open sets is an open set:

UUie‘T.

ieJ

(b) The intersection of every finite family {Uy,...,U,} of open sets is an
open set:
n
ﬂ U; 7.
i=1

Proof. (a) If a point 2 belongs to the union | J,. ; U;, then there is i € J such
that « € U;. Because U; is an open set, there is an open ball B(z,r) that is
a subset of U;. Clearly, B(x,r) C |J,c; Us. Hence, |, ; Us is an open set.
(b) By induction, it suffices to show that the intersection U; N Uz of two
open sets is open. If this intersection is empty, then we are done, because the
empty set is open. Otherwise, let x € U; N Us. Inasmuch as the sets U; and
U, are open, there are balls B(x,r1) C Uy and B(z,72) C Us. Then the ball
B(z,r) with r = min{r1, 72} belongs to the intersection Uy NUs, which is the
desired result. 0

Let E be a subset of a metric space X. A point z € X is said to be a
limit point of E (or an accumulation point of E) if every neighborhood of x
contains a point in F distinct from x. The set consisting of the points of F
and the limit points of E is called the closure of M and is denoted by E.

Definition 2.5. A subset F' of a metric space X is said to be closed if it
contains all its limit points.

Hence, a subset F' of X is closed if it coincides with its closure, F' = F.

Ezample 2.8. (a) The open unit ball in the complex plane,
B(0,1) ={z € C: |z < 1},

is an open set.
(b) The closed unit ball in the complex plane,

B(0,1) ={z€ C: |z <1},

is a closed set, which is the closure of B(0, 1),

B(0,1) = B(0,1).

(c) Let X be a discrete metric space of cardinality greater than 1 and
x € X. Then
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B(z,1) = {«}, B(z,1) = {«}, and B(z,1) = X # {x},

so the closure of an open ball B (z,7) in a metric space can be a proper subset
of the closed ball B(x,r) (cf Exercise 2.18).

The following theorem establishes a close relationship between the con-
cepts of open and closed sets.

Theorem 2.2. A subset E of a metric space X is closed if and only if its
complement E° is open.

Proof. Tt is easy to see that the result holds if ¥ = @ or E = X. Thus we
assume that E is a nonempty subset of X that is different from X.

(Necessity.) Let E be a closed set and x an element of E° = X \ E. Because
x ¢ E, it is not a limit point of E. Hence, there is a neighborhood of z that
is a subset of E°. It follows that E° is an open set.

(Sufficiency.) Suppose that the complement E€ of the set E is open and let
2 be a limit point of E. Because every neighborhood of z contains a point of
E different from z, the point x does not belong to the open set E°. Therefore,
r € F, that is, F is a closed set. O

By applying Theorem 2.2 to properties (a) and (b) of open sets established
in Theorem 2.1, we obtain fundamental properties of closed sets.

Theorem 2.3. In a metric space,

(a) the union of a finite family of closed sets is a closed set;
(b) the intersection of every family of closed sets is a closed set.

The proof of the next theorem is left as an exercise (cf. Exercise 2.19).

Theorem 2.4. The interior of a subset E of a metric space is the maxi-
mum open set contained in E. The closure of E is the minimum closed set
containing E.

A subset E of a metric space X is said to be dense in X if its closure is
the entire space X: -
EF=X.

If F is dense in X, then every ball in X contains a point from F.
A metric space is called separable if it has a countable dense subset.

Ezample 2.9. (a) The metric space of real numbers R is separable, because
the set of rational numbers Q is countable and dense in R.
(b) The space C of complex numbers is also separable (cf. Exercise 2.23).
(¢) A discrete metric space is separable if and only if it is countable
(cf. Exercise 2.24).
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2.3 Convergence and Completeness

Definition 2.6. A point z in a metric space X is said to be a limit of a
sequence of points (z,,) in X if for every € > 0, there exists N € N such that

d(xn, ) <&, for all n > N.
If = is a limit of the sequence (z,,), we say that (z,,) converges to x and write
Ty — T.

If a sequence has a limit, it is called convergent. Otherwise, it is called diver-
gent.

It is not difficult to see that
z, —ax  ifandonly if  d(z,,z)— 0.

Example 2.10. Every point x in a metric space X is a limit of the constant
sequence: T, = x, for all n € N.

Ezample 2.11. Let X = [0,1] be a subspace of R. The sequence (1/n) con-
verges to 0 in X. On the other hand, the same sequence diverges in the
subspace (0,1) of R (cf. Exercise 2.35).

Theorem 2.5. A sequence of points in a metric space has at most one limit.

Proof. Suppose (z,,) is a convergent sequence such that =, — x and z,, — y.
Then
0< d(l‘,y) < d(:c,xn) + d(xmy) — 0.

Hence, d(z,y) =0, so z = y. O

This theorem justifies the notation

lim z, =z (or simplylim z,, = z)

n—0o0
for the limit of a sequence (z,,) that converges to .

Definition 2.7. A sequence of points (z,) in a metric space X is said to be
a Cauchy sequence (or fundamental sequence) if for every e > 0, there exists
N € N such that

d(Tpm,xn) < €, for all m,n > N.

Theorem 2.6. Every convergent sequence in a metric space is a Cauchy
sequence.
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Proof. Suppose x,, — z in a metric space X. Then for a given € > 0, there
exists N € N such that

d(zn, 1) < g for all n > N.
By the triangle inequality, we have

d( @, o) < d(@m, ) + d(2,2,) < % + % =g,

for all m,n > N. Hence (z,,) is a Cauchy sequence. O

The converse of this theorem is not true in a general metric space. For
instance, the sequence (1/n) in the space X = (0,1) (cf. Exercise 2.35) is
Cauchy but does not converge to a point in X.

A subset E of a metric space is said to be bounded if there exists M > 0
such that d(x,y) < M for all z,y € E. A sequence (z,) of points in a metric
space is bounded if the set {z, : n € N} is bounded.

Theorem 2.7. Every Cauchy sequence in a metric space is bounded. In par-
ticular, every convergent sequence in a metric space is bounded.

Proof. Let (z,) be a Cauchy sequence in a metric space X. Then for e = 1,
there exists N € N such that

A(Tp, ) < 1, for all m,n > N.

Let a = maxi<p<n{d(zn,zk)}. Then d(zn,z,) < max{l,a}, for all n € N.
By the triangle inequality,

AT, ) < d(@m, zN) + d(xy, z,) < 2max{l,a}, for all m,n € N.

Hence the sequence (x,,) is bounded.
By Theorem 2.6, every convergent sequence in X is bounded. U

Metric spaces in which Cauchy sequences converge are important in anal-
ysis and deserve a name.

Definition 2.8. A metric space X is said to be complete if every Cauchy
sequence in X converges (that is, has a limit in X). Otherwise, we say that
X is incomplete.

Example 2.12. The metric spaces R and C are complete. A closed interval in
R and a closed disk in C are also complete metric spaces. An open interval
in R and an open disk in C are examples of incomplete metric spaces.

The following theorem gives a criterion for a subspace of a complete metric
space to be itself a complete space (cf. the previous example).
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Theorem 2.8. A subspace Y of a complete space X is complete if and only
if Y is a closed subset of X.

Proof. (Necessity.) Suppose that Y is complete and let y € X be a limit point
of Y. Then for every n € N, there exists y, € Y such that d(yn,y) < %
Because y, — y, the sequence (y,) is Cauchy in Y. Inasmuch as Y is
complete, we have y € Y. Hence Y is a closed subset of X.

(Sufficiency.) Let Y be a closed subset of X (so Y =Y) and let (y,,) be a
Cauchy sequence of points in Y. Because this sequence is also a sequence of
points in X, and X is complete, (y,,) converges to a point z € X. If z € Y,

we are done. Otherwise, z is a limit point of Y, soz € Y =Y. O

An important example of an incomplete space is the metric space Q with
the distance function d(z,y) = |z — y| for z,y € Q. Of course, this follows
from the previous theorem, because Q is not a closed subset of the complete
space R. To show that Q is an incomplete metric space directly, it suffices
to produce an example of a divergent Cauchy sequence in this space.

Ezxample 2.13. Consider the sequence of rational numbers
(—1)n+1 1)k+1

1 1 -
D P -y = neN.
’ ! k=1

First, we show that (s,) is a Cauchy sequence in Q. For m > n, we have

- 1 n n 1 - 1
— 9n—1 om—2 2n

G A G

[sm = snl = (n+1)! m!

(We use the inequality n! > 2"~2 for all n € N, and the sum of a geometric
series.) It follows that (s,) is Cauchy.
Suppose that (s,) converges to a rational number r, that is,
oo

k=1

k+1

Because the series on the left-hand side satisfies the alternating series test con-
ditions, we have the following estimate for the remainder (cf. Exercise 2.36):

1
0<|r—sp < —, for n € N.
(n+1)!

" and n = ¢. From the above inequalities, we have

0 < q—l zq: k+1 1
— (q+1)!'
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By multiplying all sides of these inequalities by ¢!, we obtain a contradiction,

4q k+1

-1 !

0<‘p(q1)!§ ( )k' 4
k=1 ’

_!
q+1’

because the number in the middle is an integer. It follows that the Cauchy
sequence (s,) diverges in Q.

The diameter of a bounded set A in a metric space (X, d) is defined as
diam(A) = sup{d(a,b) : a,b € A}.

A nested family Ay O Ay D --- of nonempty subsets of X is said to be
contracting if

diam(A4,) — 0.
The following property of complete metric spaces is useful in applications.

Theorem 2.9. (The Cantor intersection property) If a metric space
X is complete, then whenever Ay O As O --- is a contracting sequence of
nonempty closed subsets of X, there exists x € X for which

k=1

Proof. Let r, = diam(A,,), for n € N. The sequence (r,,) is decreasing and
converges to zero. For each n € N, choose x,, € A,,. For a given € > 0, there
exists N € N such that r, < € for all n > N. Hence for all m,n > N,
d(Tm,xn) < €, so (zy,) is Cauchy. Therefore, there exists € X such that
T, — x. Inasmuch as the sets A,, are closed, we have © € A,, for all n € N,
so x € ﬂzil Aj.. The claim follows because r,, — 0. [l

Example 2.1/. We show that the set of real numbers R is uncountable. The
proof is by contradiction, so we suppose that there is a sequence of real
numbers

L1,X25.-.3Lp,--.-

such that every real number is a term of this sequence.
It is clear that there is a closed bounded interval [a1,b1] of length

1
bl—alzg

such that 21 ¢ [a1,b1]. We divide this interval into three closed subintervals of
equal length. Again, it is clear that there is at least one of these subintervals,
say [ag,ba], that does not contain zs (and does not contain x; either). We
construct recursively a nested family of closed intervals
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{[an,bn] : n € N}

such that for all n € N,

1
bn —an = 377
and [ay, b,] does not contain the numbers x1, ..., z,. By Theorem 2.9, there

is a real number a that belongs to all intervals [a,,b,] and hence is not a
term of the sequence (z,,).

2.4 Mappings

Let X and Y be sets. Recall that a function f : X — Y isasubset f C X xY
satisfying the following condition: for every z € X there is a unique y € Y
such that (z,y) € f. Then we write y = f(x) and call X the domain of the
function f and the set Y its codomain.

In functional analysis, we often use different names instead of “function,”
such as “mapping,” “transformation,” and “operator,” among other varia-
tions. Some notations are also abbreviated to make formulas more readable.

The following definition illustrates some of these conventions. It is clear
that this definition generalizes the concept of continuity in elementary anal-
ysis.

Definition 2.9. Let (X, d) and (Y, d’) be metric spaces. A mapping (that is,
a function) T': X — Y is said to be continuous at xg € X if for every € > 0
there is ¢ > 0 such that

d(z,x0) <6 implies d'(Tz,Txo) <, for all z € X.

The mapping T is said to be continuous (on X) if it is continuous at every
point of X.

Note that we write Tz instead of the usual notation T'(x) for the value of
a function at x.
The next two theorems give equivalent forms of this definition.

Theorem 2.10. A mapping T : X — Y is continuous at xg € X if and only
if Txy, — Txo for every sequence (xy,) in X such that x, — .

Proof. (Necessity.) Let T : X — Y be a continuous mapping and x,, — ¢ in
the space X. For € > 0 there exists § > 0 such that d’(T'z, T'zo) < € whenever
d(z, o) < d. Because x,, — xg, there exists N € N such that d(x,,zo) < §
for n > N. Hence, d'(Tx,,Txg) < ¢ for n > N. It follows that Tz, — Tz
in the space Y.

(Sufficiency.) Suppose that T' is not continuous at xg. Then there exists
€ > 0 such that for every n € N, there exists x,, € X such that d(z,, ) < 1/n
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and d'(Tx,, Txo) > . It is clear that (T'z,,) does not converge to Tzg in Y,
whereas x,, — xo in X. This contradiction shows that 7" is continuous at x.
O

Theorem 2.11. A mapping T : X — Y is continuous on X if and only if
the inverse image of every open subset of Y is an open subset of X.

Proof. (Necessity.) Let T : X — Y be a continuous mapping and U an open
set in Y. For xg € T~Y(U) choose € > 0 such that B(Tzg,e) C U. This is
possible because Txg € U and U is an open set. Because T is continuous,
there exists § > 0 such that d(z,zo) < J implies Tz € B(Txg,¢). It follows
that B(xo,8) CT-1(U), so T~1(U) is an open subset of X.

(Sufficiency.) Suppose that the inverse image of every open set in Y is an
open set in X. Let xg be a point in X and € > 0. Let V' C X be the inverse
image of the open ball B(T'z,¢). Because V is an open set and 2o € V, there
is § > 0 such that B(zg,0) C V, that is, d(z,z¢) < 0 implies d'(T'z, Txy) < €
for all x € X. It follows that T is continuous at x. O

An example of a continuous function is the distance function on a metric
space. This function is continuous in each of its arguments. Here is the precise
formulation of this property.

Theorem 2.12. Let (X, d) be a metric space. If x,, — © and y, — y in X,
then

d(Tn, yn) — d(z,y),

or equivalently,
d(lim z,,, limy,) = Uim d(zy, yn),

provided that both limits on the left-hand side ezist.

Proof. The claim of the theorem follows from the “quadrilateral inequality”:

|d($m yn) - d(.%‘, y)l < d('rnv CC) + d(ym y)
(cf. Exercise 2.3). O
Another example of a continuous mapping is an isometry.

Definition 2.10. Let (X, d) and (Y, d’) be metric spaces. A mapping T of X
into Y is said to be an isometry if it preserves distances, that is,

d' (Tx, Ty) = d(x,y), for all z,y € X.

The space X is said to be isometric to the space Y if there is a bijective
isometry from X onto Y. Then the spaces X and Y are called isometric.

It is not difficult to see that an isometry is indeed a continuous mapping.
The claim of the next theorem is an important property of isometric spaces.
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Theorem 2.13. Let (X,d) and (X’,d') be complete metric spaces. If U and
U’ are dense subsets of X and X', respectively, and T is an isometry from U
onto U, then there exists an isometry T from X onto X' such that T =T'|y,
that is, T' is an extension of T to X.

In other words, if U and U’ are isometric dense subsets of complete metric
spaces X and X', respectively, then the spaces X and X' are themselves
isometric.

Proof. Let x be a point in X. Because U is dense in X, there is a sequence
(uy,) of points of U that converges to x. Suppose that (v,,) is another sequence
with the same properties. Since convergent sequence are Cauchy and T pre-
serves distances, the sequences (T'u,) and (Tv,) are also Cauchy. They are
convergent because X' is complete. By Theorem 2.12,

d'(lim T, lim T'v,,) = lim d' (Tuy, Tv,) = lim d(uy,, v,)

= d(limuy, limv,) = d(z,z) = 0.

Hence lim T'u,, = lim T'v,, for every two sequences in U that converge to x. It
follows that Tz = lim T'u,, is a well-defined function from X into X”.

Now we show that 7" preserves distances. Let (u,) and (v,) be sequences
of points in U that converge to points z and y in X, respectively. We have,
again by Theorem 2.12,

d(T'z,T'y) = d' (lim T, lim Tv,,) = lim d' (Tuy,, Tv,)

= lim d(un, v,) = d(limu,,, limv,) = d(z,y).

Hence, the mapping 7" is an isometry.

It remains to show that 7" is a surjective mapping. Let 2’ be a point in
X'. Because U’ is dense in X', there is a sequence (u/,) of points of U’ that
converges to 2’. Because this sequence converges, it is Cauchy. Since T~ is
an isometry, the sequence T~ 1w/, is also a Cauchy sequence. Inasmuch as X
is a complete space, this sequence converges to some point x in X, that is,
U, — x, where u, = T~ 1u/,. Hence,

T'z =1limTu, = limu,, =2/,

and the result follows. O

2.5 Completion of a Metric Space

The completeness property of the field of real numbers R is crucial in
the proofs of many theorems of real analysis. Complete metric spaces play
an important role in many constructions of functional analysis. However,
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sometimes one has to deal with incomplete metric spaces. In this section, we
describe a remarkable construction that makes it possible to create a unique
complete space from an incomplete one. We begin with a definition.

Definition 2.11. A completion of a metric space (X,d) is a metric space
(X,d) with the following properties:

(a) Xisa complete space, and
(b) (X,d) is isometric to a dense subset of (X, d).

It is known from real analysis that the space of real numbers R is a com-
pletion of its subspace of rational numbers Q.

Theorem 2.14. For a metric space (X, d) there exists its completion (X, J)

Proof. First, we construct the space (X,d). Let X’ be the set of Cauchy
sequences of elements of X. We define the function d'((z,), (y»)) on X’ by

d'((n), (yn)) = limd(2y, yn).
This function is well defined. Indeed, we have
|d( T, Ym) — d(@n, yn)| < d(@m, 2n) + A(Ym, Yn), for all m,n € N,

by the “quadrilateral inequality” (cf. Exercise 2.3). Because (x,) and (yn)
are Cauchy sequences in X, the sequence of real numbers d(z,,, y,,) is Cauchy
and therefore convergent.

It is not difficult to verify that the function d’ is a pseudometric (cf. Exer-
cise 2.4) on X’. Let X = X’/ ~ be the quotient set of X’ with respect to the
equivalence relation on X’ defined by

(#2) ~ (yn)  ifandonly if  d'((z4), (yn)) = 0.

According to Exercise 2.4, the set X equipped with the distance function

d([(zn)], [(yn)]) = d'((xn), (yn))

is a metric space. _

We proceed with the construction of an isometry 7 : X — X. With each
x € X we associate the class [(x)] of the constant sequence () and claim that
the mapping given by Tz = [(z)] is an isometry from X onto T(X) C X.
Indeed, for constant sequences (z) and (y), we have

d([(@)], [(v)]) = d'((), (v)) = d(=,y),

by the definition of the functions d and d'.
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Now we show that T(X) is dense in X. For this we need to show that
every open ball in X contains a point of T'(X). Let [(x,)] € X. Because (zy,)
is a Cauchy sequence in X, for every € > 0 there exists N € N such that

d(zp,zN) < =, for all n > N.

NCRNO)

Consider the constant sequence (xy) = (2§, 2N, ...) in X, so [(zx)] € T(X).
We have

()] (@) = & (), (2x)) = lmd(a, ) < 5 <c.

Hence, the ball B([(z,)],€) contains the point [(zx)] of T(X).

It remains to show that ()?, CA[) is a complete space. Let (T1,Za,...,Tp,...)
be a Cauchy sequence in X. Because T(X) is dense in X, it follows that for
every n € N, there is a constant sequence (2(™) = (2, 2n,...) in X such
that

~ 1
d(Tp,2n) < e

where Z,, = [(2(™)] € T(X) is the class of the constant sequence (z(™). We
have

- - - - - I IO 1
A(Zm, Zn) < d(zm, Tm) + AT, Tn) + d(Th, 2n) < — + AT, Tn) + —,
m n

and the right-hand side can be made smaller than every given positive number
for sufficiently large m and n, because () is a Cauchy sequence. Hence (z;,)
is Cauchy. Because Tz, = [(2(™)] = %, and T is an isometry of X onto T'(X),
the sequence (z,) = (21, 22,...) is a Cauchy sequence in X. Let Z = [(zy)].
We show that %, — Z, which establishes completeness of X.

We have

~ ~ ~ ~ 1

(T, T) < d(@p,2p) + d(Z0,7) < — +d(Zn, 7) +d'((2™), (zn)).

n n

Using the definition of d’, we obtain

-~ 1 )
d(Zp,T) < —+ lim d(zn, 2m)-

n m—oo
Because (z,) is a Cauchy sequence, the right-hand side of the above inequality
can be made smaller than every given positive number for sufficiently large
n, implying that z,, — =. d

The next theorem asserts that in some precise sense there is only one
completion of a metric space.
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Theorem 2.15. If ()Z',J) and (X}cf) are two completions of a metric space
(X,d), then the spaces X and X are isometric.

Proof. Let T and T" be isometries of X onto dense sets T'(X) and 77(X) in
spaces X and X, respectively. Then 7" o T~! is an isometry of 7'(X) onto
T'(X). The claim of the theorem follows from Theorem 2.13. O

2.6 The Baire Category Theorem

The result that we establish in this section—the Baire category theorem—has
powerful applications in functional analysis and elsewhere in mathematics.
We begin with a simple lemma.

Lemma 2.1. A nonempty open set U in a metric space X contains the clo-
sure of an open ball.

Proof. Let B(x,r) be an open ball in U. Clearly, B(z,7/2) C B(xz,r). Let y be
a limit point of B(x,r/2). There exists z € B(x,r/2) such that d(z,y) < r/2.
Hence

d(z,y) <d(z,z) +d(z,y) <r/2+7r/2=r,

so y € B(z,r). It follows that B(xz,r/2) C B(z,r) C U. O

Next we prove two forms of the main result. Both are known as the Baire
category theorem.

Theorem 2.16. Let X1, Xo,... be a sequence of dense open sets in a com-
plete metric space (X,d). Then

Axio
n=1

Proof. By Lemma 2.1, there is an open ball B(x1,e1) such that
B($1,51) g Xl.

Because X5 is dense in X, the intersection B(x1,e1)N X5 is a nonempty open
set, and therefore, by Lemma 2.1, there is an open ball B(xa,e2) such that

B(x1,e1) O B(xa,2) and B(za,e2) C Xs.

Clearly, we may assume that 0 < &3 < £1/2. We construct recursively a
nested sequence of open balls such that

B(l‘lﬂel) 2 B(x2762) 2 s D B(znagn) 2 R
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B(xn,en) € Xy, for all n € N,
and 0 < &, < £1/2". By Theorem 2.9,

A
n=1

(cf. Exercise 2.38), which is the desired result. 0

B(xp,en) # @

D)

n=1

Ezample 2.15. Let Q = {r1,r2,...} be an enumeration of the rational num-
bers. Define X,, = (—o0,7y,) U (r,,0). Clearly, every set X, is open and
dense in R. It is not difficult to verify that the intersection (2, X} is the
set R\ Q of all irrational numbers in R. This example hints at a generalization
of Theorem 2.16 (cf. Exercise 2.53).

Theorem 2.17. Let (X,d) be a complete metric space. If X = |Jo_, F,

n=1""n’
where Fy, Fy, ... are closed sets, then at least one of these sets contains an
open ball.
Proof. Suppose that none of the closed sets Fy, Fy, ... contains an open ball.

Then each of the open sets X \ Fy, X \ Fy,... is dense in X and
m(X\Fn):X\ UFnZQa
n=1 n=1

which contradicts the result of Theorem 2.16. O

Ezample 2.16. The set of real numbers R is not countable (cf. Example 2.14).
Indeed, suppose that it is countable. Since R = |J, g {7} and each set {x}
is closed, we have a contradiction with Theorem 2.17.

The metric space Q of rational numbers is a countable union of its single-
tons, Q = {J,cq{z}. By Theorem 2.17, Q is an incomplete space (cf. Exam-
ple 2.13).

2.7 Compactness

Definition 2.12. A metric space X is said to be compact if every sequence
in X has a convergent subsequence. A subset Y of X is called compact if it
is a compact subspace of X.

Hence a subset Y of a metric space X is compact if every sequence in this
subset has a subsequence that converges to a point in Y.
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Example 2.17. In real analysis, the Bolzano—Weierstrass theorem asserts that
a subset of R is compact if and only if it is closed and bounded.

Theorem 2.18. A compact set in a metric space is closed and bounded.

Proof. Let E be a compact set in a metric space X. If z is a point in the
closure of E, then there is a sequence (x,,) of points in E that converges to
x in the space X. Because E is compact, = belongs to E. Hence F is closed.

Suppose that the set E is not bounded. Then for every n € N, there is a
point y,, € E such that d(y,,a) > n, where a is a fixed point in X. Because
every convergent sequence of points in X is bounded, the sequence (y,,) can-
not contain a convergent subsequence. This contradicts our assumption that
FE is compact. O

The converse of this theorem is false for general metric spaces, as the
following example demonstrates.

FEzample 2.18. Let X be an infinite set endowed with the discrete metric
d(z,y) =1, for all x # y in X.

The set X is closed and bounded. Clearly, a sequence (x,,) all of whose terms
are distinct does not contain a convergent subsequence. (No subsequence of
this sequence is Cauchy.) Hence, X is not compact.

Let Y be a subset of a metric space X. A family {U, };c s of open sets in X is
said to be an open coveringof Y if Y C ;. , Us. If J' € Jand Y C U, Ui,
then the family {U;}ic - is called a open subcovering of {U;}ics.

Lemma 2.2. Let {U;};c; be an open covering of a compact space X. Then
there exists r > 0 such that for every x € X, the open ball B(x,r) is contained
in U; for some 1 € J.

Proof. Suppose to the contrary that for every n € N there is x,, € X such
that B(zp,1/n) € U; for all ¢ € J. Inasmuch as X is compact, there is a
subsequence (z,, ) of the sequence (z,,) converging to some z € X. The point
x belongs to one of the sets U;, say x € U,,. Because U,, is open, there exists
m such that B(z,1/m) C U,;,. Since x,, — x, there exists ng > 2m such
that z,, € B(z,1/2m). We have (cf. Exercise 2.13 (b)

1 1 1
B(ng: ) € B(wn0 5, ) € B(w:5) € Ui,

which contradicts our assumption that B(x,,1/n) € U; for all n € N and
1€ J. O

Theorem 2.19. (Borel-Lebesgue) A metric space X is compact if and
only if every open covering {U;}ics of X contains a finite subcovering.
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Proof. (Necessity.) Let X be a compact space and {U; };c; an open covering
of X. By Lemma 2.2, there exists » > 0 such that for every z € X, we have
B(z,r) C U; for some i € J. It suffices to prove that X can be covered by a
finite number of balls B(z,r). If B(xy1,r) = X for some z; € X, we are done.
Otherwise, choose x5 € X \ B(zy,r). If B(x1,7) U B(x2,7) = X, the proof
is over. If by continuing this process we obtain X on some step, the claim is
proven. Otherwise, there exists a sequence (z,,) of points of X such that

Tpt1 & B(xy,r)U---UB(xp,r)

for every n € N. It is clear that d(z,,2z,) > r for all m,n € N. It follows
that (x,) has no Cauchy subsequences and hence no convergent subsequences.
This contradicts our assumption that X is a compact space. Hence, X can
be covered by a finite number of sets U;.

(Sufficiency.) Let X be a metric space such that every open covering of X
contains a finite subcovering and let (z,) be a sequence of points in X. Sup-
pose that (x,,) does not have a convergent subsequence. Then for every point
2 € X there is an open ball B(z,r,) that contains no points of the sequence
() except possibly z itself (cf. Exercise 2.28). The family {B(x,r;)}zex is
an open covering of X and therefore contains a finite subcovering. Hence,

X = B(ai,r)U---UB(an, ),

for a finite set A = {ay,...,a,} in X. By the choice of open balls B(z,r,),
we have 2, € A for all k& € N, which contradicts our assumption that (z;,)
does not have a convergent subsequence (cf. Exercise 2.27). O

Theorem 2.20. The image of a compact set under a continuous mapping is
compact.

Proof. Let T : X — Y be a continuous mapping and A a compact sub-
set of X. If {U,}ics is an open covering of T'(A), then by Theorem 2.19,
{T=Y(U;)}ies is an open covering of A. Inasmuch as A is compact, there
is a subcovering {T~1(U;)}ics of A, where J' is a finite subset of J. Then
{Ui}icy is a finite subfamily of {U;};c; that covers T'(A). Hence T(A) is a
compact subset of the space Y. O

Theorem 2.21. If X is a compact space, then every continuous function
f: X — R is bounded and attains its marimum value.

Proof. By Theorem 2.20, the set A = f(X) C R is compact. If A has no
largest element, then the family

{(=00,a):a € A}

forms an open covering of A. Inasmuch as A is compact, some finite subfamily
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{(=00,a1),...(—00,an)}

covers A. If a, = max{aj,...,a,}, then for all 1 < i < n, we have aj ¢

(—00,a;), contrary to the fact that these intervals cover A. O

2.8 Topological Spaces

Many problems in functional analysis require the consideration of topological
spaces, a more general structure than that of a metric space.

Definition 2.13. A topological space is a pair (X, T), where X is a nonempty
set and T is a family of subsets of X, called open sets, possessing the following
properties:

(a) The union of every collection of open sets is open.
(b) The intersection of every finite collection of open sets is open.
(c)@eTand X €7.

Elements of the set X are called points of the topological space (X,T), and
the family 7 is called a topology on X. For a point x € X, a neighborhood of
T is a set containing an open set that contains z.

It is worth noting that property (c) of the definition follows from properties
(a) and (b). Namely, the union of the empty collection of open sets is the
empty set &, and the intersection of the empty collection is the set X itself.

As in the case of metric spaces, it is customary to omit reference to the
topology T in the notation (X, 7) and write “a topological space X” instead
of “a topological space (X, 7T).”

Let (X,T) be a topological space. If Y is a subset of X, then the family

T ={YNnU:UeT}

is a topology on Y (cf. Exercise 2.59). This topology is called the subspace
topology.

An important example of a topological space is a metric space. Let (X, d)
be a metric space and T the family of all open sets in X. Note that T contains
the empty set @ and the set X itself. By Theorem 2.1, the pair (X,7) is a
topological space. In this case, the topology T is called the metric topology
induced by the metric d.

Ezample 2.19. Let X be a nonempty set. Define T = {@, X'}. It is clear that
T is a topology on X. It is called the trivial topology on X.

Example 2.20. Let X be a nonempty set and T the family of all subsets of X.
Hence, T is the power set 2% . This topology is called the discrete topology on
X. The discrete topology is induced by the discrete metric.
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A topological space is said to be Hausdorff if every two distinct points in
the space have disjoint neighborhoods.

Ezample 2.21. (a) Every metric space (X, d) is Hausdorff. Indeed, if z and y
are distinct points in X, then B(z,d(x,y)/2) N B(y,d(z,y)/2) = @.

(b) Let X = {a,b} be a two-element set and T = {&, {a}, X}. It is clear
that T is a topology on X and that the space (X,T) is not Hausdorff.

Ezample 2.22. Let (X, d) be a pseudometric space that is not a metric space,
so d(x,y) = 0 for some distinct points z and y in X. Open balls and open sets
in this space are defined exactly as in the case of metric spaces (cf. Defini-
tions 2.3 and 2.4). It is not difficult to show that the space X is not Hausdorff
(cf. Exercise 2.58).

A base (or basis) of the topology T on a nonempty set X is a family B
of open subsets of X such that every open subset of X is the union of sets
belonging to B. If B is a base of the topology T, we say that B generates 7.

Bases are useful because many topologies are most easily defined in terms
of bases generating them. The following theorem (cf. Exercise 2.60) gives nec-
essary and sufficient conditions for a family of subsets to generate a topology.

Theorem 2.22. Let B be a family of subsets of a nonempty set X. Then B
is a base of a topology on X if and only if

(a) X =Upes B;
(b)if B1,Bs € B and © € By N By, then there is a set B in B such that
r€B Q B1 n BQ.

The unique topology that has B as its base consists of the unions of subfamilies

of B.

Example 2.23. It is known from real analysis that every open subset of R is
the (possibly empty) union of a family of open intervals. Hence, the open
intervals form a base of the metric topology on R. In fact, in every metric
space X, the collection of open balls is a base of the metric topology on X.

Definition 2.14. Let X and Y be topological spaces. A mapping T : X — Y
is said to be continuous at a point xy € X if to every neighborhood U of
the point Tz there corresponds a neighborhood V' of point xg such that
T(V) C U. The mapping T is said to be continuous if it is continuous at
every point of X.

Definition 2.15. Topological spaces X and Y are said to be homeomorphic
if there is a bijection T : X — Y such that both mappings 7 and T~! are
continuous. A topological space is said to be metrizable if it is homeomorphic
to a metric space.
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If two metric spaces are isometric, then they are homeomorphic as topo-
logical spaces. Note that the converse is not true (cf. Exercise 2.61).
We have the following analogue of Theorem 2.11.

Theorem 2.23. Let X and Y be topological spaces and T a mapping from
X into Y. Then T is continuous if and only if the inverse image under T of
every open set in'Y is an open set in X.

Proof. (Necessity.) Let T : X — Y be a continuous mapping and U an open
set in Y. Then U is a neighborhood of every point Tx for z € T-1(U).
Because T is continuous, every x € T-1(U) has an open neighborhood V/
such that T(V) C U, so V C T-1(U). Hence, T~ (U) is an open set.
(Sufficiency.) Suppose that the inverse image of every open set in Y is an
open set in X. For € X, a neighborhood of Tz contains an open subset U
containing T'z. The set V = T~1(U) is an open neighborhood of x such that
T(V) CU. Hence T is continuous at z. Because x is an arbitrary point of X,
the mapping T is continuous. O

Definition 2.16. If (X;,77) and (X», T5) are topological spaces, a topology
on the Cartesian product X; x X5 is defined by taking as a base the collection
of all sets of the form Uy x Us, where U; € T and Us € Ts. It can be verified
(cf. Exercise 2.62) that this collection is indeed a base of a topology. This
unique topology is called the product topology on X1 x Xs.

The result of Theorem 2.19 motivates the following definition.

Definition 2.17. A topological space (X,T) is said to be compact if every
covering of X by open sets (that is, an open covering) contains a finite sub-
covering. A subset Y of X is said to be compact if Y is a compact space in
the subspace topology.

The proofs of the next two theorems can be taken verbatim from the proofs
of Theorems 2.20 and 2.21.

Theorem 2.24. Let T : X — X' be a continuous mapping of a topological
space (X,T) into a topological space (X', T"). Then the image T(Y) of a
compact set Y in X is a compact set in X'.

Theorem 2.25. If X is a compact space, then every continuous function
f: X — R is bounded and attains its maximum value.

Notes

Axioms (M1)—(M3) are motivated by classical Euclidean geometry, where
in particular, it is proved that each side of a triangle is smaller than the sum
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of the other two sides, and each side is greater than the difference of the other
two sides (see, for instance, Kiselev 2006, pp. 38-39).

There is a loose connection between the concept of a limit and that of a
limit point of a subset. Let E be a nonempty subset of a metric space and z
a limit point of E. For every n € N, there is a point x,, € F (distinct from x)
such that d(z,,z) < 1/n, so x, — x. Hence, a limit point of the set F is
the limit of a sequence of points in E. The converse is not true. For instance,
if E = X, where X is a discrete space, then E has no limit points, whereas
every point of F is a limit of a constant sequence.

There is standard terminology associated with the Baire category theo-
rems. A subset of a topological space is called nowhere dense (or rare) if its
closure contains no interior points. Every countable union of nowhere dense
sets is said to be of the first category (or meager). All other subsets are of sec-
ond category. The standard Baire category theorem says that every complete
metric space is of second category. This result was established by René-Louis
Baire in his dissertation in 1899 for the spaces R"™ and independently by
William Fogg Osgood for the real line in 1897.

Exercises

2.1. Prove that properties M1-M3 of the metric d are equivalent to the
following conditions:

(1) d(x,y) = 0 if and only if x = y;
(2) d(z,y) < d(z,z) + d(y, ),

for all z,y,z € X.

2.2. Prove that the system of inequalities in (2.1) is equivalent to the system
of three distinct triangle inequalities on three points.

2.3. (The quadrilateral inequality.) Prove the following generalization of the
first inequality in (2.1). For every four points x, y, u, and w in a metric space,

|d(z,y) — d(u,v)| < d(z,u) + d(y,v).
2.4. Prove inequality (2.2).

2.5. Let d be a metric on a set X. Show that the following functions are also
metrics on X:

(2) :1id
(b) d=1n(1 +d),

d*, O0<a<l.

—

¢)d
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2.6. For a pseudometric space (X, d), we define a binary relation ~ on X by
x~y if d(z,y)=0, for z,y € X.

Show that ~ is an equivalence relation on X and the quotient set X/ ~
(cf. Section 1.4) is a metric space with the distance function d given by

d([z], [y]) = d(z,y).
2.7. Show that a seminorm p on a vector space X has the following properties:

(a) p(0) =0,
(b) p(—z) = p(x),
(c) p(z) >0,

for all z € X. Also show that the function d(z,y) = p(x—y) is a pseudometric
on X.

2.8. Let dy, ..., d, be (pseudo)metrics on a set X and Ay, ..., A\, nonnegative
real numbers such that at least one of them is positive. Show that

d=Mdy + -+ Mdy

is a (pseudo)metric on X.

2.9. Let (dy,...,dn,...) be a sequence of (pseudo)metrics on a set X. Show

that
~ X1 dy
d= —

is a (pseudo)metric on X.

2.10. Let y be a point in the ball B(x,r). Show that there exists r’ > 0 such
that B(y,r') C B(z,r). Conclude that an open ball is an open set.

2.11. Give an example of a metric space (X, d) and open balls B(z1,71) and
B(x9,72) in X such that B(xs,r2) is a proper subset of B(x1,71) and ro > rq.

2.12. Suppose that B(x,r1) is a proper subset of B(z,73) in a metric space
(X, d). Show that r1 < 2r5.

2.13. For points x1 and x2 in a metric space and positive numbers r; and
r9, prove that

(a) d(x1,22) > r1 + ro implies B(x1,71) N B(xg,12) = &.
(b) if d(z1,x2) <11 — 12, then B(zo,72) C B(x1,71).

Show that the converses of (a) and (b) do not necessarily hold.

2.14. Suppose that the intersection of two open balls in a metric space is not
empty:
B(z,r1) N B(y,r2) # 2.

Give an example of an open ball that is contained in this intersection.
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2.15. Show that the empty set @ is an open subset of every metric space.
2.16. Prove that int Q = @.

2.17. Show that a metric space consisting of more than one point has at least
two open subsets different from @ and X.

2.18. Prove that in every metric space, the closure of an open ball is a subset
of the closed ball with the same center and radius:

B(x,7) C B(z,7).

Give an example of a metric space and an open ball in it for which the above
inclusion is proper.

2.19. Prove Theorem 2.4.

2.20. Let A and B be sets in a metric space. Show that
(a) ACBif ACB.
(by AuUB=AUB.
(c) ANBC ANB.

Give an example of a proper inclusion in (c).

2.21. Let X be a subspace of a metric space Y, and Z a subset of X. Show
that Z is closed in X if and only if there is a closed subset F' of Y such that
Z=FnX.

2.22. Show that an open set in a metric space (X, d) is also open in the space
(X,d), where d = d/(1 + d) (cf. Exercise 2.5(a)). Is the converse true?

2.23. Show that the metric space C is separable.

2.24. Prove that a discrete metric space is separable if and only if it is count-
able.

2.25. Show that z is an accumulation point of a subset A of a metric space
if and only if z € A\ {z}.

2.26. Prove that a subspace of a separable metric space is separable.

2.27. Let (x,,) be a sequence of points in a metric space X such that the set
{zy, : n € N} is finite. Show that (z,,) contains a convergent subsequence.

2.28. Show that a point x in a metric space X is the limit of a subsequence
of a sequence (x,) if and only if every neighborhood of x contains infinitely
many terms of (x,,).

2.29. Let (z,,) be a convergent sequence in a metric space X and = lim x,,.
Show that every subsequence (x,, ) of (x,) converges to the same limit x.
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2.30. If (z,,) is Cauchy and has a convergent subsequence (z,,) with limit
x, show that (z,) converges to the same limit x.

2.31. Show that a Cauchy sequence is bounded.

2.32. Suppose that (x,) is a Cauchy sequence in a metric space (X, d). Show
that there is a subsequence (z,, ) of (z,) such that

d(Tp,, T, ) < 1/2%, for all m > k.

2.33. Show that a metric space is a singleton if and only if every bounded
sequence is convergent.

2.34. Show that a sequence (z,) in a discrete metric space X converges to
x € X if and only if there is NV € N such that x,, = « for all n > N.

2.35. (a) Show that the sequence (1/n) diverges in the metric space (0, 1)
with the distance function inherited from R.
(b) Show that this sequence is a Cauchy sequence in (0, 1).

2.36. Let (¢,) be a sequence of positive rational numbers such that cx1 < ¢k
for all k € N. Show that Y ;= (—1)*"'¢; = r implies

0< ’7‘ — Z(—l)k_lck‘ < Cpi1, for all n € N.
k=1

2.37. Let (X, d) be a metric space, where X is a finite set. Show that this
space is complete.

2.38. Let B(x,r) be an open ball in a metric space (X, d). Show that B(z,r)
is a bounded set of diameter not greater than 2r.

2.39. Let A be a bounded subset of a metric space. Show that
diam(A) = diam(A).

2.40. Show that the condition diam(A,) — 0 in Theorem 2.9 is essential.
(Give an example of a complete metric space and a nested family of bounded
closed sets in it with empty intersection.)

2.41. Prove the converse of Theorem 2.9 (Royden and Fitzpatrick 2010, Sec-
tion 9.4).

2.42. Show that a mapping from a discrete metric space into a metric space
is always continuous.

2.43. Let a be a point in a metric space (X,d). Show that the function
f(z) = d(z,a) is uniformly continuous on X, that is, for a given ¢ > 0 there
exists § > 0 such that

[f(@) = fy)l <e,
for all z,y € X such that d(z,y) < J.
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2.44. For a nonempty subset A of a metric space (X,d) and a point z € X,
let
dist(z, A) = inf{d(z,a) : a € A}.

Show that the function f(x) = dist(x, A) is continuous.

2.45. Prove that a subset U of a metric space X is open if and only if there
is a continuous function f: X — R such that U = {z € X : f(x) > 0}.

2.46.If T : X — Y is an isometry from a complete metric space X into a
metric space Y, then T'(X) is a complete subspace of Y.

2.47. Describe the completion of a discrete metric space.

2.48. If X and Y are isometric metric spaces and X is complete, show that
Y is complete.

2.49. Let (X, d) be a metric space and let d = d/(1 +d) (cf. Exercise 2.5(a)).

Show that (X, d) is complete if and only if (X, d) is complete.

2.50. Define d(z,y) = |[tan"'z — tan~!'y| on R. Show that (R,d) is an
incomplete metric space and find its completion.

2.51. Let X be the set of nonempty open intervals in R and let d be defined
by
d((z,y), (u,v)) = [u— 2| +[v -yl

(Here (x,y) and (u,v) are open intervals in R.) Show that (X, d) is an incom-
plete metric space and find its completion.

2.52. Give an example of an incomplete metric space X and a sequence (X,,)
of open dense subsets of X with empty intersection.

2.53. Let (X,,) be a sequence of dense open sets in a complete metric space.
Prove that the intersection of the sets in this sequence is dense in X.

2.54. A function f: R — R is said to be lower semicontinuous on R if the
set {z : f(z) > a} is open for every o € R. Let f be a lower semicontinuous
function on R. Show that for every open set U C R there is an open subset
V C U on which f is bounded. (Hint: use the Baire category theorem.)

2.55. Show that the set of irrational numbers in [0, 1] cannot be represented
as a countable union of closed sets. (Hint: Use the Baire category theorem.)

2.56. Prove that a set is dense in a metric space if and only if it has nonempty
intersection with every open ball.

2.57. A topological space (X,7) is said to be a T space if for every two
distinct points z,y € X there is an open set U € T such that z € U, y ¢ U.
Prove that a topological space is a T; space if and only if every singleton in
X is a closed set.
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2.58. Let (X, d) be a pseudometric space such that d(x,y) = 0 for some pair
of distinct points z, y in X. Show that there are no disjoint neighborhoods
of z and y in the topological space X.

2.59. Let (X,T) be a topological space and X’ a nonempty subset of X.
Show that
T={UnX":UeT}

is a topology on X’.
2.60. Prove Theorem 2.22.

2.61. Give an example of two homeomorphic metric spaces that are not iso-
metric.

2.62. Let (X1,77) and (X2,73) be topological spaces. Show that the set
{U] xUs:U; € ‘.T], Us; € ‘.Tg}
is a base of a topology on X; x X5. (Hint: Use Theorem 2.22.)

2.63. Show that a topology T on a set X is discrete if and only if every
mapping from (X, T) into any topological space is continuous.
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Chapter 3
Special Spaces

Topological, metric, and normed vector spaces are abstract spaces that
together with operators on these spaces are major objects of study in func-
tional analysis. These spaces are briefly introduced in Section 3.1. However,
many concrete spaces not only serve as examples (and counterexamples)
in the theory, but themselves are of significant theoretical importance. In
the main body of this chapter (Sections 3.2-3.7) some of these spaces are
described, and their main topological and metric properties are established.

3.1 Metric Vector Spaces

All spaces in functional analysis are vector spaces that are also topological
spaces. In the following definition, the algebraic structure of a vector space
is “blended” with a topology on the space.

Definition 3.1. A topological vector space is a vector space X over the field
F that is endowed with a topology such that vector addition and scalar
multiplication are continuous functions.

Continuity of vector addition means that for every neighborhood U of
the vector x + y there are neighborhoods U, and U, of vectors x and y,
respectively, such that

U, +U, CU.

Scalar multiplication is continuous if for every neighborhood U of the vector
Az (A € F) there exist a neighborhood V), of the scalar A and a neighborhood
U, of the vector x such that

WU, CU.
If a topological vector space is a metric (or pseudometric) space, that is,

its topology is the topology of a metric (or pseudometric) space, then we call
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it a metric vector space. In this case, continuity of vector addition and scalar
multiplication can be expressed in terms of convergent sequences. Namely
(cf. Exercise 3.1), a pair (X,d) is a metric vector space if for sequences ()
and (y,) of vectors in X and sequences ()\,,) of scalars in F, these conditions
hold:

(@) @ — Yy, —y imply (2, +yn) — (z+y),
(b) A= ANz, —x imply Az, — Az

If a metric vector space (X, d) is complete, then it is called a Fréchet space.
We reintroduce below the concepts that were introduced in passing in
Chapter 2.

Definition 3.2. Let X be a vector space over the field F. A function p :
X — R is said to be a seminorm on X if

(a)  p(Az) = [Alp(z), homogeneity
b))  plz+y) <plx)+py), triangle inequality

for all A € F and z,y € X. The pair (X, p) is called a seminormed space.
A norm on X is a real-valued function on X, whose value at x € X is
denoted by ||z||, with the properties

(a) Azl = [Af[l], homogeneity
() Jz+yll < 2l + Iyl triangle inequality
(¢) |lz|l=0 implies x =0,

for all A € F and z,y € X. The pair (X, || - ||) is said to be a normed space.
A Banach space is a normed space that is a complete metric space.

Note that norms (and seminorms) are nonnegative functions (cf. Exer-
cise 3.2).

Clearly a norm is also a seminorm. It can be easily verified that the func-
tions p(z — y) and d(z,y) = ||z — y|| are a pseudometric and metric on X,
respectively. Convergence in a normed space is defined by the metric d, that
is, zp, =z in (X, | - |) if [|xn — 2| — 0 as n — oo.

Some basic properties of seminorms and norms are found in Exercises 2.7
and 3.2.

Theorem 3.1. Normed and seminormed spaces are metric vector spaces.

Proof. It suffices to consider the case of a seminormed space (X, p) with the
distance function d(x,y) = p(x — y). Note that p is a nonnegative function
on X (cf. Exercise 2.7).

Suppose that x, — z and y, — y in (X,p), so p(z, — ) — 0 and
P(Yn —y) — 0. Then

0< p((xn + yn) - (x + y)) = p((xn - 33) + (yn - y)
p(xn — ) +p(yn —y) — 0.

IN
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Hence (z,, + yn) — (x +y).
Now suppose that A, — A in F and z,, — = in (X, p), so |\, —A| — 0 and
p(zn —x) — 0. Because A, — A, the sequence (\,) is bounded. We have

0 < p(Anxn — Az) = p( Ay — Az + Az — Ax)
P((An(xn — ) + (A — M)
A

S | n‘p(mn - Z‘) + |/\n - )‘|p($) — 0.

It follows that \,x, — Az. O

Note that a normed space is Hausdorff (cf. Example 2.21).

Definition 3.3. A normed subspace of a normed space X is a vector subspace
Y of X with the norm obtained by restricting the norm on X to Y.

Abstract normed spaces are players in the theory presented in Chapter 4.
Many particular spaces in functional analysis are metric vector spaces of
functions. This means that every specific space is a vector space of F-valued
functions on some set. This vector space is endowed with a norm, seminorm,
or metric that makes it a metric vector space. F-valued functions on the set
{1,2,...,n} are n-dimensional vectors. The set of all these functions forms
the vector space F™. Functions on the set of natural numbers N are sequences.
Vectors in sequence spaces are sequences with terms in F. In the rest of this
chapter, we describe some classes of these and other special spaces in func-
tional analysis and establish their completeness and separability properties.

3.2 Finite-Dimensional ¢, Spaces

Recall that vectors in the n-dimensional vector space F" are n-tuples with
terms in F':
F'"={(z1,...,zp) i3, €F, 1 <i<n}.

In this section, we consider families of norms and metrics on F™ parame-
terized by the extended real variable p € (0,00) U {oo} = (0, o0].
For p € [1,00), we define

n 1/p
x|, = (inp) ) forx = (z1,...,2,) € F™. (3.1)
i=1

This function on F™ is a norm. Indeed, properties (a) and (c) of a norm in
Definition 3.2 are trivially satisfied, and the triangle inequality for || - ||, is
Minkowski’s inequality (1.9). The normed space (F", || -||,) is denoted by £} .

The real space £ is n-dimensional Euclidean space (often denoted by R™)
with the metric defined by
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n

Z'xi_yin $7?J€Rn-

i=1

d(@,y) = llz = yll2 =

For p = oo, the function
|2]| o = max{|z;| : 1 < i< n}, forx = (x1,...,2,) € F"

is a norm on F™. Again, properties (a) and (c¢) of a norm in Definition 3.2 are
trivially satisfied. The triangle inequality for | - || follows from the triangle
inequalities

|z + yil < |zl + |yl 1<i<mn,

for the absolute value function on F (cf. Exercise 3.7). The resulting normed
space is denoted by ¢7 (cf. Exercise 3.8).

For 0 < p < 1, the function || - ||, in (3.1) is not a norm (cf. Exercise 1.9).
In this case, we define a metric on F” by

n

dp(,y) =D |ai — il (3.2)

i=1

for x = (x1,...,2,) and y = (Y1,...,¥yn) in F™. The triangle inequality for
d follows immediately from (1.13). Clearly, dp(z,y) = 0 if and only if z = y,
and d,(z,y) = dp(y, ) for all z,y € F". Hence d,, is indeed a metric on F”.
We denote the metric space (F",d) by the same symbol ty as for p > 1.

The following two properties of the metric d,, are essential in the proof of
Theorem 3.2:

dp(z+ 2,y + 2) = dp(z,y) and dp( Az, Ay) = | APdp(z,y),

for all z,y,2z € £ and A € F. The first property is known as translation
invariance of the distance function.

Theorem 3.2. For p € (0,00] and every n € N, the space £y is a metric
vector space.

Proof. It suffices to consider the case p € (0, 1), because for p € [1,00] the
space ;) is a normed space, and the result follows from Theorem 3.1.

Suppose that 0 < p < 1 and z*) — z, y*) — y in £y as k — oo. By the
translation-invariance property,

dp(z® —2,0) = dp(z™,z) — 0

and
By applying the same property and the triangle inequality, we obtain
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0< dy(e® +y®,x +9) = dy (& ® — 2.y~ y®)
< dp(33(k) —2,0) +dp(0,y — y(k)) — 0.
Therefore, (2*) +4*)) — (z+41), so vector addition is a continuous function.
Now we prove that scalar multiplication is a continuous function. Let
AE) — Xin F and 2®) — z in £y as k — oo. We have
0 < dpy( NP z® \z) < d, AP 2z® A®g) 4 d,(A\Fz Az)
= dp(0, P (2 — 2™)) + d, (AP = Nz, 0)
= ANBPa, 0,2 — ™) + |\®) — \|Pd, (2, 0) — 0.
(Note that (A*) is a bounded sequence, since it is convergent.) Hence
AF) (k) — Az, O

Theorem 3.3. All spaces £}, n € N and p € (0, 0], are complete and sepa-
rable.

Proof. We establish the assertion of the theorem for p = 2, leaving the
remaining cases for the reader (cf. Exercise 3.9). Let

x(k):(wgk),.‘.,x,(f)ﬁ k=1,2,...,

be a Cauchy sequence in £5. Then for every € > 0, there exists N € N such
that

n 1/2
lo® — 2™, = ( Sl - x§’">|2) <e,  for kym> N
i=1

It follows that for i = 1,...,n,

|m§k)—mz(-m)| <e fork,m > N.
Hence for a fixed 1 < i < n, the sequence (xl(k)) is a Cauchy sequence in F
and therefore converges to some z; € F. Let = (x1,...,2,). We have

n 1/2
o=l = (Llos —olF)
1=1

Inasmuch as xz(-k) — x; as k — oo, the right-hand side of the above equality

converges to zero. Hence () — z in £%, so the space £% is complete.

To show that ¢4 is a separable metric space, we consider the set M consist-
ing of the sequences in ¢§ with rational coordinates. (A complex number is
said to be rational if its real and imaginary parts are rational numbers.) Let
x = (21,...,o,) be a vector in £5. Because the rational numbers are dense
in F, for every ¢ > 0 there exists y = (y1,...,yn) € M such that
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|z — | < e/vn, for i=1,...,n.
Then

n 1/2
oyl = (Y lei—uP) " <e
=1

It follows that the countable set M is dense in 5. Hence £4 is separable. [J

Definition 3.4. Topological vector spaces X and Y are said to be isomorphic
if there is a bijection T': X — Y such that

(a) T is an isomorphism of vector spaces X and Y.
(b) T is a homeomorphism of topological spaces X and Y.

Note that the relation of being isomorphic is transitive: if X is isomorphic
to Y and Y is isomorphic to Z, then X is isomorphic to Z. This follows from
the transitivity property of vector space isomorphisms and topological space
homeomorphisms.

Theorem 3.4. For every n € N, the spaces £ (p € (0,00]) are isomorphic.

Proof. By the transitivity property, it suffices to show that every space ¢}
for 0 < p < oo is isomorphic to 7. Let T' be the identity mapping of the
space F™ onto itself. Clearly, T is a vector space isomorphism. To prove that
T is an isomorphism of £ onto 7, we show that for every given r > 0, the
ball B,,(0,7) in the space £} contains an open ball B, (0,7') in the space £7,
and conversely (cf. Exercise 3.10).

Let B,(0,7) be an open ball in ;. We consider two cases.

Case 0 < p < 1. We set 7’ = (r/n)"/? and show that Bu(0,7") C B,(0,7).
If # € Boo(0,7), then max{|z;| : 1 < i < n} < (r/n)Y/?, so |:cz| < (r/n )1/p
for all 1 <4 < n. It follows that

>l < Z

i=1

Hence x € By(0,7).

Case 1 < p < oo. We set 7/ = r/n'/P and show that B, (0,7") C B,(0,7).
If € Boo(0,7”), then max{|z;| : 1 <i < n} < r/n'/?, so |z;| < r/n'/P for
all 1 <i < n. It follows that

n 1/p n o p\ 1/p
T
(k) < (%) =

Hence z € B,(0,7).
Now let B (0,7) be an open ball in £7,.
For 1 < p < oo, we have B,,(0,7) C Boo(0,7), because
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n 1/p
<Z |:z:1;|p) <r implies |x;| <7, forall 1 <i<n.
1=1

Furthermore, for 0 < p < 1, we have B,(0,77) C By (0, 1), because

n

<Z |xip> <rP implies |z;| <7, forall 1<i<n.

i=1
The result follows. O

Later (cf. Theorem 4.12), we will prove that every two n-dimensional
normed spaces are isomorphic.

3.3 Sequence Spaces £,

The 4, spaces are instances of sequence spaces, that is, vector spaces of F-
valued functions on the set of natural numbers N. As in the previous section,
these spaces are parameterized by the parameter p € (0, oo].

For p € (0, 00), vectors in ¢, are sequences (z,,) for which the series

o0
D leil”
i=1

converges. Clearly, ¢, is closed under scalar multiplication. By inequali-
ties (1.12) and (1.13), it is closed under vector addition. Hence ¢, is a vector
space.

For p € [1,00), we define

9] 1/p
|||, = (Z|xl|”) , forz = (21, x2,...) € £y, (3.3)
i=1

and for 0 < p < 1,

dp(@,y) =D i = wil?, (3.4)
i=1

for z = (w1, 22,...) and y = (y1,¥2,...) in £,. As in the case of spaces £}, the
space £, is a normed space if p > 1 and a metric vector space if 0 < p < 1.
The space fo is a prototypical example of a separable Hilbert space
(cf. Chapter 7).
For p = o0, the space £, is the vector space of all bounded sequences (z,,)

endowed with the supremum norm (also called the sup-norm)

[€]|oc = sup{la:| : i € N} } (3-5)
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(cf. Exercise 3.12).

In the rest of this section, we establish the completeness and separability
properties of the normed spaces ¢, (p € [1,00]). The arguments employed in
the proofs are typical in analysis and can be used to establish these properties
for other normed and metric vector spaces (cf. Exercises 3.13 and 3.14).

Theorem 3.5. The space £, (p € [1,00)) is complete.
Proof. Let (™) be a Cauchy sequence in £, where (") = (x(ln),xgn), ).
Then for every € > 0 there exists N € N such that for all m,n > N,

00 1/p
o™ — 2|, = (Z ™ — 2 |‘°) <e. (3.6)
=1

Hence for every i,
;Ugm) — :vz(")| < e, for all m,n > N.

It follows that for every i, the sequence (xgn)) is a Cauchy sequence in F and
therefore converges to some limit x; as n — co. We define x = (x1,x2,...)
and show that x € ¢, and =™ =z as m — oo.

For k € N, we obtain from (3.6),

k
Z |x£m) — zgn)|p < P, for all m,n > N.
i=1

By taking repeated limits as n — oo first and then k — oo, we obtain

SR ef<o ameN @7
=1

which means that (2™ — z) € ¢,. Hence
z =z 4 (z—2z™) e,

Finally, by (3.7), ||[2(™) — ||, < & for m > N, so (™ — z in £,. Hence ¢, is
a complete metric space. ]

We use similar steps in the proof of the following theorem.

Theorem 3.6. The space .~ is complete.

Proof. Let (z(™) be a Cauchy sequence in ¢y, where () = (:c(ln),xén), ce)e

Then for every ¢ > 0, there exists NV € N such that for all m,n > N,

(m) _

20 = 2og = sup o™ — 2{”| < =. (38)

i€EN
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Hence for every i € N,

ngm) - :nz(-") < g, for all m,n > N.
It follows that for every i, the sequence (335”)) is a Cauchy sequence in F and
therefore converges to some limit x; as n — co. We define © = (21, 22,...)

and show that z € £, and (™) — z as m — oo.
By taking n — oo in the previous displayed inequality, we obtain

2™ — 2| <e,  forall m>N and i € N, (3.9)
Hence for some m,
|zi| = |I§m) + (x5 — xEm))I < |$§m)| +e for all ¢ € N.

Inasmuch as the sequence z("™) is bounded, so is the sequence z. Therefore,
T € loo. By (3.9), |2 — 2||o < € for all m > N. Hence (™) — z in ., so
l~ is complete. O

Theorems 3.5 and 3.6 claim that all normed (so p € [1, o0]) spaces ¢, are
Banach spaces. Note that this also holds for finite-dimensional normed spaces
(cf. Exercise 3.13).

Now we show that ¢, is a separable space for p € [1,00) and that (o is
not separable. The proof for other values of p is similar (cf. Exercise 3.14).

Theorem 3.7. If p € [1,00), then the space €, is separable. The space {o is
not separable.

Proof. Let M be the set of all sequences in ¢, with rational coordinates.
Because M is a countable set, it suffices to show that M = £,,, that is, for a
given € > 0 and x € ¢, there exists y € M such that ||z —y|, <e.

Inasmuch as © = (21, 22, ...) € £p, the series > .~ |x;P converges. There-
fore, there exists n such that

Because rational numbers are dense in F, we can choose rational numbers y;
for 1 <4 < n such that

- 1
Z |lzi —yil” < 55;;.
i=1

Then for y = (y1,...,Yn,0,0,...), we have

n [es) 1/p
e —yll, = (Zm S mv’) <,
=1

i=n+1
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which is the desired result.
Now we show that the space f, is not separable. Let

M ={z = (z1,22,...) € boo sz € {0,1}, k € N}.

The set is uncountable. Indeed, for € M let N, = {k € N : z;, = 1}. Then
M is in one-to-one correspondence with the power set 2N of all subsets of
the set of natural numbers N. It is known that 2N is not a countable set.
For x # y in M, we have ||z — y|loo = 1, so open balls centered at vectors
in M and of radius 1/2 are disjoint. Because there are uncountably many of
these balls, every countable subset of /., is disjoint from one of these balls.

Hence a countable set cannot be dense in /., so the space is not separ-
able. O

We conclude this section by introducing a relation between spaces £,. The
proof of the following theorem is left as an exercise (cf. Exercise 3.22).

Theorem 3.8. If p < q, then the vector space £y, is a proper subspace of the
space {y. Furthermore, every space £, is a proper subspace of the space {o.

Note that in Theorem 3.8, all spaces are vector spaces. In fact, £, is not a
normed subspace (cf. Definition 3.3) of any ¢, (¢ # p) (cf. Exercise 3.16).

3.4 Sequence Spaces c, ¢y, and cgg

There are two normed subspaces of the normed space f, that are of impor-
tance in functional analysis. The space ¢ is the space of all convergent
sequences, and cg is the space of all sequences converging to zero. Note that
both spaces are endowed with the sup-norm inherited from the space {.

Theorem 3.9. The spaces ¢ and co are complete.

Proof. We establish the claim of the theorem for the space ¢ (cf. Exer-
cise 3.17). It suffices to prove that ¢ is a closed subset of ¢ (cf. Theo-
rem 2.8).

Let (™) be a sequence of vectors in cq that converges to z € £o. We need
to show that = € cg. For € > 0, there exists N € N such that

2 = 2|0 = sup 2™ —2;] < /2, forall n> N.
ieN
Hence
‘x§N+1) —zi| < /2, for all ¢ € N.
Because the sequence (x,(CNH)) converges to 0 as k — oo, there exists Ny € N

such that
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}x}cNH)! <e/2, for all k> Nj.

Thus for all £ > Ny, we have

lzk| = ’a:ECNH) + (z1 — J:ECNH))’ < ’x,(CNH)’ + ‘xk — sr:chH) <e.
It follows that z — 0, so € ¢g. g

Because ¢ and ¢y are complete, they are Banach spaces.
The proof of the next theorem is left to the reader (cf. Exercise 3.18 and
the proof of Theorem 3.7).

Theorem 3.10. The spaces ¢ and cq are separable.

Let cop be the set of sequences (x,,) such that x, = 0 for all but finitely
many n € N. (Elements of ¢y are called final or finitely supported sequences.)
It is clear that cgg is a normed subspace of ¢y endowed with the sup-norm.

Unlike the spaces ¢ and c¢g, the space cgg is not a Banach space. Indeed,
the sequence of vectors

1 1
an:(laga"'a770707"')7 TLEN,
n

in the space cgp is Cauchy, because for m < n and € > 0,
1
Han_am||oo:*<5, for m7n>1/£.
m

Suppose that (a,) converges to the vector a € cpo. Inasmuch as a belongs to
coo, there exists N € N such that

a:(xl,...,xN,O,O,...),
so x, = 0 for n > N. Hence for n > N, we have
lan — alloo = H(l—xl,...,%—xN7ﬁ,...,%,0,07...)||mzﬁ,

which contradicts our assumption that a,, — a in cqg.

3.5 The Sequence Space s

The space s is the vector space of all sequences (z,,) with terms in F. There
are different methods of making s into a topological vector space. We begin
with a rather general approach to these methods that is also useful in other
applications.

Let {p;}jes be a family of seminorms on a vector space X. Finite inter-
sections of open balls Bj(a,r) = {x € X : pj(x —a) < r} form the basis of
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a topology on X (cf. Exercise 3.23). In what follows, we assume that semi-
norms in {p;};cs separate points in X, that is, for every two distinct vectors
x,y € X, there exists j € J such that p;(z) # p;(y). Then the space X is
Hausdorff (cf. Exercise 3.24). If J is a countable set, then we call the space
X a polynormed space.

In a polynormed space X endowed with seminorms {p; };en, we define

d(z,y) = Z %W (3.10)

It is easy to verify that d is a metric (cf. inequality (1.14) in Section 1.2).
An important property of the metric d is its translation invariance (cf. the
distance d, in Section 3.2):

d(x + z,y + z) = d(x,y), for allx,y, z € X.

Below, we use this property without referencing it explicitly. We also use the
monotonicity of the real function t/(1 +t), t > 0 (cf. the proof of Theo-
rem 1.11), in some proofs in this section.

Theorem 3.11. The topology T, on a polynormed space X defined by the
family of seminorms {p;}ien coincides with the metric topology T defined
by the metric d on X (cf. (3.10)).

Proof. We need to prove two claims: (1) for every open set U € T7 and every
x € U, there is an open ball B € T that contains x and is contained in U,
and (2) for every open ball B € Ty and every point x in B, there is an open
set U € TJ1 such that U C B and z € U.

(1) It suffices to show that for every ball

Bi(a,R) ={z € X : px(z —a) < R}

in 77 and point z in this ball, there is a ball B(x,r) € T that is contained
in By(a, R). Let 0, = R — pr(x — a) > 0. Then for

and every y € B(z,r), we have

=1 pi(y —x) 1 &
d = [ A A A— ——
(y, ) ;211—|—pi(y—x)<r F115,

s0
1 pely—z) oL O
261+ pr(y—x) 28146

which is equivalent to
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pr(y — ) < dg.
Then
pr(y —a) < pr(y — ) + pr(z —a) < 0 + pr(z —a) = R,

that is, y € By(a, R). Hence gB(x,r) C Bi(a, R).
(2) For z € B(a, R), we define § = R —d(z,a) > 0 and choose n such that
n > max{1,0} and

Let y € U =, Bi(z,8/(n — §)), which is an open set in the topology T.
Then for every 1 <i <mn,

0
pi(y—$)< _5
We have

21 pily—a) 1 pi(y—2) o~ 1
d(y, ) =) it <y %
() ;211"‘171'(1/_95)_;221+pi(y_x) i %

n ) 00 n
15 Loy lo 0 0,0 5

IEIEE APV RS BEFEE R A

It follows that
d(y,a) < d(y,z) + d(x,a) <6+ d(z,a) = R,
soy € B(z,R). Hence U = (., Bi(2,6/(n—6)) C B(x,R) and x € U. 0O

Theorem 3.12. In a polynormed space X, a sequence (x,) converges to x,
that is, d(xp,x) — 0, if and only if pr(x, —x) — 0 for every k € N.

Proof. (Necessity.) Suppose that z, — x. Because

1 pp(zy, —x)
— IR 7 < d(zn —x), kEN,
281+ pr(en —x) = ( )

we have py(x, —x) — 0 for every k € N. Indeed, because d(x,, — x) — 0, for
a given € > 0 there exists N such that

9

Pi(@n — ) .
— < 2% —
— (l'n l‘)<1+ga

f 11 N.
1+pk($n—$) or all n >

Equivalently, px(z, — z) < ¢ for n > N. Hence pg(z,, —x) — 0 as n — o0,
for every k € N.
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(Sufficiency.) Let pp(x, —x) — 0, for every k € N. For ¢ > 0, choose
M € N such that )

oM <

NCRNO)

and N € N such that

€
pi(z, — ) < 20 for 1<k <M and,n > N.
Then
Y pilea—1) S 1 pilea—a)
; 21+ pi(zn — ) i:%l 201+ pi(zn — )
<z =1 5 1 e €
Szpi(xn_x)"i_-z §<M~m+w<§+§:g7
i=1 i=M+1
for all n > N. Hence z,, — . O

Theorem 3.13. The polynormed space X is a metric vector space.

Proof. We need to show that (1) the operation of vector addition is continu-
ous, and (2) the operation of multiplication by scalars is continuous.
(1) Let «,, — x, yn, — y. For a given € > 0, choose N € N such that
d(xn, ) <

and  d(yn,y) < =, for all n > N.

DN ™
DO ™

Then

d(xn +yn,$+y) = d(xn 7Iay7yn) < d(xn 79330) +d(ovy*yn)

€ €
=d(xn,z) +d(Yn,y) < §—|— 3=6

for all n > N. It follows that (z, +y,) — (x + y), as required.
(2) Let A, = Ain F and z, — « in X. By Theorem 3.12, py(x,, —z) — 0
for every k € N. Then

Pk (AnZn — Ax) = pr( Ay, — Apx + Az — Ax)
< Dl prln = 2) + Ao — Alpyl),  forall ke N.
Because A\, — A and pi(x, —x) — 0, the sequence on the right-hand side

tends to zero as n — oo. Hence for every k, pp(Anx, — Ax) — 0 as n — oo.
By Theorem 3.12, A\, x,, — Azx. g

We apply the above results to the vector space s of all sequences (x) with
terms in the field F. For
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x=(1,Z2,...,%4...) €S,

we define p;(x) = |z;| for every ¢ € N. Clearly, each p; is a seminorm on s. It
is also clear that the family {p;};cn separates points in s. By Theorem 3.11,

the metric
oo

1|z —yil
defines the same topology as the one defined by the family of seminorms
{pi}ien. By Theorem 3.12, convergence in the space (s, d) is coordinatewise,
that is, (") — z in this space if and only if mgn)
by Theorem 3.13, (s,d) is a metric vector space.
Now we discuss some features of the space s that are specific to this space.
First, we show that (s,d) is a complete metric space.

— x; for every i € N, and

Theorem 3.14. The space (s,d) is a complete metric space.
Proof. Let (x(")) be a Cauchy sequence in s and let € > 0. Fix k € N. There
exists NV € N such that

(™, 2™ < ﬁ for all m,n > N.

It follows that

1 |a:,(€m) z,(cn)\ €
289 4|zl — M) T 2k +e)’

for all m,n > N,

which is equivalent to

|ac,(€ —xk |<£, for all m,n > N.
By completeness of F, the sequence (x,(:)) converges for every k € N. It
follows from Theorem 3.12 that the sequence ((™)) converges in s. Hence s
is a complete space. O

The proof of the next theorem employs a rather standard argument (cf. the
proof of Theorem 3.7).

Theorem 3.15. The space s is separable.

Proof. Let M be the set of all sequences with rational coefficients that are
terminated with zeros (so they belong to the space cgg). As the union of
countably many countable sets, this set is a countable subset of s. We show
that M = s.

For a given € > 0, we first choose n such that n > max{1l,e} and

=1
2 5e

w\m
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Let © = (z,) € s. Now we choose rational numbers r1,...,r, such that
€ .
|z — 1] < ——, for 1 <i<n.
n—e
Then
i; s — 7] i; i — 7l i 1 o=y
201+ |a; — 14l 201+ |a; — 1) 201+ |ay — 7]
=1 i=n—+1
"1 =1 € €
<y —= —<-+4+-=c¢
Dt <3t3
=1 n+1
Hence M is dense in s. O

A topological vector space is said to be normable if its topology is equiv-
alent to the topology defined by a norm.

Theorem 3.16. The metric vector space s is not normable.

Proof. Suppose that || - || is a norm on s such that T = J”, where T is the
norm topology and 7’ is the metric topology on s.

Let B(0,1) = {z € s : ||z|| < 1} be the unit open ball in J. Because
T = 77, there is an open ball B’(0,r) = { € s : d(x,0) < r} in T’ that is
contained in B(0,1). Choose n such that 1/2™ < r and let e,, be a vector in
s with zeros everywhere but in the nth coordinate, where it is 1. We have

1 1
A < — <, for all A € F.

dAn’Ozi =
Aen 0) = 5o S o

Hence \e,, € B'(0,r) C B(0,1) for all A € F. This is a contradiction, because
Aenl > 1 for [A] > 1/]len]- O

For an alternative proof of this theorem, see Exercise 3.26.

3.6 Spaces of Continuous Functions

Let C[0,1] be the vector space of continuous real or complex functions on
the unit interval [0, 1]. This vector space is a normed space with the norm
defined by
= t)]. 3.11
o = mas. Ja(0) (3.11)
It is clear that ||z|| = 0 if and only is @ = 0, and | Az|| = |A|||z] for all A € F
and z € C[0,1]. The triangle inequality

[z +yll < llz] + [lyll
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follows immediately from the triangle inequality
lz(t) +y(@)] < [z@)] + [y(t)],  for t €[0,1],

for real and complex numbers (cf. Exercise 3.11).

It is customary to denote the normed space (C[0, 1], ||-||) simply by C[0, 1],
although we will consider other norms on the vector space C[0, 1]. The norm
defined by (3.11) is known as the supremum norm and sometimes denoted
by || - |lec as in the case of the normed space ¢ (cf. (3.5)).

We begin by proving that C[0,1] is a complete and separable normed
space.

Theorem 3.17. The normed space C[0,1] is complete.

Proof. Let (z,) be a Cauchy sequence of functions in C[0, 1]. Then for a given
€ > 0, there exists N € N such that

1
sup |zm(t) — 2, ()] < ze, for all m,n > N.
t€0,1] 2

Hence for every ¢ € [0,1],
1
[T () — zn(t)] < 56 for all m,n > N. (3.12)

It follows that for every t € [0, 1], the sequence of numbers (x,(t)) is Cauchy
and therefore converges to some number, which we denote by z(t):

Tn(t) — x(t), for every t € [0,1].

By taking n — oo in (3.12

~—

, we obtain

|zm () — 2(t)] < ze <¢, for all m > N and t € [0,1].

N |

This shows that the sequence of continuous functions (z,,) converges uni-
formly to the function x on [0, 1]. By a well-known theorem in analysis, = is
a continuous function and therefore belongs to C0, 1]. O

To establish the separability of C[0, 1] (Theorem 3.18 below), we first prove
the following lemma.

Lemma 3.1. Let € > 0 and suppose that f is a continuous function on a
closed interval |a,b] such that

f@) = fW) <z, forall wy € [ab)

Let h be a linear function on |a,b] such that
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ha) = J(@] < 5 and |n(d) - JO)] < ;.
Then
|f(z) — h(z)| < e, for all x € [a,b].

Proof. We have
[h(a) = h(b)| = |h(a) — f(a) + f(a) — f(b) + f(b) — h(D)]

< [h(a) = f(a)| + |f(a) = f(O)| + |F(b) — h(D)| < g&

Because h is a linear function, it follows that

Ih(z) - hy)| <

56 for all x,y € [a,b].

Finally, we have

[f (@) = h(x)] = |f(z) = fla) +
f +

f(a) = h(a) + h(a) = h(z)|
() = fla)[ +|

f(a) = h(a)] + [h(a) = h(z)]

€ =g¢, for all = € [a, b],

™
+
ot w

as required. O
Theorem 3.18. The normed space Cla,b] is separable.

Proof. The set M of all continuous piecewise linear functions on [0, 1]] with
nodes at rational points in the plane is countable. To prove that M is dense
in C10, 1], it suffices to show that for every f € C|0,1] and ¢ > 0, there exists
h € M such that

|f(z) —h(z)| <e,  forall z€l0,1].

Inasmuch as f is a uniformly continuous function on [0,1], there is n € N
such that

1
lf(z) — fly)| < 56 for all z,y € [0,1] such that |z —y| <

s |-

Let {0,1/n,...,k/n,...,1} be a partition of [0,1] into n equal subintervals.
For each point k/n, choose a rational number h(k/n) such that

(k) = f /)] < 2

The points (k/n,h(k/n), k =0,1,...,n, are nodes of a continuous piecewise
linear function h on [0,1]. By Lemma 3.1,
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|f(z) —h(x)| <&, over each interval [k/n,(k+ 1)/n].
The result follows. d

The normed space Cla,b] is defined as the vector space of continuous
functions on the closed interval [a, b] with the norm

= t)|.
o = mas [2()

It can be shown that this space is isomorphic to C[0, 1] (cf. Exercise 3.27).
In a more general setting, let C'(K) be the vector space of continuous
functions on a compact topological space K. By Theorem 2.25, the function

2l = max|z(¢)], @ € C(K),
is well defined. It is a norm on C'(K). The normed space C(K) is a Banach
space (cf. Exercise 3.29).

A real- or complex-valued function f on the interval [0, 1] is of the differ-
entiability class C™ if the derivative f(™ exists and is continuous on [0, 1].
The vector space of all functions of class C™ is denoted by C™[0,1]. It is a
normed space if the norm is defined by

n

|zl =" sup [z (@), xeCm0,1]
r—1 t€[0,1]

(cf. Exercises 3.28 and 3.29)).

Let C(0,1) be the vector space of continuous real- or complex-valued func-
tions on the open interval (0,1). We cannot use the supremum norm (3.11)
on this space, because there are unbounded continuous functions on (0,1).
However, we can utilize the approach outlined at the beginning of Section 3.5
to introduce a polynormed structure on C(0,1). For k > 3, we define

pr(x) = sup |z(t)], where I, = [1/k, (k — 1)/k]. (3.13)

tely

It is not difficult to show that each function pj is indeed a seminorm and
that the family {py }+>3 separates points in C(0, 1) (cf. Exercise 3.30). Hence
C(0, 1) endowed with the family of seminorms {p } >3 is a polynormed space
that is also a metric vector space with the metric d defined by (3.10).

In a similar manner, the vector space C(R) of all continuous functions on
R is made into a polynormed space by the family of seminorms defined by

pr(@) = sup [z(t),  keN.
[t <k

When we say that C[0,1], C™[0,1], and C(K) are Banach spaces, we
assume that they are endowed with respective versions of the supremum
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norm. However, there are other norms on, say, the space C]0, 1] that are of
importance in analysis.

In the rest of this section, we consider the vector space C|0,1] and the
function

]| = /O 1 (t)| dt. (3.14)

This function is a norm. Indeed, because |z(t)| is a nonnegative continuous
real-valued function on [0, 1], it follows that fol |z(t)| dt = 0 if and only if
x is the zero function on [0,1] (cf. Exercise 3.31). It is clear that ||[Az| =
|Al[|z|]. The triangle inequality for || - || follows immediately from the triangle
inequality for the modulus function on F. Hence (C[0,1],]| - ||) is a normed
space. However, it is not a Banach space, because it is not complete. To show
this, it suffices to produce a Cauchy sequence in (C[0, 1], || - ||) that does not
converge to a point in this space.

Xn(t)

S

o 0'.5 An

Fig. 3.1 The function z,,.

For n > 2, we define a sequence (x,,) of functions on the interval [0, 1] by

0, i 0<t<0.5,
z,(t) = ¢ n(t—0.5), if 0.5 <t < ay,where a, = 0.5+ (1/n),
1, if a, <t<1

(cf. Fig. 3.1). It is easy to verify that

! 11
o =2l = [l ®) = (0] dt = ‘ L

2m  2n

)

so for € > 0, we have
|zm — xn|| < e

if m,n > 1/(2¢). Hence (z,,) is a Cauchy sequence.
Suppose that the sequence (x,) converges to a continuous function z in
the normed space C0, 1], that is, ||, — x| — 0. We have
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1
e = ol = [ fan(t)  x(t)]d
0
0.5 an 1 an,
:/ \m(t)|dt+/ \xn(t)—m(t)|dt+/ |x(t)—1|dt—/ (t) — 1] dt.
0 0.5 0.5

0.5

Because a,, — 0.5, the second and the last integrals on the right-hand side
of the above equation converge to zero. Inasmuch as the left-hand side of the
equation converges to zero, we have

/00'5 (1)) dt = /015 (t) — 1] dt = 0.

Because x is assumed to be a continuous function on [0, 1], it follows that
x(t) = 0 on [0,0.5] and z(t) = 1 on [0.5,1] (cf. Exercise 3.31), which is
impossible. Hence the Cauchy sequence (x,,) does not converge in the normed
space C0,1] endowed with the norm defined by (3.14), that is, this space is
not a Banach space.

3.7 The BV ]a,b] Spaces

Let z be a function on [a,b]. Observe that over a subinterval [c,d] of [a, b],
the values of the function x “change” or “vary” from z(c) to z(d), so the
“change” in values is |x(d) — z(c)|. This observation motivates the following
definition.

Definition 3.5. Let = be a real- or complex-valued function on the interval
[a,b] and let P = {to,t1,...,t,} be a partition of this interval, that is,

a=tg<t; <---<t,=0.
The variation of x on [a,b] with respect to P is given by
V2(, P) = |a(ty) — o(tk—1)|-
k=1

If there is a constant M such that V?(x, P) < M for every partition P of
[a,b], then we say that z is a function of bounded variation, a BV-function
for short, on [a, b] and write

V() = sup{V(x, P) : P is a partition of [a,b]}.

In this case, the quantity V’(z) is called the total variation of x over the
interval [a, b]. The set of all BV-functions on [a, b] is denoted by BV [a, b].



68 3 Special Spaces

If x and y are BV-functions on [a,b], then for every partition P of the
interval [a, b] we have

Vi@ +y, P) <V (x, P) + V. (y, P) <V, (2) + V. (1),
because

[(z(tk) +y(tr)) — (@(tr—1) + y(te—1))| < |2(tr) — 2(te-1)] + y(tx) — y(Er—1)l,

for P = {to,t1,...,t,}. Therefore, by taking the supremum over partitions
P, we obtain

Vi +y) <V2(x)+V2y),  for 2,y € BV[a,b].
Furthermore, for every function x and every A\ € F, we have
Vabo‘xvp) = |)\|Vab(x7P)7

for every partition P of [a,b]. If x is a BV-function, then the above equation
yields
Vi(x) = [\VP(z),  for A€ F and x € BV|[a,b].

It follows that BV]a,b] is a vector space over the field F and V’(z) is a
seminorm on this space.

The following lemma shows that V?(z) is not a norm on the space BV [a, b].
The proof is left to the reader (cf. Exercise 3.32).

Lemma 3.2. VY(z) = 0 if and only if z is a constant function on [a,b].
We use the result of Lemma 3.2 to prove the following theorem.

Theorem 3.19. The function
Izl = lz(a)] + V7' (2) (3.15)
is a norm on the vector space BV |a,b].

Proof. Note that |z(a)| is a seminorm on BV{a,b]. Therefore, ||z| defined
by (3.15) is also a seminorm on BV [a,b] (cf. Exercise 3.4).

By Lemma 3.2, ||z|| = 0 if and only if « is the zero function on [a, b]. Hence
[l - || is a norm on BV][a,b]. O

We denote by the same symbol BVa, b] the normed space of functions of
bounded variation on the interval [a, b], where the norm is defined by (3.15),
and show that this normed space is a Banach space.

First, we prove that a function of bounded variation is bounded by its
norm.
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Lemma 3.3. Let © be a BV-function on [a,b]. Then for everyt € [a,b],
2 (t)] < |a(a)| + V7 (2).

Proof. The inequality is trivial for t = a. For t € (a,b), let P = {a,t,b}, and
for t = b, let P = {a,b}. Then

(1) — z(a)| < |a(t) — z(a)| + |2(b) — x(t)| =V, (z, P) < V().
From this we deduce
2 (t)] = |z(a) + (1) — z(a)| < |z(a)| + |a(t) — z(a)| < |x(a)] + Vy(2),
which is the desired result. U
Theorem 3.20. The normed space BV [a,b] is complete.

Proof. Let (z,,) be a Cauchy sequence in BV[a,b]. Then for € > 0, there
exists N € N such that

|Xm — 20l <e/2, for all m,n > N.
By Lemma 3.3, for t € [a, ],
|Zm(t) — zn(t)] < |2m(a) — zn(a)| + Vab(xm —xp) = [T — 20| <e/2,

for all m,n > N. Thus (z,(t)) is a Cauchy sequence in F for every t € [a, b].
Hence the sequence (x,,) converges pointwise to some function z on [a, b]:

zn(t) — x(t), t € [a,b].

In what follows, we show that € BV|[a,b] and ||z — x,|| — 0.
For every partition P of [a,b], we have

lim [|2m(a) — 2,(a)] + V2 [(2m — @0, P)]
m—00
= |z(a) = za(a)| + Vg (z — z0), P),
because x,, — x pointwise. Inasmuch as
[2m(a) — xn(a)] + Vab[(xm =Ty, P)] < l2m — 2|l <e/2,
we have
|z(a) — zn(a)| + V2(x —2,),P) <e/2 < ¢ for all n > N.

We conclude that = — x,, is in the space BV]a,b] for all n > N. Because
xn € BV]a,b], we have v = (x —x,,) + 2, € BV[a, b]. From the last displayed
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inequality, we obtain
|z — 2| = |z(a) — zn(a)| + V(e —z,) < e for all n > N,

so ||z — x| — 0. Hence BVa,b| is a Banach space. O

All spaces BV [a, b] are inseparable. We prove this for the space BV[0, 1].
Theorem 3.21. The space BV[0,1] is inseparable.

Proof. Let {a}ae(,1) be the family of functions on [0, 1] defined by

oalt) = 0, if te[0,a),
T, it te o).

It is not difficult to verify that all functions z,, belong to the space BV[0,1]
and
loa —zall =2, if a £f.

The family {B(xq,1)}aec0,1] of disjoint open balls is uncountable. It follows
that BV[0, 1] cannot contain a dense countable set (cf. the proof of Theo-
rem 3.7). O

We conclude this section by introducing a subspace of the space BV|a, b]
that is of particular interest in functional analysis. Namely, we define

NBV]a,b] = {x € BV][a,b] : z(a) = 0}.

It is clear that NBV]a,b] is a normed subspace of BV [a,b].

To show that NBV[a,b] is a Banach space, it suffices to prove that it is
closed in BVa,b]. Let (x,,) be a sequence in NBV]a,b] converging to some
x € BV|a,b], that is, ||z, — x| — 0. Then

jz(a)] + V(2 — @) = 0,

implying that z(a) = 0. Hence x € NBV[a, b], which is the desired result.

Notes

A topological vector space is not necessarily metrizable. An example is given
by the vector space X = R® of all real-valued function on R endowed with
the product topology, or equivalently, by the topology of pointwise conver-
gence (Munkres 2000, p. 133).

By Theorems 3.17 and 3.18, C]0, 1] is a separable Banach space. In some
sense this space is universal in the class of separable Banach spaces. Namely,
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every (real) separable Banach space is isomorphic to a closed subspace of the
(real) space C[0,1] (Banach 1987, Ch. XI, §8).

The space £, can be considered the universal space in the class of separable
metric spaces (cf. Exercise 3.22).

The theory of normed sequence spaces is rich with very deep results (Lin-
denstrauss and Tzafriri 1977). In this chapter and Section 5.1 we just touch
the tip of the iceberg.

Exercises

3.1. Let X be a vector space and d a metric on X. Show that a pair (X, d)
is a metric vector space if for sequences (z,) and (y,) of vectors in X and
sequences (\,,) of scalars in F, these conditions hold:

(a) Tp — Ty Yn — Y imply (xn + yn) - (aj +y)7
(b)) A=Az, —x imply Az, — Az.

3.2. For a norm || - || on a vector space X, show that

(a) [l0] =0,
() [|z|| >0 if x#0

(cf. Exercise 2.7).

3.3. Let d be the discrete metric on a nontrivial vector space X. Show that
(X, d) is not a metric vector space.

3.4. Show that the sum of two seminorms is a seminorm.

3.5. Let B = {x;};cs be a Hamel basis in a vector space X. Show that
[zl = Al + -+ [Anl,

for x = Mzi, + -+ + Apxy,, is a norm on X.

3.6. Show that the seminorm p on a seminormed space (X, p) is a continuous
function. Also show that the norm is a continuous function on a normed
space.

3.7. Prove the triangle inequality for the normed space ¢7.

3.8. Show that for z = (z1,...,2,) € F",
Zlloo = lim ||z||,.
Jloe = Tim ],

3.9. Complete the proof of Theorem 3.3.
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3.10. (a) Show that two metric spaces (X, d) and (X, d’) are homeomorphic
if and only if every open ball in (X, d) contains an open ball centered at the
same point in (X, d’) and conversely.

(b) Show that two metric vector spaces (X, d) and (X,d") are isomorphic
if and only if every open ball centered at the zero vector in the first space
contains an open ball centered at the zero vector in the second space and
conversely.

3.11. Let A and B be bounded sets of real numbers. Prove that
sup(A + B) = sup A + sup B.
3.12. Prove that || - || defined by (3.5) is a norm (cf. Exercise 3.11).

3.13. Prove that the spaces ¢} for p € (0,00) U{oc} and £, for 0 < p < 1 are
complete.

3.14. Prove that the spaces ¢ for p € (0,00) U{co} and £, for 0 < p < 1 are
separable.

3.15. Prove that for p < ¢,
Z |z, |P < o0 implies Z |z |? < oo
k k
Deduce the result of Theorem 3.8. Prove the second claim of Theorem 3.8.
3.16. Show that ¢, is not a normed subspace of ¢, for p # q.
3.17. Prove that the space ¢ is complete (cf. Theorem 3.9).
3.18. Prove Theorem 3.10 (cf. the proof of Theorem 3.7).

3.19. Let B(S) be the vector space of all bounded F-valued functions on a
nonempty set S. Define

||z|| = sup{=(t) : t € S}.
Prove that (B(S), | -||) is a complete normed space (cf. Theorem 3.5).

3.20. (a) Let bv be the set of all sequences x = (x,,) such that

o0
[z llbw = |z1] + Z |Tr1 — 21| < 00.
k=1
(A sequence in bv is said to be of bounded variation (cf. Sect. 3.7).) Show
that bv is a normed vector space with the norm || - |/p,.
(b) Let bvg be the set of vectors = (z,,) € bv such that limz,, = 0. Show
that bv is a normed vector space with the norm defined by

oo
/b, = Z |Tk1 — Tk
k=1
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3.21. Show that for 1 < p < oo,
coo € 4y, Ccp CcClo,

and all inclusions are proper.
Also show that

(a) coo is dense in the space co,
(b) coo is dense in £,

(¢) coo is not dense in c,

(d)

in the topology defined by the sup-norm, || - ||cc-

cop is not dense in £,

3.22. Prove that every separable metric space M is isometric to a subspace
of the space f.

3.23. Prove that finite intersections of open balls in a polynormed space X
form a basis for a topology on X. (Hint: Use Theorem 2.22.)

3.24. If a family {p, } je; of seminorms on a vector space X separates distinct
points of X, show that the resulting topological vector space is Hausdorff.

3.25. If a metric vector space (X, d) is normable, show that

(a) d(z + 2,y + 2) = d(z,y),
(b) d(Az, \y) = [Ald(x,y),

for all x,y,z € X and A € F. Deduce that the metric vector space s is not
normable (cf. Theorem 3.16).

3.26. Show that every open ball in the space s centered at zero contains a
subspace of s that is isomorphic as a vector space to the space s itself. (Hint:
Modify the proof of Theorem 3.16.)

3.27. Show that the normed spaces Cla, b] and C[0, 1] are isomorphic.
3.28. Show that

n

lzf = sup |=®(t)]

k1 t€[0,1]
is a norm on C"[0, 1].

3.29. Let K be a compact topological space. Prove that the normed spaces
C(K) and C™[0,1] are Banach spaces.

3.30. Show that the functions defined in (3.13) are seminorms on C(0,1)
separating points in this space.

3.31. Prove that a nonnegative continuous real-valued function f(z) on the
interval [a, b] is the zero function on [a, b] if fab f(z)dx = 0.

3.32. Prove Lemma 3.2.



Chapter 4
Normed Spaces

The first two sections of this chapter are concerned with basic properties of
normed spaces and linear operators on them. The concept of a Schauder basis
is central in Section 4.1. These bases are useful tools in investigating sequence
spaces and linear functionals on them. Section 4.2 is concerned mostly with
bounded operators and the space of bounded operators from a normed space
into another normed space. The central result of this section establishes the
equivalence of continuity and boundedness of a linear operator. Although the
concept of the dual space is introduced in Section 4.2, we postpone studies
of linear functionals and duality until Chapter 5. Several examples of linear
operators are also presented in Section 4.2.

Properties of finite-dimensional normed spaces are the subject of Sec-
tion 4.3. The central result of this section is the isomorphism of all n-
dimensional normed spaces. Finally, in Section 4.4, we prove Riesz’s lemma
and use it to characterize finite-dimensional normed spaces in terms of the
compactness property of the unit ball. A geometric application of Riesz’s
lemma is found at the end of this section.

4.1 Properties of Normed Spaces

Let X be a vector space with a norm || - || on it. Recall (cf. Section 3.1) that
convergence in (X, || - ||) is the convergence of sequences in the metric space
(X,d) with the distance function d(z,y) = ||z — y||, =,y € X. Namely, a
sequence (z,,) in a normed space X converges to x € X if ||z, — x| — 0 as
n — oo. Then we write z,, — z and call z the limit of (x,,). A sequence (z,,)
in X is Cauchy if for every £ > 0 there exists NV € N such that

|Tm — za| <, for all m,n > N

(cf. Section 2.7).
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Inasmuch as a normed space X is a vector space, we can introduce series
in X as follows.
Let (z1) be a sequence in X. We define a sequence (s,,) of partial sums

Sp =21+ -+ Tn, where n € N.

If the sequence (s,) converges to some s € X, then we say that the series
oo
x1+...+mk+...:ka
k=1

converges to s. In this case, we also say that the series >~ | xy is convergent,
and we call s the sum of the series and write

o]
S:ka:xl'i"i‘xk'i‘
k=1

A series 2211 . in a normed space X is said to be absolutely convergent
if the series Y ;- ||xx| converges in R. A simple example from calculus of
the series > 7 (—1)¥*1/k in the 1-dimensional normed space X = R! shows
that convergence does not imply absolute convergence. (The harmonic series
> re, 1/k diverges.) It is shown in calculus that absolute convergence of a
series with real terms implies its convergence. However, that is not true in
general normed spaces (cf. Exercises 4.1 and 4.2).

The term “basis” has a multitude of meanings in mathematics. The con-
cept of convergence in a normed space X is used to define a Schauder basis
in this space.

Definition 4.1. A sequence of vectors (e,) in a normed space X is said to
be a Schauder basis (or basis) for X if for every z € X, there is a unique
sequence of scalars (\,,) such that the series > - ; Apey converges to x, that

1S,
oo
Tr = E )\kek.
k=1

The series on the right-hand side of the above identity is called the expansion
of x with respect to the basis (e,,).

Some sequence spaces, for instance ¢, for p € [1, 00), have Schauder basis
(cf. Exercise 4.3). However, as the following theorem suggests, the space £
does not have a basis (cf. Theorem 3.7).

Theorem 4.1. If a normed space X has a Schauder basis, then X is sepa-
rable.

Proof. Let (e,) be a basis in the normed space X. For an =z € X, let
Z;il Arex be its expansion. We define
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M = {y = Z,ukek :n € N, puy is a rational number for all k € N}.
k=1

It is clear that M is a countable set.
For € > 0, there exists N € N such that

N
xr — E )\kek
k=1

Because the rational numbers are dense in F, there are rational numbers py,
1 <k < N, such that

€
2N max{|lex]| : 1 <k < N}’

Ak — px| <

Then for y = Z,ivzl g€k, we have

N N
a:—z/\kek—FZ )\k—uk ek
k=1

e —yll =
N N N
{E—Z)\kek +Z‘)\k—ﬂk|”€kH<7+Z
k=1 k=1 k=1
Because y € M, it follows that M is dense in X. O

Unlike most special spaces introduced in Chapter 3, the normed space cqg
is not complete (cf. Section 3.4). However, this space is dense as a metric
space in the complete metric space ¢o (cf. Exercise 3.21). Indeed, let x =
(1,...,2n,...) be a vector in ¢y, so 2, — 0 as n — oo. Then for a given
e > 0, there exists N € N such that |z,| < ¢/2 for all n > N. For y =
(xl,...,xN,O,O,...) € Cpo,

3
Iz = ylleo =110, ..., 0, 2N 41, EN+2, - lloo = sUD 2u| < 5 <.
n>N

Hence cqq is dense in ¢g, that is, the normed space ¢ is the metric completion
of its normed subspace cgg. In this context, it is natural to say that cg is a
Banach completion of the normed space cyq.

The case of the space cgg is not unique. The next theorem shows that every
normed space is isometric to a dense normed subspace of a Banach space.

Theorem 4.2. Let (X, || - ||) be a normed space. Then there exist a Banach
space X and an isometry T : X — X such that T(X) is dense in X. The
space X is unique up to isometry of normed spaces.
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The space X in Theorem 4.2 is called the Banach completion of the normed
space X. The reader is invited to supply details for the following proof. We
use notation from Theorem 2.14.

Proof. By Theorem 2.14, there exist a complete metric space ()N( , (7) and an
isometry T' of the metric space X into the metric space X such that T(X)
is dense in X. To prove Theorem 4.2 it suffices to extend the vector addition
and scalar multiplication operations from X to X to make it a vector space,
and then introduce a norm on X that makes it a Banach space.

The elements of the space X are equivalence classes of Cauchy sequences
in X. Let [(z,,)] and [(b,,)] be points in X. The sequence (z,, + ¥,,) is Cauchy
(why?) and therefore defines a point [(z, + ¥,)] in X. We define the sum of

[(z,)] and [(y,)] in X by

[(@n)] + [(yn)] = [(2n + yn)]-

To show that this sum is well defined, we need to show that if (x,) ~ (z},)

and (y,) ~ (y,,), then (x,, +yn) ~ (z/, + y.,). This follows immediately from
the inequality

l@n +yn) = (@ +yn)ll < llzn — 2] + Iy — v0 -

Similarly, for A € F, the product A[(x,,)] is defined as the equivalence class
[A(zn)]. Again, this operation is well defined (does not depend on the choice
of the representative of [(z,)]).

It is not difficult to verify that the operations of addition and scalar mul-
tiplication defined above make X into a vector space. From these definitions,
it also follows that on T'(X) C X the operations of vector space induced from
X coincide with those induced from X by means of the isometry T'.

We define ||[(x,)]|l1 = d(0,[(x,)]) for [(x,)] € X. Using the isometry

property of T, one can show that || - ||; is @ norm on X.
Finally, the uniqueness of the Banach completion X follows from the
uniqueness of the metric completion of X. O

At the end of Section 3.6, we proved that the vector space C[0, 1] endowed

with the norm )
HN=AM@W

(cf. 3.14) is not complete. The Banach completion of this normed space is
the Banach space L'[0,1] of Lebesgue measurable functions z on [0, 1] such
that the Lebesgue integral of |z| is finite.

Similarly, using Minkowski’s inequality (1.17), one can show that the func-

tion
1 1/p
ﬂ=(Awaﬁ)
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defines a norm on C[0,1] for p > 1. The Banach completion of this (incom-
plete) normed space is the Banach space L?[0,1] of Lebesgue measurable
functions x on [0, 1] such that the Lebesgue integral of |z|P is finite.

The proofs of these assertions are beyond the scope of this book.

4.2 Linear Operators and Functionals

Let X and Y be normed spaces. It is customary to use the same notation
|| - 1| for norms in normed spaces unless it is necessary to distinguish between
different norms on the same vector space. In functional analysis, linear maps
T : X — Y are called linear operators (linear functionals if Y = F). We
adhere to the notation used in Section 2.4. Continuous linear operators are
of special interest in functional analysis.

Definition 4.2. A linear operator T' from a normed space X into a normed
space Y is said to be continuous at the point o € X if for every € > 0, there
exists 6 > 0 such that

|l —zol] <6 implies 1Tz — Taol| < e, for all x € X.

The operator T : X — Y is continuous on X if it is continuous at every point
in X.

Because normed spaces are metric vector spaces, this definition is a special
case of Definition 2.9, and hence can be applied to arbitrary functions from
the space X into the space Y.

Definition 4.3. Let X and Y be normed spaces and T : X — Y a linear
operator. The operator T is said to be bounded if there exists C' > 0 such
that

|Tx| < C|lx]| for all x € X. (4.1)

The following two theorems show that the concepts of continuity and
boundedness are closely related.

Theorem 4.3. If a linear operator T : X — Y is continuous at x = 0, then
it 1s bounded.

Proof. If T is continuous at 0, then for € = 1 there exists § > 0 such that
lz]| <o implies ITz| <1, for z € X.

Let y be a nonzero vector in X. We have

) H )
— yll=2<s.
H2|yll 2
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Then 5 5
r(g05) | = 5ol <1
H (2||y|| 2|yl
Hence 5
ITyl < 5 llyll,  fory € X, including y = 0.
The result follows by setting C' = 2/§ in Definition 4.3. g

Theorem 4.4. A bounded linear operator T : X — 'Y is uniformly continu-
ous.

Proof. If T is bounded, then by Definition 4.3, there exists C' > 0 such that
IT2 — Tyl = Tz —y)| < Clle —gll,  forall z,y € X.
For a given € > 0, we set 6 = ¢/C. Then for z,y € X,
|z —yll <6  implies Tz —Ty| < Cllz—y| <e.

It follows that T is a uniformly continuous operator. O

The results of Theorems 4.3 and 4.4 are often presented as the statement
of the next theorem. The proof is left as an exercise (cf. Exercise 4.6).

Theorem 4.5. A linear operator is bounded if and only if it is continuous.

Corollary 4.1. The null space N(T') of a bounded operator T : X — Y is
closed.

Proof. The set {0} in Y is closed. Inasmuch as N(T) = T~({0}) and T is
continuous, the result follows from Theorem 2.11 (cf. Exercise 4.4). O

The converse of Corollary 4.1 does not hold in general, as the following
example demonstrates.

FEzample 4.1. Let T : cop — cpo be a linear operator defined by
T:(x1,%2,. .y Tpy...) — (21,222, ..., DTy, ...).

The null space of T is the trivial subspace {0}, which is closed. For the vectors
in the Schauder basis (e,) of cog (cf. Exercise 4.3), we have

lenl| =1 and ITen| =n, for all n € N.
Hence T is an unbounded operator.

For linear functionals (so Y = F) we have a stronger result than that of
Corollary 4.1.
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Theorem 4.6. A linear functional on the normed space X is bounded if and
only if its null space is closed.

Proof. (Necessity.) This is a special case of Corollary 4.1.

(Sufficiency.) Let f be a linear functional on X such that N(f) is a closed
subspace of X. Suppose that f is unbounded. Then for every n € N, there
exists x,, € X such that ||z,| =1 and |f(z,)| > n. Note that N(f) # X. Let
x € X \N(f), so f(x) # 0, and define

f(x)

Yn = T — T n € N.

For every n € N we have
f(z)
fyanl“— fxn:0~

() = @) = L5 )
Hence y,, € N(f) for all n € N. Furthermore,

f () /()] |f (@) [[|]

o = ol = | £ | = S o < LML

f(@n) |f ()] n
as n — oo. Therefore, the sequence (y,) converges to x. Because N(f) is
closed, we have x € N(f), a contradiction. O

The operator T in Example 4.1 is unbounded. Here is another example of
an unbounded operator.

Ezample 4.2. Let X be the normed space of the polynomials on [0, 1] with
the sup-norm. A differentiation operator 1" is defined on X by

Tx(t) = %x(t), for z(t) € X.

For @, (t) = t", n > 1, we have T'z,,(t) = nt"~!. It is clear that ||z,| = 1 and
[Tz, || = n. It follows that 7" is an unbounded operator.

Unlike the differentiation operator, the integral operator in the next exam-
ple is bounded.

Ezample 4.3. Here X = (C[0,1] is the normed space of continuous functions
on [0, 1] with the sup-norm (cf. Section 3.6). For z € X, the integral operator
T is defined by

(T2)(t) = /0 k(t, w)(u) du,

where k is a continuous function on the closed square [0,1] x [0,1]. The
function k is called the kernel of T. The operator T is a linear operator
mapping C[0,1] to C[0,1] (cf. Exercise 4.7).
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Because k is a continuous function on the closed square [0, 1)%, there is a
constant C' > 0 such that |k(t,u)| < C for all (¢,u) € [0,1]?. Since |z(u)| <
||| for all w € [0, 1], we have

1
< sup / e(t, )| ()| du < Cla].
te[0,1] Jo

/01 k(t,u)z(u) du

ITz|| = sup
te[0,1]

Hence T is bounded.

If T: X — Y is a bounded operator, then the set
T
{” 2y 2o, :EGX}
]

is bounded (cf. (4.1)). The supremum of this set is called the operator norm
of T and is denoted by ||T||. Thus,

T
I = sup 1221
reX ||$H
z#0
It follows that
|Tz|| < |7, for all z € X.

This inequality will be used frequently without explicit reference to it.
Because

E G
el I\ Tl

we have an alternative definition of the operator norm:

T

]

‘:17 for x # 0,

|T]l = sup |T].
€X

x
ll]|=1

The choice of the term “operator norm” can be justified as follows. Sup-
pose that X and Y are normed spaces. We denote by B(X,Y) the set of all
bounded operators from X into Y. Clearly, it is a subset of the vector space
L(X,Y) of all linear maps from X to Y.

Theorem 4.7. The set B(X,Y) is a vector subspace of L(X,Y). The func-
tion T — ||T|| is a norm on B(X,Y).

Proof. For S,T € B(X,Y) we have

1S +T) (@)l =[Sz + Ta|| < Szl + [ Tx]| < 15[l + IT[/]«]
= (ISI+ 1Tl for all z € X.

It follows that S + T belongs to B(X,Y). Moreover (cf. Exercise 4.8),
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1S+ Tl = Sup 15 +T)(x)|| = sup Sz + T|

s =1
< sup ([ Szl +|Tzll) < sup [[Szl[+ sup [Tz = |||+ |IT].
s izl =1 o1

We verify now that for a bounded 7" and A € F, the operator AT is also
bounded and ||[AT|| = |A|||T||. Indeed,

[AT) (@) = [A(Tz)[| = AN T[] < AT,
so AT is bounded. Furthermore,

XTI = sup AT (@)l = Al sup [Tzl = IAIIT]-

Hw\l 1 lel 1

Finally, if ||T|| = 0, then Tz = 0 for all z € X. Hence T = 0. O

In what follows, the space B(X,Y) is a normed space with the operator
norm on it.

An important property of the normed space B(X,Y") is the result of the
following theorem.

Theorem 4.8. If Y is a Banach space, then B(X,Y) is a Banach space.

Proof. Let (T},) be a Cauchy sequence in B(X,Y"). We need to show that this
sequence converges to some operator T € B(X,Y).
First, we define the limit 7" (cf. the proof of Theorem 3.5). For every x € X,

1Twx — Tl = [(Th — Ton)x|| < (| Tn — Tl |-

Because (T,) is Cauchy, it follows that (T,x) is a Cauchy sequence in the
Banach space Y. Hence it is convergent. We define

Tr =limT,x, r e X.
The operator T is linear, because
T(A\u+ pv) = lim (T, (Au + pv)) = im(A\Tu + pT,v) = XTu + pTv,

forall \,u € F and u,v € X.

It remains to show that 7' € B(X,Y) and T}, — T.

By Theorem 2.7, the Cauchy sequence (7},) is bounded, so there exists
C > 0 such that ||T,,|| < C for all n € N. Therefore,

1Tzl < | Tullllzll < Cllx|, for all z € X.

By the continuity of the norm (cf. Exercise 3.6), we have
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ITx| = lim||T,z| < C|z], for all z € X.

Hence T is bounded, so T' € B(X,Y).
Because (T;,) is Cauchy, for a given £ > 0 there exists N € N such that

T, — Tl <e/2, for all n > N.

Then for every x € X, we have
[Twe — Tzl = (T — To)z|| < (| Tn = T[] < §||l‘||~
Again by the continuity of the norm, for every x € X and n > N, we have
|Twz = Tal| = lim ||Tuz — Tmal| < < |lal)

that is,

T,x—Tx
1T — T = sup Iz =Tl

<
sex |7l
z#0

=y
5 .
Hence T, — T in B(X,Y). O

If Y = F, then the space B(X,F) is a normed space of bounded linear
functionals on the normed space X. It is denoted by X* and called the dual
space of X. The norm of a functional f : X — F is given by

|/ ()]

[l

If[l = sup
zeX
z#0

or equivalently,
IfIl = sup [f(z)]-
€X

xT
l|lzll=1

By Theorem 4.8, the dual space X* of a normed space X is a Banach space.
We conclude this section with more examples of bounded linear operators.

Ezxample 4.4. The shift operators. The mappings

T (z1, s, ) = (2, Tty .- 2)

and
T (21, @ny.. ) = (0,21, 0o Ty . 2)

on the space €,, p > 1, are called the left shift operator and the right shift
operator, respectively. These operators are bounded, and the norm of each
operator is 1 (cf. Exercise 4.9).

Ezample 4.5. For d = (d,,) € ¢, the diagonal operator Ty : £, — £, is defined
by
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Ti: (1, T,y ..) = (d121, ..o, dpTp, .. ).

For z = (x,) € £,, we have

o 1/p 1/p
\Tull, = (Z |dkxk|p) < sup [ (Z |) = l[dllo 2]
k=1

k=1

Hence, Ty is well defined and ||Ty|| < ||d||oo- Let (e,) be the Schauder basis
in ¢, (cf. Exercise 4.3). Clearly, Tye,, = d,, for n € N. We have

ITall = sup || Tazll, > sup | Taen|| = [|d]lco-
(E= neN

It follows that || Ty]| = ||d]]co-

Ezample 4.6. On the space C|0,1], the operator of indefinite integration is
defined by

(Tnc)(t):/otat(u)du7 0<t<1, ze€C0,1].

The integral on the right-hand side is a continuous function of the upper
limit. Hence T indeed maps the space C10, 1] into itself. For x € C[0, 1], we
have

|ITz|| = sup ’/ u) du| < sup / | (w |du</ |x(w)] du
t€[0,1] t€[0,1]

< sup |z(u)| =[]
For the constant function = 1 on [0, 1], we have

ITz| = sup \/ ldu — sup t=1=|z].
te[0,1] te[0,1]

It follows that ||| = 1.

Ezample 4.7. For a given function k € CJ0,1], we define a multiplication
operator Ty, on C[0, 1] as follows:

(Trx)(t) = k(t) - (t), 0<t<1, ze€C0,1]
(cf. Example 4.5). We have

[Tirlloo = sup [k(t)[|z(t)] < sup [k(E)]- sup |2(t)] = ||kl || oo
te[0,1] te[0,1] te[0,1]

On the other hand, for the constant function = 1 on [0, 1], we have
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[Tkzlloo = sup k()] = [kl
t€[0,1]

Hence ||Tk|| = ||k]| co-

4.3 Finite-Dimensional Normed Spaces

We begin with a motivating example. Let ||z| and |z|’ be norms on the
vector space R? = {(z1,22) : 21,72 € R} defined by

2]l = /ot + 23  and l2]" = \/at/a® + 23 /0,

respectively, where a > b > 0. The first norm is the usual ¢5-norm, and it is
not difficult to verify that || - ||” is indeed a norm on R? (cf. Exercise 4.13).
It is a simple algebraic exercise (cf. Exercise 4.14) to show that

1 1
x|l < |lz|| < Ellx”’ for all z € R2.
a
X2
3
2
3\ -2 X

Fig. 4.1 Three balls in R2.

The reader is invited to verify that the drawing in Figure 4.1 illustrates
the relation between the norms || - || and || - ||’ for a = 3 and b = 2 by showing
that

2B(0,1) C B'(0,1) C 3B(0,1),

where B(0,1) and B’(0, 1) are the unit balls defined by || -|| and || - ||, respec-
tively.
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An important property of a finite-dimensional vector space X is that simi-
lar inequalities can be established for every two norms on X, implying that all
norms on X define the same topology on X. In what follows, we investigate
these and other properties of finite-dimensional normed spaces.

Let {x1,...,2,} be a linearly independent set of vectors in a normed
space X . Obviously, the norm of a linear combination x = c1xy + -+ - + ¢ Tn
is determined by the coefficients (“coordinates” of x) ¢y, ..., ¢, of this linear
combination. Although there is no “formula” expressing ||c1z1 + - - + cpzy||
in terms of ¢q, ..., ¢,, one can use the triangle inequality to establish a simple
relation between these quantities.

Let d = maxy, ||zg||. Clearly, d > 0 and

n n
lerwr + -+ enzall <D fexlllzall < d Y leal,
k=1 k=1

for ¢ € F, 1 < k < n. In words, there is no “large” vector that is a linear
combination of linearly independent vectors with “small” coefficients.

A more difficult task is to show that we cannot find a linear combination
with “large” coefficients that represents a “small” vector. For this we have
the following result:

Lemma 4.1. For a linearly independent set of vectors {x1,...,x,} in X
there exists a real number ¢ > 0 such that

n
CZ lek| < [lerzs + - - 4 cpnl|s
k=1
for all (c1,...,¢n).
To prove Lemma 4.1, we need the result of the following lemma.

Lemma 4.2. Let {x1,...,x,} be a finite subset of X. Then the function
fler,.ooyen) =iz + -+ + cpy|]

is uniformly continuous on 04 .

Proof. We have (cf. Exercise 1.6)
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Ferseen) = FEs o)l = | D enanl| = || Y chal|
k=1 k=1

n

n n
< || chxk — Zc;ca:kH = H Z(Ck - c%)mkH
k=1 k=1

k=1

n n
/ /

— < —
<3 lek = chlllenll < max (e} Y lew = ekl

<
k=1 k=1
n
< ma Z —c |2
< mas (lenlhvi, | 3l — )
k=1
:lfgnlggn{||xk\|}\/ﬁ||(01w~~,Cn)—(Clla---»cln)|\2-

We may assume that maxy{|zx||} # 0. For € > 0, if

Cly..ycn) —(c),....c < c
||( 1 ) 'n) ( 1» ) n)||2 —= maX1§k§n{||Z‘k||}\/ﬁ7
then
[f(er,-oyen) = flchy- o en)l <e
Hence f is a uniformly continuous function on £3. O

Now we proceed with the proof of Lemma 4.1.

Proof. Clearly, we may assume that >, _; |cx| # 0. Then it suffices to prove
that there exists a real number ¢ such that

n
H chka >c>0,
k=1

for all (c1,...,¢,) such that Y ;_; |cx] = 1. The set

S={(cr,..ren) > lexl =1}
k=1

is closed and bounded in ¢5 (cf. Exercise 4.15). Hence by the Bolzano—
Weierstrass theorem (cf. Example 2.17), it is compact. By Lemma 4.2, the
function

n
Flerseooren) = || D enan
k=1

is continuous on ¢4. Therefore, (cf. Theorem 2.21), it attains its minimum on
the compact set .S, that is, there exists (cf,...,c,) € S such that

f(Cl,...,Cn)Zf(Cll,...,C;L):CZO,
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for all (c1,...,¢,) € S. Suppose that ¢ = 0. Then ), _, ¢jxr = 0, which

implies that all the ¢}, are zero, because the set {z1,...,z,} is linearly inde-
pendent. This contradicts the fact that (¢f,...,c),) € S. Hence ¢ > 0, which
is the desired result. O

The inequality in Lemma 4.2 is instrumental in establishing the result of
Theorem 4.9. First, we define a concept motivated by an opening example in
this section.

Definition 4.4. Two norms || - || and || - || on a vector space X are said to
be equivalent if there are positive real numbers a and b such that

bzl < =l < all=|,
for all z € X.

Theorem 4.9. Let X be a finite-dimensional vector space. Then every two
norms || - || and || - ||" on X are equivalent.

Proof. Let {e1,...,en,} be a basis of X, and ¢ > 0 the number from
Lemma 4.1 for the norm || - ||. For # = Y_}'_, cxeg, we have

n n
el = | ;cmH’ < max {lesl|'} ; x|
n
chek
k=1

Hence for a = maxy{||zx|}/c > 0, we have ||z||" < a||z||. By symmetry, there
exists a positive b such that [|z|| < (1/b)]z|/’. O

IN

1 1
/ _ n -
11%1@11{“6;6” s = ggn{llekﬂ 32 Ml

Corollary 4.2. Every two norms on a finite-dimensional vector space X
define the same topology on X .

Proof. Tt can be easily seen that an open set in a metric space is a union of
open balls centered at the points of the set. Hence two topologies on X are
equal if (and only if) every open ball in the first topology contains an open
ball of the second topology, and conversely. The claim of the corollary follows
immediately from this observation and Theorem 4.9. 0

The assumption that X is a finite-dimensional vector space in Theorem 4.9
is essential, as the following example demonstrates.

Ezample 4.8. Let X = coo be the vector space of real sequences © = (z,,)
terminating with zeros, and let || - ||; and || - [[oc be norms defined by
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lzlh =) leel  and ol = Sup [z,

respectively. Suppose that there exists a > 0 such that ||z||; < al|z||~ for all
z € X.For N € N, let xn = (x1,22,...) be the vector defined by z; =1 for
1<k <N, and z; = 0 otherwise. We have

N =|lzn|1 < allzn|leo = a, for all N € N,

which is clearly impossible. It follows that the norms || - ||; and || - ||« are not
equivalent on the space X.

The result of the following theorem is also based on Lemma 4.1.

Theorem 4.10. If a normed space X is finite-dimensional, then every linear
operator T : X —'Y 1s bounded.

Proof. Let {ej,...,e,} be a basis for the n-dimensional normed vector space
X, and let T be a linear operator from X to some normed space Y. By the
linearity of 7' and Lemma 4.1, for every x = Y, _; cxer in X, we have

n
E CkTBk
k=1

[Tz|

n
ZICkIIITekH < max ||T€k||Z|Ck\
=1 k=1

n
§ Ck€k
k=

where ¢ > 0 is the number from Lemma 4.1 for the norm || - ||. It follows that
T is bounded.

IN

max HTekH -

= max [Ter] .

Recall that two topological vector spaces are isomorphic if they are isomor-
phic as vector spaces and homeomorphic as topological spaces under a linear
map (cf. Definition 3.4). The relation “X is isomorphic to Y is an equivalence
relation between normed spaces. If T' is an isomorphism of normed spaces X
and Y, then both T" and T~! are bounded operators (cf. Exercise 4.16).

Isomorphic normed spaces enjoy the following property.

Theorem 4.11. If X and Y are isomorphic normed spaces, then X is com-
plete if and only if Y is complete.

Proof. Suppose that X is a complete normed space and the space Y is isomor-
phic to X. Let T': X — Y be an isomorphism and (y,) a Cauchy sequence
in Y. Because T~! is bounded, we have

1T ym — Tyl = 177 W — vl < T Y — Y-

Hence, (T'y,) is a Cauchy sequence in X. Inasmuch as X is complete,
Ty, — T~y for some y € Y. Then
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-1 -1
Yn =T(T" yn) =TT y) =y,

because T is a continuous mapping. Hence Y is a complete space. The result
follows by symmetry. O

As a consequence of Corollary 4.2, we obtain the following result.
Theorem 4.12. Fvery two n-dimensional normed spaces are isomorphic.

Proof. Tt suffices to show that an n-dimensional normed space X with a norm

|l -] is isomorphic to the space 7. Let {eq, ..., e,} be a basis of X and define
n
lzl" = lewl
k=1
for z =Y _, cyer, € X. It can be readily verified that || - ||" is a norm on X.

By Corollary 4.2, the normed spaces (X, || - ||) and (X, || - ||') are isomorphic.
Furthermore, the mapping /7" — X defined by

(Cly. . cn) = crer + -+ cpep
is an isomorphism of normed spaces (¢7, | - ||1) and (X, || - ||’). Indeed, it is
clearly an isomorphism of vector spaces and also an isometry, and therefore
a homeomorphism. O

Theorem 4.13. Every finite-dimensional subspace Y of a normed space X
is complete and therefore closed.

Proof. 1t suffices to note that by Theorem 4.12, an n-dimensional subspace
Y is isomorphic to the complete space ¢4 and then use Theorem 4.11. O

Theorem 4.14. A subset of a finite-dimensional normed space X is compact
if and only if it is closed and bounded.

Proof. By Theorem 2.18, it suffices to show that a closed and bounded sub-
set M of X is compact. Let T : X — (2 (n is the dimension of X) be an
isomorphism (cf. Theorem 4.12). Then the set T'(M) is a closed and bounded
subset of ¢4, which is compact by the Bolzano—Weierstrass theorem. By The-
orem 2.20, the set M = T—1(T(M)) is compact. O

In conclusion of this section, we give an application of Theorem 4.13. First
we prove a lemma.

Lemma 4.3. Fvery proper finite-dimensional subspace Y of a normed space
X is nowhere dense in the space X.
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Proof. By Theorem 4.13, Y is closed. Suppose that an open ball B(z,r) is
contained in Y. Let y be a vector in X \ Y and let

-
Z:x+(y_m)72\|y—x||'

Because Y is a subspace and x € Y, it follows that z ¢ Y. On the other hand,
lz—z||=r/2<mr,

so z € B(z,r) CY, whence the required result. O

Note that the assumption that Y is finite-dimensional is essential in the
above lemma. For instance, the space cqg is a dense subspace of the space cg,
as was shown in Section 4.1.

Let X be an infinite-dimensional normed space with a countable Hamel
basis eq, eq,. ... Each of the spaces

X, =span{eq,..., e}, n=12,...,

is finite-dimensional and therefore is nowhere dense in X (cf. Lemma 4.3). It
is clear that

X = G Xi.
k=1

By Baire’s theorem (cf. Theorem 2.17), X is not complete. Hence we have
the following result.

Theorem 4.15. A Hamel basis of a Banach space is either finite or uncount-
able.

4.4 Compactness in Normed Spaces

By the Bolzano-Weierstrass theorem, the closed unit ball
B(0,1) ={x ey |z| <1}

in the Euclidean space ¢4 is a compact set (cf. Section 2.7). This is no longer
true for the space /2, which is the closest infinite-dimensional analogue of 3.
Indeed, consider the Schauder basis (e,,) in ¢o defined by e,, = (d,), where

0, if k#mn,
5nk = .
1, ifk=n,

is the Kronecker delta (cf. Exercise 4.3). It is clear that for k # n, we have
d(ex, en) = V2. Tt follows that (e, ) has no Cauchy subsequences and therefore



4.4 Compactness in Normed Spaces 93

no convergent subsequences. Hence the closed unit ball B(0,1) in /5 is not
compact.

It turns out that the closed unit ball B(0,1) of every infinite-dimensional
normed space X is a noncompact set. Following the idea used in the case
of £3, we want to construct a sequence (e,) of unit vectors in X such that
d(ek, en) > a for all k # n, where a is a positive number.

For this we need the result known as Riesz’s lemma.

Theorem 4.16. Let Xy be a proper closed subspace of a normed space X.
Then for each § € (0,1), there existts x5 € X such that ||xs5]| = 1 and

llzs — yll > 9, for all y € Xg.
Proof. Select z1 € X \ Xo with ||1]|| =1, and let
d= inf —
inf [l — ]
be the distance from z; to the subspace Xy. Note that d > 0, because X is

a closed subspace of X. Because d/§ > d, we can choose z¢ € X, such that
[lz1 — zo|| < d/d. We define

- Ir1 — Xo
[ TR —T
[

so ||lzs]] = 1 (cf. Figure 4.2). Then for every y € X, we have

X1 — To (5
—yl = eyl = |l — = >2d=5
lzs =l = [ 2= || = e = oo ol G-
because x¢ + [|z1 — xol|ly € Xo. O
X 2
XX X1
o X Xo

unit ball

Fig. 4.2 A hint for the proof of Riesz’s lemma.

We apply Riesz’s lemma to establish the desired result.

Theorem 4.17. The closed unit ball in a normed space X is compact if and
only if X is finite-dimensional.
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Proof. (Necessity.) Suppose that the closed unit ball B(0, 1) is compact but
the space is not finite-dimensional. Let x; be a unit vector in X. The 1-
dimensional subspace of X generated by z; is closed (cf. Theorem 4.13). By
Riesz’s lemma, there is a unit vector x5 such that

1
||(E2 —1’1” Z 0= 5

Suppose we constructed a set {x1,...,x,} of unit vectors in X such that

1
||l’p*fﬂq||2§, forp,g <n, p#q.

The subspace of X generated by these vectors is finite-dimensional and there-
fore closed (cf. Theorem 4.13). Hence by Riesz’s lemma, there exists a unit
vector x,,4+1 such that

1
lzp — xnia] > 3 for all p < n.

By induction, we obtain an infinite sequence (z,) of unit vectors in X with
the property

1
[ — x4l = 5 for all p # q.

Clearly, this sequence cannot have a convergent subsequence, which contra-
dicts compactness of the unit ball. Therefore, X is finite-dimensional.
(Sufficiency.) Let B = B(0, 1) be the closed unit ball in an n-dimensional
normed space X, and T': X — ¢4 an isomorphism (cf. Theorem 4.12). The set
T(B) is bounded because T is bounded, and closed because T~ ! is continuous
(T(B) = (T~1)~%(B)). Hence by the Bolzano-Weierstrass theorem, T'(B) is
compact. By Theorem 2.20, the image of a compact set under a continuous
mapping is compact. Because B = T~}(T(B)) and T~! is continuous, B is
compact. O

The next theorem is another application of Riesz’s lemma. We proved
(cf. Theorem 4.6) that a linear functional on a normed space X is bounded
if and only if its null space is closed. Here is an alternative proof of the same
theorem.

Theorem 4.18. A linear functional f on a normed space X is bounded if
and only if its null space Xg = N(f) is a closed subspace of X.

Proof. (Necessity.) The theorem is a special case of Theorem 4.1 (for bounded
operators).

(Sufficiency.) We may assume that f is a nonzero functional on X. Suppose
that Xy = N(f) is a proper closed subspace of X. By Riesz’s lemma, there
exists x € X \ Xo such that ||z — y| > 1/2 for all y € Xy. Every vector
z € X \ Xo can be written in the form
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z=alx —y), where a # 0 and y € X
(cf. Exercise 4.19). We have

f()] _ lallf(=)]

Il ladle =yl =

2|f ()]

This inequality also holds for every nonzero vector z € Xy. Hence f is a
bounded functional on X. O

Riesz’s lemma states that if X is a proper closed subspace of X, then
there exist points on the surface of the unit ball whose distance d from X is
as close to 1 as desired. Note that the distance d cannot be greater than 1,
because for a unit vector z, one has

d: i f — < 70 :1.
of e —yll < [l - 0]

However, it need not be true that there are points on the unit sphere that
are at distance 1 from Xj. To support this statement, we introduce geo-
metric concepts motivated by properties of perpendicular lines in Euclidean
geometry.

Fig. 4.3 z is orthogonal to y.

Let « and y be nonzero vectors in a normed space X. We say that x is
orthogonal to y, and write L y, if || — ky|| > ||z| for all scalars k. In
geometry, x is orthogonal to y if ||z|| is the shortest distance from « to the
1-dimensional subspace {ky : k € F} of the space X (cf. Fig. 4.3).

Let M be a subspace of X. We say that a vector x € X \ M is orthogonal
to M, and write x 1. M, if z | y for all y € M. It is clear that x 1 M if and
only if ||z — y|| > ||z|| for all y € M. If such a vector x € X \ M exists and
|lz|l = 1, then we say that = is a perpendicular to M.

The next theorem characterizes perpendiculars to null spaces of bounded
linear functionals.

Theorem 4.19. Let X be a normed space, f a bounded nonzero linear func-
tional on X, and Xy the “hyperplane”
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Xo=N(f) ={y e X : f(y) = 0}
A wvector x1 € X \ Xq is orthogonal to Xy if and only if | f(z1)|/ |1l = || f||-

Proof. (Necessity.) Let x1 be a vector in X \ Xg. Every vector x € X \ Xg
can be written in the form

x=a(x; —y), where a # 0 and y € X
(cf. Exercise 4.19). We have
@) Jedlf ()] |f (1)

Il lafller =yl llzs =yl

(4.2)

If 1 L Xo, that is, ||z1 — y|| > ||z1]| for all y € Xy, then by (4.2), we have
f@)] _ f)l _ [f()]

lzll ller =gl = ll2all

s0 || fll = supex\ x, {[f @)/} = [f(z)]/[l]]-
(Sufficiency.) If || f]| = | f(x1)|/||x1]|, then again by (4.2), we have

|f($1)| _ ‘f(.’L')| SH.fH: |f(l‘1>|’ fOI"yEX() andx:xl—y.
ler =yl [l [l
Hence ||z1 — y|| > ||z1]| for all y € Xo, so 21 L Xp. O

We apply the result of Theorem 4.19 to construct an example of a closed
subspace that does not have a perpendicular to it.

Ezample 4.9. Let X = {z € C0,1]) : 2(0) = 0} with the norm inherited from
the space C[0, 1], and let f be a linear functional on X defined by

f(x):/o x(t) dt.

The norm of this functional is 1 (cf. Exercise 4.20). Let x; be a unit vector
in X \ Xy, where Xj is defined as in Theorem 4.19. We have

1 1
()] = \/ (t) dt‘ < [ )t < 1,
0 0

because [|x1]] = max¢jo,1)[21(t)| = 1 and 21(0) = 0 (cf. Exercise 4.21). By
Theorem 4.19, the properties || f|| = 1 and |f(z1)] < 1 imply that z; is not a
perpendicular to Xj.
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Notes

As they are in real and complex analysis, convergent and absolutely conver-
gent series are important tools in functional analysis. For instance, in this
book, we use series to prove the famous open mapping theorem in Chapter 6.

There are critical differences between the concepts of Hamel and Schauder
basis. An obvious one is clearly that a Schauder basis is a sequence of vectors,
whereas a Hamel basis is just a set of vectors in the space.

According to Theorem 4.1, a normed space with a Schauder basis is sepa-
rable. However, as was shown in 1973 by Per Enflo (Acta Mathematica 130,
pp. 309-317), there are separable spaces without Schauder basis. Of course,
these spaces have Hamel bases.

The operator of indefinite integration introduced in Example 4.6 on the
space C10, 1] can be defined by the same formula on the normed space L2 |0, 1]
(the space of Lebesgue measurable functions x on [0, 1] such that the Lebesgue

integral fo |(t)|? dt is bounded and with the norm ||z| = \/fo |z (t)|2 dt).

this case, this operator is known as the Volterra operator. The norm of the
Volterra operator is 2/m (cf. Example 7.3 in Chapter 7 and Problem 148
in Halmos 1967).

By Theorem 4.12, every two m-dimensional normed spaces are isomor-
phic. In fact, every two n-dimensional metric vector spaces are isomorphic,
that is, they are isomorphic as vector spaces and homeomorphic as metric
spaces. Specifically, all spaces £, p € (0, 00] (cf. Section 3.3), are isomorphic
(cf. Exercise 4.17). Moreover, every two Hausdorff topological vector spaces
of the same finite dimension are isomorphic (Rudin 1973, Theorem 1.21).

The multiplication operators from Example 4.7 are, in a natural sense, the
canonical examples of normal operators. This is established in the spectral
theory in Hilbert spaces, which is beyond the scope of this book.

Exercises

4.1. Give an example of an absolutely convergent series in a normed space
X that is not convergent. (Hint: Try X = ¢gp.)

4.2. (a) If in a normed space X, the absolute convergence of every series
always implies convergence of the series, show that X is a Banach space.

(b) Show that in a Banach space, an absolutely convergent series is con-
vergent.

4.3. Show that vectors (e, ), where e, is the sequence whose nth term is 1
and all other terms are zero,



98 4 Normed Spaces

er = (1,0,0,...),
= (07170"' ')’

form a Schauder basis in ¢, for every p € [1,00), and in the spaces ¢y and
Co0-

4.4. Prove that a mapping from a metric space X to a metric space Y is
continuous if and only if the inverse image of every closed subset of Y is
closed in X (cf. Theorem 2.11).

4.5. Show that a linear operator is bounded if and only if it maps bounded
sets in X into bounded subsets of Y.

4.6. Prove Theorem 4.5.

4.7. Show that the integral operator T in Example 4.3 is linear and maps
C0,1] to C[0,1].

4.8. Let f and g be two bounded real-valued functions on the set A C R.
Show that

sup(f(z) + g(x)) < sup f(x) + sup g(x).
€A TEA TEA

4.9. Prove that operators of the left and right shift on ¢, (cf. Example 4.4)
are bounded and ||T;|| = ||T,|| = 1.

4.10. (Bounded linear extension theorem) Let X be a normed space and

X its Banach completion. If f is a bounded linear functional on X, then there
exists a unique linear functional f on X such that f|x = f and Hf|| =fl.

4.11. Let X, Y, and Z be normed spaces and S : X — Y and T :Y — Z
bounded operators. Prove that

IS < ITHST-

4.12. Let T be a bounded operator from a normed space X to a normed
space Y. Prove that for every € X and r > 0,

sup |[Tyl[ = [T r.
yeB(z,r)

4.13. Show that for nonzero a and b, the function \/x2/a? + x3/b? defines a
norm on the 2-dimensional real vector space.

4.14. Show that the norms on R? defined by

2]l = /ot +23  and l2]" = \/at/a® + 23 /0,
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for a > b > 0, satisfy the inequalities
1 ;1 )
—lz] < |l=l|” < = |l=]l, for all z € R”.
a b

4.15. Prove that the set

S={(cr,--rcn) > lex =1}
k

is closed and bounded in /3.

4.16. Show that if T is an isomorphism of normed spaces X and Y, then
both T and T~ are bounded operators.

4.17. Show that every space £} for 0 < p <1 is isomorphic to 7. Conclude
that all spaces £}, p € (0, 0], are isomorphic.

4.18. Show that two equivalent norms (cf. Definition 4.4) on a vector space
define equivalent operator normes.

4.19. Let X be a proper subspace of the vector space X over the field F and
x € X \ Xo. Show that every vector z € X \ X can be written in the form

z=alx —y), where « # 0 and y € Xj.
4.20. Show that ||f|| = 1 for the functional f from Example 4.9.

4.21. Let x be a continuous nonnegative function on [0, 1] such that 2(0) = 0
and z(t) < 1 for all ¢ € [0,1]. Show that [ =(t) dt < 1.



Chapter 5
Linear Functionals

The concept of a linear functional is one of the main concepts in linear algebra
and one that plays a significant role in functional analysis. In this chapter,
we present basic facts of the theory of linear functionals on topological vector
spaces. First, in Section 5.1, we describe bounded the linear functionals on
sequence spaces introduced in Chapter 3. These results show that the dual
spaces of these normed spaces are very rich. The natural question about the
mere existence of nontrivial linear functionals is addressed by various Hahn—
Banach theorems, which are found in Sections 5.2 and 5.3. An application of
Hahn—Banach theorems is presented in Section 5.4, where all bounded linear
functionals on the space Cla,b] are described. Finally, reflexive spaces and
their elementary properties are introduced in Section 5.5.

5.1 Dual Spaces of Sequence Spaces

In this section, we determine the dual spaces of the sequence spaces intro-
duced in Chapter 3.

Let (en) be a Schauder basis in a normed space (X, || - ||). Every vector
x € X admits a unique expansion

S
T = E TCL,
k=1

where each zy, is a (linear) function of x, that is, z;, = zj(x) (cf. Exercise 5.2).
The correspondence
z— (z1(2),...,z0(x),...)

defines an isomorphism from the vector space X onto a sequence vector space
consisting of all sequences (z1(x),...,z,(x),...) for x € X. If we define
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I@1 @), @ala), ) = all,  for z€ X,

then the normed space X is isomorphic to a normed sequence space.
Let f be a bounded linear functional on X, so f € X*, and by, = f(ey) for
k € N. Because f is a continuous function, we have, for x = > 77 | zxex,

flx) = Zxkf(ek) = Zxkbk, for z € X. (5.1)
k=1 k=1

Hence f is completely determined by the sequence (by,...,by,...). In other
words, the dual vector space X* can be identified with a vector sequence
space

{(by,... b, )}, for fe X*.

These observations justify our interest in normed sequence spaces in the
context of the duality problem. For this, we use formula (5.1) frequently.

We begin with the relatively simple case of the space ¢1. Let (e,,) be the
standard Schauder basis in ¢; (cf. Exercise 4.3) and z = ;7 xpey the
expansion of x € {1, s0 & = (z1,...,Zy,...) with [[z]1 = Y ;o [k

For a bounded linear functional f on ¢1, let b, = f(e,) for n € N. Then

bnl = [ f(en)l < ILfllenll = 11,
so (b,) is a bounded sequence. Hence (b,,) € £o with

[1(bn)lloo = sup [bn] < [ f]]- (5.2)
neN

On the other hand, for every (by,) € {s, we may define a bounded linear
functional f on ¢; by (5.1) as follows:

f(x):Zxkbk, for x = (z1,...,@pn,...) € £1.
k=1
Clearly, f is linear and
|f(z)] = }kabk‘ < sup |bel[|lzlly = [1(bn)llos |21, (5.3)
pt keN

so f is indeed a bounded linear functional on ¢;, that is, f € /7.

The correspondence T : f +— (b,) is an isomorphism of vector spaces £}
and lo. By (5.3), |fIl < ||(bn)]|co, which implies together with (5.2) that
£l = |(bn)|lso- Hence T is an isomorphism of ¢; onto ¢, so we can write
0} = ls. We have proved the following theorem.

Theorem 5.1. The dual of the space {1 is the space L.



5.1 Dual Spaces of Sequence Spaces 103

Consider now the space ¢ of all sequences converging to zero. Let (e, ) be
the standard Schauder basis in ¢ (cf. Exercise 4.3) and f a bounded linear
functional on ¢y. Let © = Zzozl rper be the expansion of z € ¢y, so again
by (5.1),

f(x) = Z J)kbk.
k=1

For n € N, we define a sequence z(™ € ¢y by

(") = (1, Thy oo+, T, 0,0, 1),
where for 1 < k < n,
1, if b, =0,
T =
g |bi|/br, otherwise.

Note that xpby = |bg| for 1 < k < n. We have

n

1702 e 2 17 = | 3 auti| = 3 ol
k=1

k=1

for every n € N. Hence > -, |bg| < oo, that is, (b,) € ¢;. Moreover, it
follows that

1(br)ll2 < [1£1], (5.4)

because [|[2(")||o = 1.
For (b,) € {1 and x = >_;2, xey € co, we have |zbi| < ||z b for all
k € N. Then

D lznbl < llelloe Y 1okl = ll2lool (Ba)ll1-
k=1 k=1

Hence the series Y -, xxby converges absolutely, and therefore the function
fla) =" wxbs
k=1
is well defined. Clearly, f is a linear functional on (c¢p). Furthermore,
[F@)] < larllbel < l[llooll (Ba) 1,
k=1

so Ifll < l(bp)|l1- By (5.4), ||l = ||(bn)]]1. Therefore, the correspondence
T : f+ (by) is an isomorphism of the normed spaces ¢ and /.

Theorem 5.2. The dual of the space ¢y is the space 1.
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We leave the proof of the next theorem as an exercise (cf. Exercise 5.3).
Theorem 5.3. The dual of the space c is the space {1.

Note that the two different spaces ¢y and ¢ have the same duals. Inciden-
tally, the dual space of cqg is also ¢;. Indeed, by Exercise 3.21(a), coo is dense
in ¢g. Hence by the “bounded linear extension theorem” (cf. Exercise 4.10), a
bounded linear functional on ¢y has a unique extension to a bounded linear
functional on ¢g with the same norm.

Now we determine the dual space of the space £, for p € (0,00). In what
follows, g is the conjugate exponent of p, that is,

S4-=1
P oq

We will need the obvious identity p(¢ — 1) = q.

As before, let f be a bounded linear functional on ¢,,. For z = Zzozl Tiek
in ¢, (here (e,) is the Schauder basis in ¢, as in Exercise 4.3), we have,
by (5.1),

fla) = wxbs, (5.5)
k=1

where b, = f(e) for k € N. We need to describe the sequence (by) that
completely determines f. For n € N, define a sequence z(™ & 4, by

(" = (1, oy Thy o -+, 20, 0,0,...),

where for 1 < k < n, xj, is chosen to satisfy |xbi| = |bg|?. For this, we define

__ o if by, =0,
" |b|?/by, otherwise.

Then .
Fa™) =" |l
k=1
On the other hand, because |zx| = |bx|?"!, we have

n n 1/p
S bt = £@™) = )] < 712", =[] (Z W)
k=1

k=1
n 1/p n
— 1Al (Z |bk|p<q1>) — 1A (Z |bkq)
k=1 k=1

1/p
From this we immediately obtain (assuming that not all the by are zero)
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n 1-1/p n 1/q
(Z w) - <Z|bk|q) <1l
k=1 k=1

This inequality holds trivially if b = 0 for 1 < k < n. Hence

1/q

bl = (iw) < I, (5.6)
k=1

so (by) € 4.

On the other hand, for an arbitrary sequence (b,) € {4, formula (5.5)
defines a bounded linear functional on the space £,. Indeed, the linearity of
f is obvious, and by Holder’s inequality,

<> lznbel < lellp (o) g, (5.7)
k=1

so f is bounded.

We have shown that formula (5.5) is the general form of a bounded linear
functional on ¢,. It is clear that T : f +— (b,) is an isomorphism of the
vector space £ onto the vector space £,. It follows from (5.6) and (5.7) that

£l = l|(bn)llg, so in fact, T"is an isomorphism of the normed spaces £; and
ly.

Theorem 5.4. The dual of the space €, is the space {,, where p and q are
conjugate exponents.

Corollary 5.1. The dual space of {5 is the space {o itself.

We extend the concept of a dual space to arbitrary topological vector
spaces by defining the dual space X* of a topological vector space X as the
set of all continuous linear functionals on X. It is clear that X* is a vector
space over the field F.

In the rest of this section, we describe the dual of the metric vector space
s of all sequences with the distance function defined by (cf. Section 3.5)

o 1 [z —yil
d(z,y) = _ for (z,), (yn) € s
(z,) ,;2k1+lxk—yk| (@), (yn)
For z = (x1,x,...) we define (™) = (21,...,2,,0,0,...). Then
("™, z) = ZQ—k Z—k——n , as n — oo.
k=n+1

Hence (™) — z in s.
Let f be a continuous linear functional on s. As before, for n € N we
denote by e, the vector (x1,...,Zn,...) € s such that z, = 1 and z,, = 0
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for m # n, and set b, = f(ey). It is clear that M = 22:1 xreg. Because f
is continuous, we have

flo)= lim f(a") = lim Y apfler) =Y aubi, (5.8)
k=1 k=1

so the series on the right-hand side converges for every sequence (x,,), and
the functional f is completely determined by the sequence (b,). For every
b, # 0, we choose x,, = 1/b,. Because Zzil kb, converges, it follows that
(b,) contains only a finite number of nonzero terms. Hence (by,) € ¢oo. On the
other hand, every sequence (b,,) € cgo defines, by (5.8), a continuous linear
functional on s (cf. Exercise 5.4).

Theorem 5.5. The dual of the metric vector space s is the vector space cog.

Note that the space cog endowed with the sup-norm is not a Banach space,
unlike the duals of normed spaces. Also note that the sequence (e;,) may be
considered an analogue of the Schauder basis for the (unnormable) sequence
space s.

5.2 Hahn—Banach Theorems

As we already know (cf. Section 5.1), there are plenty of continuous linear
functionals on some normed spaces. One can wonder whether that is true for
an arbitrary topological vector space.

First we address this issue from a purely algebraic standpoint. On a finite-
dimensional vector space over the field F, all linear functionals are effectively
described. For an infinite-dimensional vector space, it is natural to consider
an extension problem. Namely, if f is a nontrivial linear functional on a
proper subspace Vj of a vector space V', determine whether there is a linear
functional f on V such that its restriction to Vj is f. If such a functional f
exists, it is called an eztension of f from Vy onto V. It is not difficult to see
that f always exists. For this, note that every z € V' can be uniquely written
as z = x +y, where x € Vp and y € Vi, the algebraic complement of Vg in V.
Then one defines f(z) = f(x).

Suppose that X is a topological vector space over F. Is there a nontrivial
continuous linear functional on X7 In general, the answer is negative, as
we will see later (cf. Example 5.4). However, the answer is affirmative in
the case of seminormed (and therefore normed) spaces, as the Hahn-Banach
Theorems 5.6 and 5.7 assert.

Let X be a vector space endowed with a seminorm p. A linear functional
f on X is said to be dominated by p if

|f(x)] < p(x), for allz € X.
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If f is dominated by a seminorm p, then it is necessarily continuous in the
topology defined by p. Indeed, for o € X and € > 0, if

x € B(zg,e) ={x € X : plx — x0) < €},

then
|f(x) = fzo)| = |f(x — 20)| < p(x —20) <e.

The following is a version of the Hahn—-Banach theorem in the case of the
field of real numbers, F = R. A more general version will be established later
(Theorem 5.8).

Theorem 5.6. Suppose (X, p) is a real seminormed space and Y a subspace
of X. If f is a real linear functional on' Y dominated by p, so that

|f(@)] <p(z),  foral zeY,

then there is a linear functional fv on X that is an extension of f and is
dominated by p, that is,

f@)=f(z),  forall xeY,

and

|f(z)] < p(x), for all x € X.
Before proving Theorem 5.6, we prove a special case of it.

Lemma 5.1. Suppose X is a seminormed space with the seminorm p, Y a
proper subspace of X, x¢ a vector in X \'Y, and Z = span(xo,Y).
If f is a linear functional on'Y dominated by p, so that

[f(x)] < p(z), forall z €Y,

then there is a linear functional f on Z that is an extension of f and domi-
nated by p, that is,

f(x) = f(=), for all x €,

and

|f(x)] < p(z), for all z € Z.

Proof. Inasmuch as Z = span(zg,Y), for every vector x € Z there exist
A€ R and y € Y such that

= Axo+Yy.

Let fbe a linear functional on Z. Then

f(x) = Af(zo) + f(y)-
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We want fto be an extension of f, so f(y) = f(y) forally € Y, and fshould
be dominated by p on Z, so

|F(@)] = [M(xo0) + f(y)] < p(z) = pAzo +y), forall \€ R and y €Y.

Because f is dominated by p on Y, the above inequality holds for A = 0;
hence we assume that A # 0. By setting y = —\y; and ¢ = f(xp), we may
write the desired inequality as

[Ac = Af(y1)] < p(Azo — Ayr),
or dividing by |\| and expanding, as

—p(zo —y1) + f(y1) < e <plxo —y1) + f(y1),

which we want to hold for all y; € Y. To show that there exists ¢ satisfying
all these inequalities, it suffices to show that

—p(xo —y) + f(Y) <plwo—y") + fy"),  forall y',y" €Y.

This follows immediately from

FW) = fW") =1 —y") <ply' —y") = p((y' — zo) + (xo — "))
< py —x0) +p(xo —y") = plxro —y') + plzo —y"),

forall y/,y" €Y. O
Now we proceed with the proof of Theorem 5.6.

Proof. Let Y be the collection of all pairs (Y7, f1), where Y7 is a subspace
of X containing Y and f; is a linear functional on Y; dominated by p and
coinciding with f on Y. The set Y is not empty, because it contains the pair
(Y, f). We define a partial order < on Y by

(Y1, f1) X (Ya, f2) ifand only if Y; C Y and f; is an extension of f.

Every chain {(Y}, fj)}jes in Y has an upper bound, for instance
(Yrr)

jeJ
where by definition, f' = f 7 on Y. By Zorn’s lemma, Y has a maximal element

(f/, f) By Lemma 5.1, Y = X. Therefore, f f is the desired extension of
I O

Suppose that X is a seminormed space with a nonzero seminorm p. Let
xo be a vector in X such that p(z¢) # 0, and let Xy be a one-dimensional
subspace generated by zp. We define f(tzg) = kt, t € R, where |k| < p(xz).
Then
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|f(tzo)| = [Kl[t] < [t|p(z0) = p(tzo),  on Xo.

Clearly, f is a linear functional on Xy dominated by p. By Theorem 5.6, f
admits an extension f dominated by p onto the entire space X. It follows
that there are nontrivial continuous functionals on every seminormed space
X.

The above argument can be used in the case of seminormed complex spaces
(cf. Corollary 5.2). For this we need a complex version of the Hahn-Banach
theorem.

Theorem 5.7. Suppose (X, p) is a complex seminormed space and Y a sub-
space of X. If f is a complex linear functional on Y dominated by p, so
that

lf(@) <plx),  forall z €Y,

then there is a linear functional f on X that is an extension of f and domi-
nated by p, that is,

f(z) = f(x), forall x €Y,

and

|f(x)] < p(z), for all x € X.

Proof. We have
f(z) = filz) +ifo(z), 2€Y,

where f; and f2 are the real and imaginary parts of f respectively. Because
fi(iz) +ifa(in) = f(ix) = if (z) = ifi(2) — fa(@),
we have fo(x) = — f1(ix), so
f(z) = fi(z) — ifi(ix), for z € Y.
Consider X as a vector space over R. Because
[f1(2)] = [Ref(z)] < [f(2)] < p(x),

f1 is dominated on Y by p. By Theorem 5.6, fi has a real extension ﬁ on X
dominated by p. Assuming that X is a complex space, we define

J?(I):fl(x)—zfl(zz), for z € X.

First, we verify that f, so defined, is a complex linear functional on the
complex space X. Indeed,

fle+y) = file+y) —ifilz +y) = fil@) + i(y) = ilfi(ie) + fi(iy)]
= [fi(2) = ifiio)] + [fi(y) = ifi(iy)] = fl2) + [(y),
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and

f((a+ib)x) = fi(ax + ibx) — if, (iax — bx)
afi(z) +bfi(ix) — ilafi(ix) — bfi(2)]
(a +ib)[fi(x) — ifi(iz)] = (a + ib) f().

It is clear that f is an extension of f. It remains to show that |f(z)| < p(z)

for all x € X. We may assume that f(x) # 0. Then for u = |f(x)|/f(x), we
have

(@) = pf(@) = f(uz) = fi(pe) < pluz) = |plp() = p(z),

because all quantities in the above chain of equalities and inequalities are
real, f is dominated by p, and |u| = 1. O

Corollary 5.2. Let X be a seminormed space with a nontrivial seminorm p.
If zg is a vector in X such that p(xg) > 0, then there exists a linear functional
f on X dominated by p such that f(xg) = p(xo).

In particular, if (X, ||-]]) is a normed space and xo a nonzero vector in X,
then there exists a bounded linear functional f on X such that ||f|| =1 and
f(@o) = [lol|-

Proof. Let Xo = {tzg : t € F} be a 1-dimensional subspace of X generated
by xg. Define a functional g on Xy by g(tzg) = tp(xo) for t € F. Then g is
a linear functional on Xy dominated by p. Theorems 5.6 and 5.7 imply that
there is an extension f of g to the space X. Hence f(xo) = g(x0) = p(xo).
If X is a normed space, we define g(tzg) = t||xo|| on Xog = {tz : t € F}.
Clearly,
lg(tao)] = [tllaoll = ltaoll, € F,

so g is dominated by the norm ||- || and ||g|| = 1 on Xj. By the Hahn-Banach
theorems, there exists an extension f of g dominated by || - ||, that is,

ftzo) = tlzoll  and  [f(z)] <,

forallt € F and z € X. Then f(x¢) = |zo]|, and the above inequality implies
I/l = 1. The desired result follows. O

The proof of the following corollary is left as an exercise.

Corollary 5.3. Let X be a normed space, and let x and y be two different
vectors in X . Then there exists a bounded linear functional f on X such that

f(x) # f(y).

Corollary 5.4. Let Y be a closed proper subspace of a seminormed space X
and xg € X \'Y. Then there exists a bounded linear functional f on X such
that fly =0 and f(xo) # 0.
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Proof. Let Xo = {Azo+vy: A €F, y € Y} be the span of the subspace ¥
and vector xg. Because g ¢ Y and Y is closed, there exists § > 0 such that
lzo + yl|| > ¢ for all y € Y. We define g(Azp + y) = A. Clearly, g is a linear
functional on Xy such that g|ly = 0. For A # 0, we have

[Azo + yll = [Alllzo + (1/A)yll = [Al.
The above inequality also holds for A = 0. It follows that
l9(Azo +y| = A < (1/0)[[Azo + -

Thus, g is a bounded linear functional on Y. By the Hahn—Banach theorems,
it can be extended to a bounded linear functional f on X. Furthermore,

f(xo) = g(xo) = 1. m

The Hahn-Banach theorems claim that a bounded linear functional on a
subspace Y of a seminormed space X can be extended to the entire space
X. Here we address the following question: Is this extension unique? The
following three examples illustrate different possibilities.

Example 5.1. Let X = 3, s0 p(x,y) = ||(x,y)|| = /|z|? + |y|? (the Euclidean
plane), Y = {(z,0) : € R}, and f(z) = z on Y. Clearly, |f[ < p on Y

(in fact, |f| = p on Y). Every linear extension f of f to X is of the form
f(z,y) = x 4+ By. The function f is dominated by p if

v+ Byl < VAP + P, forall (a,y) € R2.

It is not difficult to show (cf. Exercise 5.8) that the above inequality holds
for all z,y € R only if § = 0. Hence f(z,y) = x is the unique extension of
the functional f onto the space X.

The linear functional f on a proper subspace in the next example has
infinitely many bounded extensions to the entire space.

Ezample 5.2. Let X = (%, so p(x,y) = ||(x,y)|| = || + |y, and let Y, f, and
f be the same as in Example 5.1. For |3] < 1 we have

\fla,y)| = |z + By| < || +1Blly] < |z] + |y| = pla,y).

Hence all functions f(x,y) = |z + By| with |5] < 1 are extensions of f that
are dominated by p on X.

For an infinite-dimensional space we give the following example.

FEzxzample 5.3. Let X be the space /, endowed with the sup-norm, Y = ¢ the
subspace of X consisting of all convergent sequences, and f a linear functional
on Y defined by f(z) = lima,. Clearly, |f(z)| < ||z|| = sup,en || for all
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x € Y. Define subspaces Y; and Y3 of X as sets of sequences (x,,) such that
(22,) and (x2,_1) are convergent, respectively. It is clear that Y C Y7 (] Ya.
We define linear functionals f; and f> on the spaces Y7 and Y5 by

fi(z) =limzy, and fo(z) =limxg,_1,

respectively. Both functions are dominated by the norm. By the Hahn-
Banach theorem, these functions can be extended to linear functionals f;
and fo on X. These functionals are also extensions of f. They are different
extensions because for the sequence z = ((—1)") we have

file) = filz) =1 # —1 = fo(z) = fo(x).

We now prove a more general version of Theorem 5.6. A real-valued func-
tion p on a real vector space X is said to be a sublinear functional if it is
subadditive, that is,

p(z+y) <plx)+ply), for all z,y € X,
and positive homogeneous, that is,
plax) = ap(x), forall @ >0 in R and z € X.

Note that every seminorm is a sublinear functional.

Theorem 5.8. Suppose X is a real vector space and p a sublinear functional
on X. Let Y be a subspace of X. If f is a real linear functional on'Y domi-
nated by p, so that

fx) < p(z), for all z €Y,

then there exists a linear functional ]"V on X that is an extension of f and
dominated by p, that is,

flx) = f(x), forall €Y,

and

f(z) <p(z),  forall z€X.
Proof. First, we employ observations made in the proof of Lemma 5.1.

We assume Y # X. For 2p € X \ Y, we have

f(@)+ f(y) = f(z+y) <plz+y) < plz—x0) +p(y+x0), forall z,yeY.
Hence
f(@) —ple —x0) <ply+x0) — fly), forall z,yecY.

It follows that sup{f(z) —p(x —xz¢) : x € Y} < inf{p(y+zo)— f(y) :y € Y}.
Let ¢ = sup{f(z) — p(x — x¢) : x € Y}. Then
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f(x) —e<plx—=z0) and f(y)+c<py+ o)

forall z,y € Y. _ _
Let us define f(z+ Azg) = f(z)+ Acfor z € Y. For A = 0, we have f(z) =
f(z), so f is an extension of f. By multiplying the inequalities displayed

above by A > 0 and substituting 1 = Az and y; = Ay, we obtain
Flar = Azo) = f(w1) = Ae < p(ar — Azo)

and

f(y1 + Axo) = f(y1) + Ae < p(y1 + Axo)

for all z1,y; € Y. Hence f(z) < p(z) for all z € span(Y, {zo}).
An application of Zorn’s lemma similar to that used in the proof of The-
orem 5.6 completes the proof. O

In the rest of this section, we give an example of a metric vector space X
such that X* = {0}. That is, the only continuous linear functional on X is
the zero function.

Definition 5.1. A function = on the interval [0, 1] is called a step function if
there is a sequence of points 0 = ag < a1 < -+ < a1 < @, = 1 such that x
is constant on the intervals [ag, a1), [a1,a2), ..., [an—2,an—1), [@n_1,an]-

Theorem 5.9. The set X of all step functions on [0,1] is a vector space
over the field F.

Proof. Clearly, it suffices to show that X is closed under addition. Let z and
y be step functions on [0, 1] and let

O=agy<a1 < - <ap1<ap=1, 0=by<by <---<bp_1<b,=1
be the corresponding sequence of points in [0, 1]. The set
{ag,a1,...,a,} U{bo,b1,...,bm}
is finite and contains the points 0 and 1. This set can be ordered as follows:
O=chp<cr < - <cp_1<cp=1.

The function = + y is constant over the intervals defined by this sequence.
Hence = 4 y is a step function. 0

Example 5.4. For 0 < p < 1, let L? be the vector space of all step functions
on the interval [0, 1] with the function d defined by

1
d(z,y) :/ () -y dt,  forall zy € LP.
0
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The resulting space (L, d) is a metric vector space (cf. Exercise 5.10).

We show that the only continuous linear functional on L? is the zero
functional. For this we first show that the empty set and the entire space X
are the only convex open sets in the space X.

Lemma 5.2. Let Y be a nonempty open convex subset of the space LY. Then
Y =1L°.

Proof. First, we assume that Y contains the zero vector. Then there is a real
number 7 > 0 such that

B@Jﬁz{xeLgaA”ﬂﬂPﬁ<r}gY

For n € N and « € LP, we partition [0, 1] into n equal subintervals by
points zg =0 < 1 < -+ < z, = 1 and define

28 (1) = nx(t), if t € [zp_1,x8), 20 (1) = nx(t), if t € [,_1,z,],
0, otherwise, 0, otherwise,

fork=1,...,n—1.
The function z is a convex combination of these functions,

x(t) = %Zgj(k) (1), for ¢t € [0,1].
k=1

Let M = max{|z(t)| : t € [0,1]}. We have

1 T 1
/kNWWﬁ:/)LNWWﬁS—mWMhzl.
0 Th n n+—P

1

P

Omne can choose n such that < r (note that 1 —p > 0). Then

ni-»p
+® e B0,r)CY, foralll <k<n.

Since z is a convex combination of the functions z(*) and the set Y is convex,
it follows that z € Y. Inasmuch as x is an arbitrary point in L?, we have

proved that ¥ = LP.
Because every subset of LP is a translation of a set containing the zero
vector (cf. Exercise 5.11), the only nonempty open convex subset of LP is LP.
O

Theorem 5.10. The zero functional is the only continuous linear functional
on the metric vector space (LP,d).
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Proof. Let f be a continuous linear functional on L?. For € > 0, let
D.={)eF:|\<e}

be an open disk in F. (It is an open interval if F = R..) It is easy to see that
f~Y(D.) is an open convex subset of L?. By Lemma 5.2, f~1(D.) = LP. It
follows that |f| < e for all € > 0. Hence f is the zero functional on L. [

By the Hahn—Banach theorem, we have the following result.

Theorem 5.11. The space (L, d) is not normable.

5.3 Geometric Hahn—Banach Theorems

First, we recall some notions and facts from linear algebra. In this section,
the field of scalars is R.

Let X be a vector space over the field R, Y a subspace of X, and a a
vector in X. The set S = a+ Y is called an affine set in X. Thus, an affine
set is a translation of a subspace (or the subspace Y itself if a € V).

A subspace Y of a vector space X is of codimension 1 if X is the span of X
and some vector a € X \ Y. Affine sets that are translations of subspaces of
codimension 1 are called hyperplanes. A subset H of X is a hyperplane if and
only if H={x € X : f(z) = ¢, ¢c € R} for some nonzero linear functional f
(cf. Exercise 5.20).

A subset A of a vector space X is said to be convex if for every x,y €
A and A € [0,1], one has Az + (1 — A)y € A. There are many geometric
assertions concerning convex sets in topological vector spaces that follow from
the Hahn—Banach theorems. To give the reader a taste of these assertions,
we prove two of them. For this, we need some auxiliary results.

A subset S of a topological vector space X is said to be absorbing if for
every x € X there exists > 0 such that x € uS for all |p] > r (cf. Exer-
cise 5.21).

Lemma 5.3. Every neighborhood U of zero in a topological vector space X
is absorbing.

Proof. Let x € X. Because A — Az is continuous at A = 0 (cf. Exercise 5.23),
there exists e, > 0 such that Az € U for all |A| < &,. It follows that « € uU,
for |u| > 2/e,. O

Lemma 5.4. Let f be a nonzero linear functional on a topological vector
space X. Then the image f(V) of an open convex subset V' of X is an open
interval in R.
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Proof. Inasmuch as V convex, the set f(V) is an interval in R (cf. Exer-
cise 5.24).

Because f is not zero, there is xg € X such that f(zg) = ¢ # 0. We set
x* = (1/¢)xg, so f(x*) = 1. Take y € f(V). There exists & € V such that
y = f(x). Because scalar multiplication is continuous, there exists § > 0 such
that z +rz* € V for all =0 < r < d. Then y+1r € f(V) for all =6 <r <4,
that is, (y — 0,y + d) C f(V). The result follows. O

Let X be a topological real vector space and U an open convex subset of
X containing 0. We define the Minkowski functional p on X by

p(x) =inf{t : t >0, z € tU}.

Because U is an absorbing set (cf. Lemma 5.3), the set {¢t : ¢t > 0, z € tU} is
not empty. Note that p(0) = 0. Therefore, p(z) € [0,00), z € X.

Lemma 5.5. The function p is sublinear.
Proof. (a) For a > 0, we have
plaz) =inf{t: ¢t >0, ax € tU} = inf{as: s >0, z € sU} = ap(x),

for every = € X. Hence p is positive and homogeneous.

(b) Inasmuch as U is an absorbing set, for every given vectors = and y in
X, there are positive numbers s and ¢ such that s™'z € U and t~'y € U.
Because U is a convex set, the vector

)+ ()

)~ ! =
s+ (z+y) = pon

belongs to U, so x +y € (s + t)U. It follows that

plz+y) <s+t.

By taking the infimum over all such s and ¢, we obtain

p(z +y) < p(z) +py),
so p is subadditive. O

Theorem 5.12. Let U be an open convex set in a topological vector space X,
and xg a vector in X that does not belong to U. Then there exists a hyperplane
H containing xo that does not intersect U.

Proof. We may assume that 0 € U (cf. Exercise 5.22), so 29 # 0. Let Y be
the subspace {Azo : A € R} generated by zg, and f the linear functional on
Y defined by f(Axg) = A. Because xg ¢ U, we have p(xg) > 1. Hence for
A >0,
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f(Azo) = X < Ap(wo) = p(Azo).

The inequality f(Azg) < p(Axo) trivially holds for A < 0. Hence the functional
f is dominated by p on Y. By Theorem 5.8, the functional f can be extended
to a linear functional f on X dominated by p. The hyperplane H defined by
f(z) =1 contains xy because f(xg) = f(xg) = 1. For all x € U, we have

fz) <p(z) < 1.

Because fis a linear functional and U is an open set, we must have f(:r) <1
on U (cf. Lemma 5.4). It follows that U N H = @. O

Ezample 5.5. The assertion of Theorem 5.12 may not hold if U is not an open
set. Consider the convex set

U={(z,y)cla:-1<2<1,y>—-1-22}\{(1,0)}.

(This is the epigraph of the function y = v/1 — 22 with a deleted boundary
point; cf. Fig. 5.1.) There is no straight line (hyperplane) containing (1,0)
and not intersecting U.

Fig. 5.1 Example 5.5.

Let V and W be subsets of a topological vector space X. A hyperplane
H = {z € X : f(x) = ¢} defined by a nonzero linear functional f separates
sets V and W if f(z) < c for all x € V and f(z) > c for all x € W, or
conversely, f(z) > cforallz € V and f(z) < cforallx € W.

Theorem 5.13. Let V and W be disjoint open convex subsets of a topological
vector space X . Then there is a hyperplane H in X that separates V. and W.

Proof. Choose vectors vy € V', wg € W, and let ¢y = vg — wg. The set
U=V -W +xg

is open, convex, and contains the zero vector (cf. Exercise 5.28). Because
VNW = @, it follows that x¢ ¢ U. Let f be as in the proof of Theorem 5.12.
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Because f(z) < 1 on U and f(z) = 1, we have
flw=w+m0) = f(v) = F(w) + flao) < 1,
for every v € V and w € W. Hence
) < f(w), for every v € V and w e W.

Since V and W are open sets, the open interval f(V) lies strictly to the left

of the open interval f(W) (cf. Lemma 5.4). Therefore, there is a number ¢
such that

) <e< fw), for everyv € Vand w € W.

Hence the hyperplane H = {z € X : f(x) = ¢} separates sets U and W. O

5.4 Linear Functionals on CJa, b]

We begin by recalling the concept of the Riemann—Stieltjes integral in anal-
ysis. In this section, we assume that F = R.
Let 2 and y be bounded functions on the closed interval [a, b], and

P={a=ty<t; <---<t,=">}
a partition of [a, b]. The norm of P is defined by

P _
1P|l = [max. (te — tr—1).

We arbitrarily select points uy, € [tp—1,tx], 1 < k < n, and define a Riemann—
Stieltjes sum by

S(,y, PU) = > w(ug)[y(te) — y(ts—1]-
k=1

If there is a real number J such that for each € > 0, there exists § > 0 such
that |J — S(z,y, P,U)| < € for every P satisfying ||P|| < 4, then J is called
the Riemann—Stieltjes integral of x with respect to y on [a,b], and is denoted

by
b b
J:/ z(t) dy(t):/ xdy. (5.9)
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As in the case of the Riemann integral, there are functions that are not
Riemann—Stieltjes integrable. However, there is a special case of particular
interest in real analysis.

Theorem 5.14. If x € Cla,b] (so = is a continuous function on [a,b]) and
w € BV]a,b] (so w is a function of bounded variation on [a,b]), then the

Riemann—Stieltjes integral f; xdw exists.

This theorem is proved in real analysis, where the following properties
of Riemann—Stieltjes integrals are established. We assume that all integrals
below exist.

1. The integral in (5.9) depends linearly on functions in C|[a, b],

b b b
/()\eruy)dw:)\/ :z:der,u/ y dw,

so for every w € BV|[a,b], formula (5.9) defines a linear functional on the
space Cla, b].
2. For = € C[a,b] and w € Bla, ],

b
‘/ xdw‘ < max |z(t)] V2 (w). (5.10)
a t€[a,b]

The above properties show that the Riemann—Stieltjes integral is a bounded
linear functional on C|a, b].

By the definition of the Riemann—Stieltjes integral, it can be approximated
by Riemann—Stieltjes sums. Therefore, when x is a continuous function and
w of bounded variation (cf. Theorem 5.14), one can use partitions P of [a, ]
into equal subintervals and choose endpoints of the intervals in P as points
in the set U to approximate f;xdw. Thus for n € N, we define the points
ti of the partition P, by

b—
tk:a—&—Tah for 0 <k <n, (5.11)

and choose uy = tx_1, 0 < k < n. The corresponding Riemann—Stieltjes sum
for x and w depends only on n, so we can write

S =Y w(te—1)(w(ty) — w(tp—1)).

k=1

n

By Theorem 5.14,
b
lim S, :/ x dw.

n—oo

We use these observations in the proof of the following theorem, which is
known as Riesz’s theorem for functionals on Cfa, b].
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Theorem 5.15. Fvery bounded linear functional f on Cla,b] can be repre-
sented by a Riemann—Stieltjes integral

b
flz) = / x dw, (5.12)
where w is of bounded variation. The norm of f is the total variation of w:

11l = Ve (w). (5.13)

Proof. Let Bla,b] be the vector space of all bounded functions on [a,b]
endowed with the sup-norm and f a bounded linear functional on Cla, b].
Clearly, C|[a,b] is a subspace of B[a,b]. By the Hahn—Banach theorem, f has
an extension f from Cl[a,b] to Bla,b]. Furthermore, || f|| = ||f]|.
We need to define the function w in (5.12). Consider the family of functions
in Bla,b] defined by
1, fa<rt<t,

m{r) = {0, if t<r<b,
and define w by
w(a) =0 and w(t) = flx;), for t e (a,b].
We want to show that w is of bounded variation. Let us define

ex = sgn(w(ty) — w(tr-1)), 1<k<n,

where a = tg < t; < --- < t, = b is a partition of [a, ] and sgn is the signum

function defined by
sen(r) = 0, if =0,
& B |7|/m, if T #0.

Note that the signum function assumes only the values 0, 1, and —1, and
|7| = sgn(7)T, for all 7€ R.

We have



5.4 Linear Functionals on C|a, b| 121

D lw(te) = w(ts— |*25k w(tk—1)]
k=1

= €1f($t1) + Zsk[f(xtk) - f(ztk—l)}

k=2

= f<61$1 + ngt(xtk - xtk1)>

k=2

< |Ifl

n
€124, + § Ek(xtk - mtk—l)
k=2

For each 7 € [a,b], only one of the terms x;, and (zy, — x4, _,), 2 < k < n, is

nonzero, and its norm is 1. Note that ||f|| = || f||. Therefore,

Z lw(te) — wltk—1)| < [If1],

for every partition of [a,b]. Therefore, w is of bounded variation. Moreover,
it follows that

Vo (w) < Il (5.14)

Now we prove (5.12), where z € C[a,b]. For the partition P, defined
by (5.11), we define a function z, by the formula

n
Zn = x(to)xtl + Zx(tkfl)[xtk - 'Ttk-—l]'
k=2

Clearly, z, € Bla,b]. By the definition of w, we obtain

flzn) = a(to) f(ar,) +

x(tk—l)[f(xtk) - f(mtk:—l}

NE

2

(te—1)[w(tr) — w(ty—1)]

M= 7

= xz(to)w(ty) +

x>
[|

2
n
ZCE (tk—1) —w(tp-1)],
k=1

because w(ty) = w(a) = 0. The right-hand side of this chain of equalities is
the Riemann—Stieltjes sum .S,, for the integral fab x dw. Therefore,

b ~
/ rdw = lim f(z,).

n— oo

Note that
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1, ifte (tkfl,tk},
0, otherwise,

Ty, (t) = Tty (t) = {
and z,(a) = z(a). Hence z,(t) = z(tx—1) for t € (tx_1,t], so
|20 (t) — z(t)] = |x(tk—1) — z(t)], for t € (tg—1,tx].

Inasmuch as z is uniformly continuous on [a,b], we have ||z, — x| — 0 as
n — 00, S0 z, — « in Bla,b]. Because f is a continuous functional on Bla, b],
and f is an extension of f, we obtain

n—oo

b ~ ~
[ wdw =t fe) = Fo) = 1la),

which proves (5.12).
To prove (5.13), we evaluate the norm of f from (5.12). By (5.10), we have

£(@)] < s Ja0) V2 () =[] V().

Therefore, ||f|| < V?(w). Together with (5.14), this yields the desired result,
11l = V2 (w). m

According to the proof of Theorem 5.15, w(a) = 0, so w € NBV]|a,b]
(cf. Section 3.7). However, the space NBV|[a,b] is not the dual of Cla,b],
because w in Theorem 5.15 is not unique.

Ezample 5.6. The zero function and the function w such that w(b) = 1, and
w(t) = 0 otherwise, are of bounded variation, and both define the zero func-
tional on C|a, b].

5.5 Reflexivity

We begin with a simple example motivating our presentation in this section.

Ezxample 5.7. It is known from linear algebra that every linear functional on
the vector space ¢4 is uniquely defined by a vector A = (A1,...,\,) € F”
and is of the form

iz) = x4+ -+ A, for @ = (z1,...,2,) € £5. (5.15)

By the Cauchy—Schwarz inequality, we have

@ = D ] <37 Il < [ Sl (| D Jal,
k=1 k=1 k=1 k=1
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that is, [fa(2)| < |[Allzlz(l2. Tt follows that [|fx]| < [[All2. By substituting
x = A into (5.15), we obtain

A =D Il = (A3,
k=1

which implies || fa]| > ||A]l2- It follows that || fx]] = ||All2- Therefore, the dual
(5)* of the space ¢§ is isomorphic to the space ¢4 itself (cf. Corollary 5.1).

One can consider the right-hand side of the Eq. (5.15) a function of A €
(¢5)* for a given = € £5:

gz(N) = Mz + -+ Ay

It is clear that g, is a linear functional on (¢%)*. By repeating the argument
used for fy(z), it is easy to show that |g.|| = |lx|2. It follows that the
mapping = — ¢, (which is clearly onto) is an isomorphism between spaces
25 and ((€5)*)*.

The dual space X* of a normed space X is a normed space itself. Thus
we may consider the dual space of the space X*. This space is called the
second dual space of X and is denoted by X** (so X** = (X*)*). The usual
interpretation of the expression f(z) is that f is a given function and z is
a variable. However, we can interpret f(x) in a “dual” way by fixing = and
considering f a variable (cf. Example 5.7). This interpretation leads to the
following definition:

Definition 5.2. The mapping J : X — X** defined by x — g,, where

9.(f) = f(x),  feX,
is called the canonical mapping of X into X**.

To justify this definition, we note that for every = € X, the function g, is
a linear functional on X™*, because

Dty () = FOz + py) = M (2) + pf(y) = Mg (f) + pgy (f),

for all A\, u € F. Furthermore, by Exercise 5.9,

|92 (f)] |f(@)]
92|l = sup = sup = |zl
; fex~ ||f|| fex” ||f||
f#0 f#0

S0 g, is bounded.

It follows from the last displayed formula that the canonical mapping J is
an isomorphism of the normed space X onto its image J(X) in the second
dual space X**. In general, J(X) is a proper subspace of X**. The case
J(X) = X** is of particular importance in functional analysis.
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Definition 5.3. A normed space is said to be reflezive if

J(X) =X,
where .J is the canonical mapping.

Note that a reflexive space is a Banach space, because the dual space of
every space is a Banach space (cf. Theorem 4.8).

A prototypical example of a reflexive space is the sequence space ¢, with
p € (1,00). By Theorem 5.4, the dual ¢, of £, is isomorphic to the space {4,
where ¢ and p are conjugate exponents. By exchanging the roles of p and ¢,
we conclude (by the same theorem) that the second dual £;* is isomorphic
to the space ¢, itself. However, this argument shows only that the spaces £7*
and /£, are isomorphic but does not prove that the canonical mapping is the
required isomorphism. For this, we prove the following theorem.

Theorem 5.16. The space €, is reflezive.

Proof. Because the canonical mapping J is an isomorphism of the space X
onto its image J(X), it suffices to show that J is surjective. Thus we need
to show that for every h € £;* there exists x = (z,,) € £, such that h = g,.
We may consider h a bounded linear functional on the space ¢,, which is
isomorphic to £;. By the proof of Theorem 5.4 (exchanging p and ¢ and
using (5.5)), we have

h(f) = axfs,  for z=(x,) €4, and f=(fn) € L,
k=1
By the same theorem (cf. (5.5)),
Zxkfk = f(z), for x = (x,) € £, and f = (fn) € {,.
k=1

Inasmuch as g, (f) = f(z), we have h(f) = g.(f) for all f € £;. Hence h = g,,
and the result follows. O

It is not difficult to prove that the spaces ¢y and ¢ are not reflexive. By
Theorems 5.2 and 5.3, ¢, = ¢* = {1, and by Theorem 5.1, £7 = {.,. Therefore,

= = o

The space ¢g (and c¢) is separable (cf. Exercise 3.18), whereas the space £+, is
not (cf. Theorem 3.7). Hence ¢j* and ¢ are not isomorphic. It follows that
¢o (and ¢) is not reflexive.

In the conclusion of this section, we establish some results concerning the
relation between the separability and reflexivity properties of a normed space.
First, we prove a lemma.
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Lemma 5.6. Let Y be a closed proper subspace of a normed space X. Then
there exists f € X™* such that

Ifll=1 and f(xz)=0, forzeY.
Proof. For xy € X \'Y, we define Z = span{Y, z¢} and
gz + Azg) = A forall z €Y and A e F.

The linear functional g is bounded on Z. Indeed, because X \ Y is an open
set, there exists r > 0 such that ||y — zo|| > r for all y € Y. Therefore,

|z + Azoll = [A[[(=1/N)x — 2ol = [Alr  on Z.
From this we have

1
lg(x + Azo)| = |A| < ;||x + Azol| on Z.

Hence ||g|| < 1/r, so g is a bounded linear functional on Z. Clearly, g vanishes
on Y. By the Hahn—Banach theorem, g has an extension to a bounded linear
functional g on X such that g(z) = 0 on Y. Because g(zg) = 1, the norm ||g||
is nonzero. We obtain the desired result by setting f = (1/(/9])9. O

Theorem 5.17. If the dual space X™* of a normed space X is separable, then
X s also separable.

Proof. Because X* is separable, the unit sphere S = {f € X* : || f|| = 1} is
separable (cf. Exercise 2.26). Let { f, }nen be a countable dense subset of S.
Because f, € S, we have sup{|f.(z)| : ||z|| = 1} = 1. Therefore, for each n,
we can find x,, € X such that

[enll =1 and  [fu(zn)] =

DO =

Let Y be the closure of span{z, },en. The set of all linear combinations of
the z,, with rational coefficients is a countable dense subset of Y. So it suffices
to show that Y = X. Indeed, otherwise, by Lemma 5.6, there exists f € X*
such that

Ifll =1 and  f(x)=0 forall z €Y.

Clearly, f(x,) =0 for all n € N. Furthermore,

SUfn(en)l = fa(@n) = flzn)l = [(fo = )(@n)]
< Nfn = flllzall = [1fn = £II

N | =
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contradicting our assumption that {f,},en is a dense subset of S. Thus X
is separable. O

Suppose that X is a reflexive and separable space. Because the second dual
X** = (X*)* is isomorphic to X, it is also separable. Then by Theorem 5.17,
the space X* is separable. From this it follows that a separable normed space
with an inseparable dual cannot be reflexive. In particular, the separable
space {1 is not reflexive, because its dual, /., is not separable.

To conclude this section, we show that the space C[0, 1] with the sup-norm
is not reflexive.

First, we introduce a “triangular” function on [0,1]. For 0 < a < § < 1,
we define a piecewise linear function Ay, g that has nodes at points (0,0),
(a,0), ((ae+ B)/2,1), (8,0), and (1,0) (cf. Fig. 5.2).

0 o g1

Fig. 5.2 Graph of the function Ay, 3.

Consider the decreasing sequence
I1>0>a1>Bs>a9 > >0, >aq, > -

converging to zero. For each n € N, we define f,,(t) = Nyq,, 5,1 (t) on [0,1].
Let x = (z,,) € co, s0 x,, — 0. It is not difficult to show that the function
J2(t) =Y peq @k fr(t) is a continuous function on [0, 1] and that || f| = ||z].
Hence the correspondence T : x — f, is an isomorphism of the normed space
¢o into the normed space C0, 1]. Because c¢q is a complete space, the image
T'(cp) is a closed subspace of C10, 1] (cf. Theorem 4.11), which is not reflexive,
because ¢ is not reflexive. By Exercise 5.32, C[0,1] is not a reflexive space.

Notes

On a finite-dimensional normed space, every linear functional is bounded
(cf. Exercise 5.1).

The Hahn-Banach theorems have many applications. One of them is
Riesz’s theorem (Theorem 5.15 in Section 5.4), providing the representation
of bounded linear functionals on the normed space C|a, b] by the Riemann—
Stieltjes integral.

Corollary 5.2 guarantees the existence of sufficiently many continuous lin-
ear functionals on a seminormed vector space with a nontrivial seminorm.



5.5 Reflexivity 127

Example 5.4 shows that there are topological vector spaces with no non-
trivial continuous linear functionals on them. It is not difficult to show that
the metric space (X, d) in this example is not complete. This can be remedied
as follows. We omit the details.

For 0 < p < 1, let L? be the vector space of all Lebesgue measurable
functions f on [0, 1] for which

1
|1 <o,
0

with the usual identification of functions that coincide almost everywhere.
The space LP can be made into a complete metric vector space by defining

1
d(x,y):/ |z —y|?, for allz,y € LP.
0

It can be shown that the metric space (X,d) in Example 5.4 is dense in
(LP,d).

Theorem. (Rudin 1973 p. 36) The zero functional is the only continuous
linear functional on the metric vector space (L, d) (cf. Exercise 5.12).

If a normed space X is reflexive, it is isomorphic to X** under the canon-
ical mapping. The converse does not hold in general. In 1951, Robert C.
James published a paper entitled “A non-reflexive Banach space isometric
with its second conjugate space” in the Proceedings of the National Academy
of Sciences, USA, in which a counterexample was constructed.

Exercises

5.1. Prove that every linear functional on a finite-dimensional normed space
is bounded. (Hint: Use Lemma 4.1.)

5.2. Let z = chzl zrer be the expansion of a vector x with respect to
a Schauder basis (e,) in a normed space X. Show that for every £k € N,
the mapping x — xj is a linear functional on X. (These functionals are
called coordinate or biorthogonal functionals. They are all bounded (cf. The-
orem 6.4)).

5.3. Prove Theorem 5.3.

5.4. Show that every sequence (b,) € cgo defines a continuous linear func-
tional on the space s by (5.8).

5.5. In the proof of Lemma 5.1, show that one can choose

c = sup [-p(zo — ') + f(¥)]
y'ey
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or

c= it p(ao —y") + F(5")]

5.6. Prove Corollary 5.3.

5.7. Give an example of a normed space and a proper subspace of that space
for which the assertion of Corollary 5.4 does not hold.

5.8. Show that § = 0 in Example 5.1.

5.9. Prove that for every x in a normed space X, the following identity holds:

Joll=sup { L e x 1 20},

5.10. For 0 < p < 1, let X be the vector space of all step functions on the
interval [0, 1] with the function d defined by

1
d(z,y) :/ w(t) — y(OP dt,  forall o,y € X.
0

Show that (X, d) is a metric vector space.

5.11. Let Y be a convex subset of a vector space X. Show that for every
x€ X, theset Y +z={y+a:y €Y} is convex.

5.12. Let (by,) be a bounded sequence in F and (xy) € £,, where p € (0,1).
Show that

fla) = brax
k=1

is a continuous linear functional on the metric vector space (¢,,d) (cf. Sec-
tion 3.3).

5.13. Show that p(z) = limsup x,,, where z = (z,,) € oo, T, € R, defines a
sublinear functional on /.

5.14. Show that a sublinear functional p on a real vector space X satisfies
p(0) =0 and p(—z) > —p(x), for every z € X.

5.15. Let p be a subadditive functional on a normed space X. Show that
continuity of p at x = 0 implies continuity of p on X.

5.16. Prove that a linear combination of sublinear functionals is a sublinear
functional.

5.17. Show that z = y if f(z) = f(y) for every bounded linear functional on
a normed space X.
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5.18. Prove that a subset S of a vector space is affine if and only if it is closed
under linear combinations

)\11:1+)\212+~~~+)\ka es
for all vectors x1,...,x, € S and scalars Aq,...,\; € F with Zle A =0.

5.19. Prove that a nonempty subset S of a vector space X is an affine set if
and only if it is the inverse image of a singleton under a linear map of X into
some vector space Y.

5.20. Show that a subset S of a vector space X is a hyperplane if and only
if there exist a linear functional f : X — F and ¢ € F such that

S={zxeX: f(x)=c}

In particular, the subspaces of codimension 1 of a vector space X are exactly
the null spaces of linear functionals on X.

5.21. Give an example of a nonabsorbing set in a topological vector space.
5.22. Show that 0 € U is a valid assumption in the proof of Theorem 5.12.

5.23. Suppose X is a topological vector space. Prove that for every zp € X,
the mapping F — X defined by A — Az is continuous.

5.24. (a) Prove that the image of a convex set under linear mappings of
vector spaces is convex.
(b) Prove that intervals are the only convex subsets of R.

5.25. (a) Let p be the Minkowski functional for a convex set U C X. Show
that for  # 0, p(x) = 0 if and only if € tU for every t > 0, so U is
“unbounded in the direction of the vector x.”

(b) Show that p(z) <1ifz € U, and p(z) > 1ifx ¢ U.

5.26. If f is a real linear functional on a real vector space X, then the image
of a convex subset of X is an interval in R.

5.27. If V and W are open convex subsets of a vector space, then so is their
difference
V-W={v-—w:veV,weW}

5.28. Let V and W be open convex subsets of a topological vector space X.
For vg € V and wg € W, define g = vg — wg and show that the set

U=V -W+xg

is open and convex, and that zg € U.
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5.29. Let M be the set of sequences in the real space cqg for which the leading
nonzero term is positive. Show that the sets M and —M are convex and
disjoint, but they cannot be separated by a hyperplane (cf. Theorem 5.13).
(Recall that c¢fy = ¢;.)

5.30. Let C[0, 1] be the vector space of continuous functions on [0, 1]. Define
d(z) = z(0) for x € C[0,1].

(a) Show that ¢ is a bounded linear functional if C[0,1] is endowed with the
sup-norm. Find the norm of §.
(b) Show that § is an unbounded linear functional if C10, 1] is endowed with

the norm .
el = / j(t)] dt.

5.31. Show that the dual of a reflexive normed space is also reflexive.
5.32. Prove that a closed subspace of a reflexive Banach space is reflexive.

5.33. Prove that a Banach space is reflexive if and only if its dual space is
reflexive.

5.34. Show that if a normed space has n linearly independent vectors, then
so does its dual space.



Chapter 6
Fundamental Theorems

In this chapter we present three theorems that are known as the “funda-
mental theorems” of functional analysis (together with the Hahn-Banach
theorems presented in Chapter 5). These are the uniform boundedness the-
orem (cf. Section 6.1), the open mapping theorem (cf. Section 6.2), and the
closed graph theorem (cf. Section 6.3). These theorems are the cornerstones
of the theory of Banach spaces and are ubiquitous in functional analysis.

The results of the fundamental theorems illustrate the power of the concept
of a Banach space as opposed to incomplete normed spaces. In Section 6.4,
we give several examples and counterexamples, showing that the results of
the first three sections do not hold in some incomplete normed spaces.

6.1 Uniform Boundedness Theorem

Theorem 6.1. Uniform boundedness theorem. If F = {T}},c; is a fam-
ily of bounded operators from a Banach space X to a mormed space Y such
that sup ;¢ ; | Tjz|| < oo for every x € X, then sup,¢; ||} < oo.

In words: If a family of bounded operators from a Banach space to a
normed space is pointwise bounded, then it is norm bounded.

There are several proofs of this important theorem. A proof utilizing the
Baire category theorem (cf. Section 2.6) is presented below.

Proof. For j € J and n € N, we define
Aj,={zx e X ||Tjz| <n}.

Because bounded operators are continuous functions and the norm is also a
continuous function, each set A; , is a closed subset of X, hence so are the
sets
A, = ﬂ Ajn, for n € N.
jeJ
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Inasmuch as the family {T}};cs is pointwise bounded, we have

-

By the Baire category theorem (note that X is a complete metric space),
there is a natural number m such that the set A,, contains an open ball, say

B(zg,r) C A, where zg € A,, and r > 0.

It is clear that for every vector y € B(zo, ), we have ||[T;y|| < mforall j € J.

To show that the family {7}},c; is norm bounded, it suffices to find a
constant C such that for all z € X with [|z|| =1 and all j € J, ||T;z| < C.
For this we use the “scale and translate” technique. We scale the vector x by
the factor r/2 and translate the resulting vector by z to obtain the vector

Sr
=-z+z
¥=3 05

which clearly belongs to the ball B(xg,r). Hence ||Tjy| < m for all j € J.
Finally, we have

4m

2 2 2 .
1Tl = | =73y = o) < S1Twll + S Tyaoll < for all j € J.

-
Thus we can choose C' = (4m)/r. O

There are many applications of the uniform boundedness theorem. Below
we present two examples.

Ezample 6.1. Let p and ¢ be conjugate exponents (cf. Section 1.2). Suppose
that (a,) is a sequence of complex numbers such that Y ., apz, < oo for
every (zj) € [P. We show that then Y ;7 | |ax|? < oo, so (ay) € £4.

We may assume that (a,) has no zero terms (cf. Exercise 6.1). Let

n
fulz) = Zakxk.
k=1
Clearly, each f,, is a linear functional on ¢?. For a given x = (z,,) € 7,
n
sup [ £ (@)l| = sup | 3~ aan| < oo,
neN neN 1

because > po, apxr < oo. (A convergent sequence is bounded.) Therefore,
the family {f, }nen is pointwise bounded.
By Holder’s inequality, we have



6.1 Uniform Boundedness Theorem 133
n n n 1/q n 1/p
@) =[S aran] <3 lowanl < (D Jarl?) (S Jal?)
k=1 k=1 k=1 k=1
- 1/q
< (X laxl?) "zl
k=1

. 1/a
Hence |full < ( S5y laslt) "
On the other hand, for

Ek\ak\q_2
1-1/q’
(i lanl?)

where 1 < k <n and z; =0 for k > n, we have

_ Dk ak|? _ - a
| fr ()] (Z’]Zzl |ak|q)1—1/q (kz_:l |ak|q)

T =

1/q
Hence ||fnl = (22:1 \ak\q) for n € N. By the uniform boundedness

theorem, the series Y ;- | |aj|? converges.

Ezample 6.2. Suppose that (a,) is a sequence of complex numbers such that
>y lagxy| < oo for every (z) € co. We show that this implies

o0
Z lax| < oo.
k=1

We may assume that (a,) has no zero terms (cf. Exercise 6.1). Let

n
x) = g aRTh.
k=1

Clearly, each f, is a linear functional on ¢q. For a given x = (z,,) € co,
sup /()] = sup \Zakxk] < sup Z x| < oo,

because Y oo lapxy| < co. (A convergent sequence is bounded.) Therefore,
the family {f,}nen is pointwise bounded.
We have

n
1fall = sup | apai| < sup Z|ak\|xk|<z|ak|
lzll=1" =1

l=]l=1 k=1
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On the other hand, for the sequence x = (z,,) € ¢y defined by

S lak|/ak, for 1<k <mn,
"o, for k > n,

we have [[¢f =1 and || fu(2)[l = 3 j— lak|- Hence [ full = 325_, |ak|. By the
uniform boundedness theorem, Y 7o, |ag| < oc.

6.2 Open Mapping Theorem

We recall some definitions from linear algebra. If X is a vector space over a
field F and A, B are subsets of X, then:

1. For ke F, kA= {kx:z € X}.

A+B={a+b:a€ A, be B}.

A-B=A+(-1)B={a—b:a€ A, be B}.

Forye X, A+y=A+{y}={z+y:ze X}

A subset A C X is said to be symmetric if x € A implies —x € A for all
x € A.

Ol o

The following theorem establishes properties of the topological closure
with respect to algebraic operations on subsets of a topological vector space.

Theorem 6.2. Let A and B be subsets of a topological vector space. Then:

(a) kKA=kA, keF.
(b)A+BCA+B.

Proof. (a) Let a € A and let U be a neighborhood of ka. Because multi-
plication by a scalar is a continuous operation, there is a neighborhood U;
of a such that kU; C U. Because a € A, there exists z € AN U;. Then
kx € kANKU, C kANU. Hence kKANU # @, implying ka € kA. We have
proved that kA C kA. For the opposite inclusion, we may assume k # 0 and
apply the previous argument as follows:

Liactia—a

1
k:kA < k
so kA C kA. Tt follows that kA = kA.

(b) Let @ € A, b € B, and let U be a neighborhood of a + b. We need
to show that the intersection (A 4+ B) N U is not empty. Inasmuch as vector
addition is a continuous operation, there are neighborhoods U; and Us of
vectors a and b, respectively, such that U; + U C U. Because a € A and
b € B, there are vectors € UyNAand y € UsNB. Then z+y € (A+B)NU.
Hence, (A+ B)NU # @. O

The proof of the following corollary is left as an exercise (cf. Exercise 6.8).
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Corollary 6.1. A— B C A— B.

Definition 6.1. A mapping f : X — Y of a topological space X into a
topological space Y is said to be open if the image of every open set in X is
open in Y.

The goal of this section is to establish the following result.

Theorem 6.3. Open mapping theorem. Let T be a bounded operator from
a Banach space X onto a Banach space Y. Then T is an open mapping.
Accordingly, if T is a bijection, then it is a homeomorphism, that is, T—' is
continuous.

Note that every open linear mapping 7" of a normed space X to a normed
space Y is necessarily onto. Indeed, the image T'(X) is an open subspace of
Y and therefore contains a ball B(0,7) for some r > 0. Every vector y € Y
belongs to the ball B(0,2|y||) = (2|ly||/r)B(0,r) C T(X). Hence T is onto.

Before proving Theorem 6.3, we prove two lemmas.

Lemma 6.1. Let U be a convexr symmetric neighborhood of the origin in a
topological vector space X, and T a linear operator from X to a topological
vector space. Then

T(U)-T(U) C2T(U).
Proof. Inasmuch as U is convex and symmetric, we have

-y _1 1
5 —2x+2( y) €U,

for every x,y € U. Hence T(U) —T(U) C 2T(U). Therefore, by Corollary 6.1
and Theorem 6.2 (a),

T(U) - T(U) C T(U) - T(U) C 2T(U),

which is the desired result. O

Note that open balls B(0,7) in a normed space are convex (cf. Exer-

cise 6.9 (a)) and obviously symmetric. In what follows, we use the notation
B, = B(0,r).

Lemma 6.2. Let T be a bounded operator from a Banach space X onto a
Banach space Y. Then the image T(B,.) of a ball in X contains a ball about
the origin in'Y .

Proof. Because
X =|J kB
k=1

and T is onto, we have
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Y = |J k(B 2) = |J kT(B, 2).
k=1 =

Note that by taking closures we do not add new points, because the union is
the entire space Y. Our choice of r/2 over r will become evident in the next
paragraph.

By the Baire category theorem (Y is a complete space), for some k£ € N,
we have kT'(B,/3), and hence T(B,3) contains some ball B(xq,p). Then

T(B,/2) — xo contains the ball B,. By Lemma 6.1,

T(Br/g) — X Q T(Br/g) — T(B.,/Q) g 2T(B7n/2) = T(BT)

It follows that T'(B,) contains the open ball B,. Hence T'(B, jo») contains
the open ball B, on for n = 1,2,.... We use this observation in the rest of
the proof.
Although we cannot claim that 7T'(B,.) contains the ball B,, we show below
that it contains the ball B, /s, therefore establishing the desired result.
Let y be an arbitrary element of B,/;. Because B,/ C T( »/2), there
exists x1 € B, /3 such that
p
Iy~ Taa] < &.
Hence the vector y — T'xy belongs to B,/4. Because B,y C T(B, /1) »/4), there
exists z2 € B, /4 such that

Iy = Ta1) = T | < £.

By repeating this process, we construct a sequence of vectors (z,,) such that

|z < 2% and Hy ZTxn

2n+1 ’ (61)

for n € N. By the first property in (6.1), the sequence of sums (>_;_, xy) is
Cauchy. Indeed, we have for m < n,

n m n n n
r r T
HZ”“@‘Z“HZH ) kaS o Ml < D0 =50 o
k=1 k=1 k=m+1 k=m+1 k=m+1

which can be made less than every prescribed positive number by choos-
ing sufficiently large m and n. Because the space X is a Banach space, the
sequence (Y ) _, x)) converges to some z € X. By the continuity of the norm
(cf. Exercise 3.6), we have

oo oo o0 r
ol = || > wf| < X llawll <D 57 =
k=1 k=1 k=1

=
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Hence z € B,. By the second property in (6.1), the sequence (>, _, Txy)
converges to y. Inasmuch as T is continuous, we have y = Tx. Therefore,
y € T(B,). It follows that B,,, C T'(B,), as desired. O

Now we proceed with the proof of the open mapping theorem.

Proof. Let U be a nonempty open set in X, and y a vector in T'(U). There
exist € U such that y = Tz and a ball B(z,r) that is contained in U.
By Lemma 6.2, the image T(B(z,r) — «) of the ball B, = B(x,r) — x must
contain a ball By centered at the origin of Y. Because

T(B(xz,r) —x) =T(B(x,r)) —Tx =T(B(x,r)) —y CTU) — y,

the ball B(y,s) = Bs + y is contained in T(U). Hence T'(U) is an open
set. O

As an application of the open mapping theorem, we prove the following
theorem:

Theorem 6.4. Let (X, |- |)) be a Banach space and (ey,) a Schauder basis in
X. Forx = o xger and n € N, let P,(x) = Y ;_, xyex, be the canoni-
cal projections of the space X into itself. Then operators P, as well as the
coordinate functionals x «— xy, are bounded (cf. Ezercise 5.2). Moreover, the
family { P, }nen is norm bounded, that is, there exists a constant C > 0 such
that || P,|| < C for all n € N.

Proof. Clearly, all operators P, are linear. Let x € X. For € = 1, there exists
N € N such that

n
Hx - ZxkekH = |z — P,x| <1,
k=1

for all n > N. We have, for such n,
[Prz| = [Pox — 2z + 2| < |[[Pox — 2 + [|=]] <14 [

Hence the family of real numbers {|| P, || }nen is bounded.
We define

n
|z||" = sup | Poz| = sup H Zxkek ’, reX.
neN N =1

ne

The function || - ||’ is a norm on X. Indeed, it is easy to verify that ||z|’ =0
implies x = 0 and ||Az|" = |\|||z||" for every A € F. Furthermore,

lz +yll" = Slellg{IIinJrPnyll} < SEE{I\PMII + 1Payll} = NIzl + llll’,

that is, the triangle inequality holds.
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The norm || - || is dominated by the norm | - ||". Indeed, for every ¢ > 0,
there exists N € N such that ||« — P,x| <e, for all n > N. Thus

[zl = [[Poz + 2 = Poz|| < [Pzl + |z = Poz|| < [|Pz] +¢,

for all n > N. Suppose that ||z| > sup, cn{||Pnz||}. Then there exists € > 0
such that for all n € N, ||z|| > || P,z|| + &, contradicting the last displayed
formula. Therefore, ||z|| < ||z||’ for all z € X.

Let (z,) be a Cauchy sequence in (X, || -||’). Then for a given € > 0, there
exists N € N such that

lzm — zall’ <&, for all n > m > N.
Because ||z — 2zn|l < ||2m — 2nl|’, the sequence (z,) is Cauchy in (X, | - )
and therefore converges to some z € X in the norm || - ||. Let z = >".7 | zxex

in (X, -]]). For every € > 0, there exists N € N such that
Iz — Pz <&, for all n > N.
Because Py P, = P, for k <n and P, P, = P, for k > n, we have

Iz = Poz||" = sup{|| Pz — P Poz[|} = sup{|| Prz — Pr2|/}
kEN k>n

k
H > ae

= — 07
1=n+1
as n — oo. Hence the series Y~ | ziey, converges to z in the norm || ||’, that
is, (X,]| - ") is a Banach space.

Let T: (X,||-I') = (X, ]| - ||) be the identity mapping. Clearly,
1Tz = llz|| < ll=|.

Hence T is bounded. By the open mapping theorem, the inverse operator
T~ is bounded, that is, there is a constant C' > 0 such that

1T 2| = ||z|| < C|lz]], for all x € X.

Therefore, for all z € X, sup,n{|[Pnz||} < C|lz||, so all operators P, are
bounded. Moreover, ||P,| < C for all n € N.

We define U; = P, and U,, = P,, — P,,_1 for n > 1. It is clear that U,, are
bounded operators and ||U,| < 2C. We have

|zi|llex || = lzker|| = [|[Ukz| < 2C| ||, for all z € X.

It follows that |ak| < (2C/|lex])||z||, that is, the coordinate functional x — ay,
is bounded (cf. Exercise 5.2). O
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6.3 Closed Graph Theorem

Let (X, -]]1) and (Y, ] - |l2) be normed spaces. We define a norm || - || on the
vector space X x Y by

1z, y)|| = max{|[z[|1, [lyll2} (6.2)

(cf. Exercise 6.12 (a)).
If T: X — Y is a linear operator, then the graph

G(T)={(z,Tx): x € X}

of T is a subspace of the normed space X xY. (Note that from a set-theoretic
point of view, T' and G(T') are identical.) An operator T is said to be closed
if its graph is a closed subspace of X x Y. If X and Y are Banach spaces
and T : X — Y is closed, then the graph G(T') of T is itself a Banach space
(cf. Exercise 6.12 (b), (¢)).

The following is a version of the closed graph theorem.

Theorem 6.5. If X and Y are Banach spaces and T is a closed linear oper-
ator, then T is bounded.

Proof. We define a projection « : G(T) — X by
7(x, Tx) = x, for all x € X.
It is clear that 7 is a linear operator. We have
[7(z, Tz)|lx = (o[l < max{[lz]y, [|Tz]2} = [[(z, Tz)]|.

Hence 7 is a bounded linear operator. Because T' is a function, 7 is a bijection.
By the open mapping theorem, 7! is a bounded linear operator. Therefore,
there exists a constant C' > 0 such that

I~ ]| = [|(z, T2)l| = max{|l[s, | T2ll2} < Cllzfly,  forall z € X.

Hence for all z € X, ||Tz||2 < C||z||1, which is the desired result. O

In applications of the closed graph theorem, the following equivalent ver-
sion of it is useful (cf. Exercise 6.13).

Theorem 6.6. Let T : X — Y be a mapping from a Banach space X to
a Banach space Y. Suppose that T has the property that for every sequence
(zn), if n — x and Tx,, — y, then y = Ta. Then T is bounded.

The statement of the open mapping theorem follows from the closed graph
theorem. We prove the following weaker version of this assertion. Namely, we
use the closed graph theorem to establish the following result:



140 6 Fundamental Theorems

Theorem 6.7. If X and Y are Banach spaces and T : X — 'Y is a bounded
bijection, then T~ is bounded.

We need two facts from general topology.

Lemma 6.3. Let X and Y be topological spaces. The mapping f: X XY —
Y x X defined by

f@,y) =(y,z), 2€X,yey,
is a homeomorphism.

Proof. Clearly, f is a bijection. Let U and V' be neighborhoods of z € X and
y € Y, respectively, so V x U is a neighborhood of (y,z) € Y x X. Then

A VvxU)=UxV

is an open set in X x Y. Because sets of the form U x V form a basis of the
product topology (cf. Exercise 2.62), f is continuous. By applying the same
argument to f~!, we obtain the desired result. O

Lemma 6.4. Suppose that T : X — Y is a continuous mapping from a
topological space X into a Hausdorff space Y. Then the graph G(T) of T is
a closed subset of X xY.

Proof. Let (x,y) be a point in X x Y that does not belong to G(T'). Then
y # Tx. Because Y is Hausdorff, there are neighborhoods U and V of Tz
and y such that U NV = @. Since T is continuous, there is a neighborhood
W of x such that T(W) C U. Hence (z,Tz) ¢ V, for every z € W. It follows
that (W x V)N G(T) = &. Because W x V is a neighborhood of (z,y), the
set (X xY)\ G(T) is open. The result follows. O

We now proceed with the proof of Theorem 6.7.

Proof. By Lemma 6.4, the graph G(T') is a closed subspace of X x Y. By
Lemma 6.3, the graph of T~ is a homeomorphic image of G(T) and therefore
closed. By the closed graph theorem, 7! is bounded. O

6.4 Examples and Counterexamples

The uniform boundedness theorem assumes that the space X is Banach. The
next example demonstrates that this assumption is essential.
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Example 6.3. Let X = ¢gp be the space of all real sequences with finite sup-
port endowed with the sup-norm, and let (f,,) be a sequence of linear func-
tionals on X defined by

fn(z) = nxy, for x = (x1,...,%pn,...) € coo-
We have
sup |fu()] = sup |nw,|=n,
llzll=1 llzll=1
50 || fn]| = n. Hence, the sequence (|| f||) is unbounded.

For a given z € X,
| fa(@)|| = |nan| < oo,  forallmeN,

because z has finite support. Hence the sequence (||fn(z)||) is bounded for
every r € X.

Example 6.3 shows that the result of Theorem 6.1 does not hold in general
for non-Banach spaces. The space cgg is not a Banach space, which can be
shown directly by proving that the sequence

11
<”):(17... = )
1’ 72’ ’n’()?O?

is Cauchy but diverges in cgg (cf. Exercise 6.2). We prefer to use an indirect
argument based on the observation that a proper dense subspace of a Banach
space is not a Banach space (cf. Exercise 6.7). The proof of the following
theorem is left as an exercise (cf. Exercise 3.21).

Theorem 6.8. The space cog is a proper dense subspace of the space ¢y and
therefore is not a Banach space.

One may have a proper inclusion in Theorem 6.2 (b), as the following
example illustrates.

Example 6.4. In the space £2, let
A =span{ey,es,...,e26-1,...}

and
B:Spa’n{f13f27"‘7fk7"'}3

where f, = ear + (2k)ear—1, k € N. Inasmuch as
ear, = fr. — (2k)ear—_1,

we have A + B = span{ei, ..., e, ...}; hence A+ B = (2,
Furthermore,
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A={(x1,w2,...) 22 =0, kEN, > |z < 00}

Jj=1

and

((2k)? + 1) |z | < o0}

M8

B = {(2x2, 22,474, T4, . . ., (2K) 2ok, Tk, . . .) :

>
Il

1

Now the vector

—(0 Lol ot )
U_ 72, ,47"'7 72k7 9

isin A+ B = f but does not belong to A 4+ B. Indeed, suppose that it
belongs to A + B, so it is the sum of two vectors

(...,.1‘2].3_1,0,...) cA

and -
(' ) (Qk)y2k7y2k7 s ) € B.
We have L
Togp—1 + (2k)yor, = 0 and Yok = op -
It foEowi that x9,_1 = —1 for all £ € N, which is a contradiction. Hence
v¢ A+ B.

A surjective bounded mapping 7" : X — Y may be open if X is not a
Banach space, as the following example illustrates.

Ezample 6.5. In fact, a nonzero real-valued functional on every nontrivial
topological vector space is an open mapping. We use the argument from the
proof of Lemma 5.4. Let f be a nontrivial continuous real linear functional
on a topological vector space X (not necessarily Banach). To show that f is
open, it suffices to show that f(V') is open for every open neighborhood V' of
the origin. Because f is not zero, there exists zy € X such that f(xg) = ¢ # 0.
We set #* = (1/¢)xzq, so f(x*) = 1. Take y € f(V). There exists x € V such
that y = f(z). Because scalar multiplication is continuous, there exists 6 > 0
such that « +rz* € V for all =6 < r < 0. Then y +r € f(V) for all
—0 <r <4, thatis, (y — o,y +9) C f(V). Hence f(V) is open in R.

The assumptions that both spaces X and Y in the open mapping and
closed graph theorems are Banach spaces is essential. We begin with two
examples illustrating this claim in the case of the space Y in the open mapping
theorem.

Ezample 6.6. Let X = ({1, - |l1), Y = (41, - ||), and let T be the identity
map from X onto Y. Clearly, for every x € /1,
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[2]loe = sup |zi| <> |zi| = [l]1,
k %

so T is bounded. On the other hand, for (™ = e; +--- + e, ({ex} is the
standard Schauder basis in ¢1),

lz™ i =n and e =1,

so the inverse of T is not bounded. The space Y is not a Banach space.
Indeed, consider the sequence

:c(")—(11 100 )
- ’27""n, b AN

of vectors in Y. Suppose that (") — 2 = (21, 25,...) in Y. Then

1
T — 7 ,|In+1|,...}—>0

k

2 = 2]l = Sup{ sup
n 1<k<n

as n — oo. It follows that x = (1,1/2,...,1/n,...), which is not in ¢;.

Ezample 6.7. Let X = C]0, 1] and
Y = {x € C'[0,1] : 2(0) = 0},

both equipped with the sup-norm. The space Y is not a Banach space
(cf. Exercise 6.15). We define T : X — Y by

(T2)(t) = /0 2(u) du.

Because

t

7ol = sup | [ atwdu| < sup fo(u)] = o
tef0,1] ' Jo u€el0,1]

T is bounded. The inverse operator 7! : ¥ — X is the differentiation

operator d/dt, which is unbounded.

It is more difficult to construct a counterexample with a non-Banach space
X. For this we use the closed graph theorem (cf. Theorem 6.5).

Ezample 6.8. Let X be an infinite-dimensional real Banach space and B a
normalized Hamel basis in X. We choose a sequence (e,) in B and define
flen) =ntforn € N and f(e) =0 for e € B\ {e, : n € N}. By extending f
linearly to the entire space X, we obtain an unbounded real linear functional,
which we denote by the same symbol f.

By the closed graph theorem, the graph of f,

G=A{(z, f(x)): z € X},
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is not closed in X x R in the product topology defined by the norm
|(z,t)]] = max{||z|, |t])} forz € X and t € R.

Hence G is not a Banach space. We define T': G — X by T'(x, f(x)) = x for
x € X. Clearly, T is a bijection. The operator T" is bounded, because

[ ]]
—— <1, for all x € X,z # 0.
1z, f())]]

Inasmuch as

[, f@)|| o |f(2)]

el =l

for all x € X, 2 # 0,

and f is unbounded, the operator 7! : x +— (z, f(z)) is unbounded.

Now we proceed with counterexamples to the closed graph theorem. The
first example (Example 6.9) shows that there exist a non-Banach space X
and amap T : X — Y onto a Banach space Y such that the graph of T is
closed, whereas T is unbounded.

First, we prove two lemmas.

Lemma 6.5. The sequence

1 1

on(t) = (t . 5)2 +=, teo.),

converges uniformly to the function x(t) = |t —0.5| on [0, 1]. Hence the space
C1[0,1] is not complete in the sup-norm.

Proof. For e > 0, we have a chain of equivalent inequalities (note that x,,(t) >

a(t)):
T

2
n

1 1 9
—<25’t—7‘+5.
n 2

Hence, the first inequality holds for n > 1/¢? (and every t). O

Lemma 6.6. Let (x,,) be a sequence of continuously differentiable functions
on [0,1] such that

(1) x,, — x uniformly, and
(2) xi, — y uniformly.
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Then x is differentiable and x' = y.

Proof. By (2), for a given ¢ > 0, there exists N such that
z(t) —e < y(t) < a,(t) +¢, te[0,1], n > N.
Hence for u € [0, 1],
(1) — 2n(0) — 20 < / Y(E) dt < 20 (1) — 20 (0) + .
0

Let hp(u) = zp(u) — xz(u) and h(u) = z(u) — 2(0). From the last displayed
inequalities we obtain

‘ [/Ouy(t) dt — h(u)] — [ (u) — hn(o)]’ <eu<e

By taking n — oo, we obtain

H/Ouy(t)dt—h(u)” <e

2(u) — 2(0) = /Ou y(t) dt.

Hence = is differentiable and 2’ = y. U

It follows that

Ezample 6.9. Let X = C1[0,1] and Y = C[0,1] both with the sup-norm
|z]|co- The space Y is a Banach space, whereas X is not (cf. Lemma 6.5).

The differentiation operator T = d/dt maps X onto Y. This operator is
unbounded, because [|[t"||o = 1 and ||nt""!||o = n. Let G be the graph of T
in X x Y with the product topology induced by the norm

Iz, y)|| = max{ sup |z(¢)[, sup |2'(t)|}.
te[0,1] te[0,1]

Suppose that the sequence (z,,z),) of vectors in G' converges to a vector
(z,y) in the space X x Y. Then z,, — z and ], — y in the sup-norm, so
x,, converges uniformly to x and x], converges uniformly to y. Hence y = 2’
(cf. Lemma 6.6). Therefore, (z,,}) — (z,2') € G. It follows that the graph
G is closed.

Example 6.10. Let X, f, G, and T be as defined in Example 6.8, and S = 7!
(S: 2z (x, f(x)). The space G is incomplete, and the operator S: X — G
is unbounded (cf. Example 6.8). Let (z,, (xn, f(2,))) be a sequence in the
graph of S converging to (z, (v, f(y)) € X x G, so the sequence
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1@, (ws F () = (@ns (@, flzn)]| = [l2 =20l + [[(y — 20, f(y) = flzn))]
=l =zull +lly = @ull + 1F(y) = f2n)]

converges to zero. It follows that =, — = and z,, — y in X. Hence y = z,
implying that the graph of S is closed.

Notes

The converse of the uniform boundedness theorem is clearly true: if a family of
bounded operators from a Banach space to a normed space is norm bounded,
then it is pointwise bounded.

The uniform boundedness theorem is often referred to as the “Banach—
Steinhaus” theorem. The original proofs of the uniform boundedness theorem
were based on a technique called the “gliding hump.” Later, it was replaced
by the Baire category argument. However, the “gliding hump” technique
continues to be useful in functional analysis. A short proof of the uniform
boundedness theorem that does not use the Baire category theorem was given
by Alan D. Sokal (American Mathematical Monthly, May 2011, pp. 450-452).

The open mapping theorem (Theorem 6.3) was first proved by Stefan
Banach in 1929 in the special case in which the operator T is one-to-one.
This result is known as the “bounded inverse theorem.” In 1930, Juliusz
Pawet Schauder found a significant simplification of Banach’s proof and
established the open mapping theorem in its present form. Theorem 6.4 first
appeared in Banach’s book (Banach 1987), originally published in Polish in
1931. This theorem plays a significant role in the theory of “classical Banach
spaces” (Lindenstrauss and Tzafriri 1977).

There are many results throughout mathematics that are known by the
name “closed graph theorem” (including closely related theorems). Our (func-
tional analysis) Theorem 6.5 appeared in Banach’s book (Banach 1987).

The result of Lemma 6.6 is a well-known theorem in real analysis; see, for
instance, Theorem 7.12 in Wade (2000).

Examples in Section 6.4 demonstrate the crucial role of the completeness
property in the proofs of the three “fundamental theorems.” A similar role is
played by the completeness of the field of real numbers R in real analysis in
establishing fundamental results such as, for instance, the intermediate value
theorem (cf. Ovchinnikov 2015, Section 3.7).
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Exercises

6.1. Explain why one can assume that the sequences (a,) in Examples 6.1
and 6.2 do not have zero terms.

6.2. Show that the sequence
1 1
2 = (1’7"“’7,0,07”)
2 n
of vectors in c¢qg is Cauchy but does not converge to a vector in cgg.

6.3. Show that a proper dense subspace of a Banach space is not a Banach
space.

6.4. Let (T,,) be a sequence of bounded linear operators from a Banach space
X to a normed space Y such that for each z € X, the limit

lim T,z

n—oo

exists in Y. Prove that the operator T': X — Y defined by

Tx = lim T,z, for all x € X,

n—oo
is linear and bounded.

6.5. Let X be a Banach space, Y a normed space, and T}, : X — Y a sequence
of bounded operators such that sup{||7,| : n € N} = co. Show that there
exists xp € X such that sup{||T,,zo|| : n € N} = c0.

6.6. Let X be a Banach space, Y a normed space, and T}, : X — Y a sequence
of bounded operators such that (T;,z) is Cauchy in Y for every z € X. Show
that the sequence (||T,]|) is bounded.

6.7. If X and Y are Banach spaces and T}, : X — Y a sequence of bounded
operators, show that the following statements are equivalent:

(a) the sequence (||T},]|) is bounded,
(b) the sequence (||T5,z||) is bounded for every = € X,
(c) the sequence (|f(T,z)|) is bounded for every € X and every f € Y*.

6.8. Prove Corollary 6.1.

6.9. Show that:

(a) Every ball B = B(x,r) in a normed space is a convex set.
(b) 71 (B(xg,r) — z0) = B(0,1).

6.10. Let X be a normed space. Prove that translation x — z + z9 and
dilation 2 — Az (A # 0) are homeomorphisms of X onto itself.



148 6 Fundamental Theorems

6.11. Let X and Y be Banach spaces and T': X — Y a one-to-one bounded

linear operator. Show that 77! : T(X) — X is bounded if and only if T'(X)
is closed in Y.

6.12. (a) Show that || - || defined by (6.2) is indeed a norm on X x Y and
the topology defined by this norm coincides with the product topology on
X xY.

(b) Prove that the product of two Banach spaces is a Banach space.

(¢) Show that if X and Y are Banach spaces and T': X — Y is closed, then
the graph G(T') is a Banach space.

6.13. Prove Theorem 6.6.

6.14. Let X and Y be normed spaces and T : X — Y a closed linear operator.

(a) Show that the image of a compact subset of X is closed in Y.
(b) Show that the inverse image of a compact subset of Y is closed in X.

6.15. Show that the space
Y = {z € C'[0,1] : 2(0) = 0}

equipped with the sup-norm is not a Banach space (cf. Lemma 6.5).



Chapter 7
Hilbert Spaces

Arguably, Hilbert spaces and operators on those spaces are the most popular
objects of study in functional analysis because they have been very useful in
many applications.

A Hilbert space is a complete inner product space, the latter being a
concept well known from linear algebra. This chapter begins by introduc-
ing inner product spaces and their basic properties (cf. Section 7.1). Then
we cover orthogonality of vectors and establish an important representa-
tion of a Hilbert space as a direct sum of mutually orthogonal subspaces
(cf. Section 7.2). Special instances of orthonormal families of vectors in a
Hilbert space are Hilbert bases, which allows for a convenient representa-
tion of vectors in the space (cf. Section 7.3). A Hilbert basis of a separable
Hilbert space can be effectively constructed using the Gram—Schmidt process
(cf. Theorem 7.14) for orthonormalizing a linearly independent set in an inner
product space.

Fundamental tools for studying linear functionals and operators on a
Hilbert space are the Riesz representation theorem for linear functionals and
sesquilinear forms. This material is presented in Sections 7.4 and 7.5.

In the rest of the chapter, several classes of operators on a Hilbert space are
introduced and their properties established. These are classes of normal, self-
adjoint, and unitary operators (cf. Section 7.7), and the projection operators
(cf. Section 7.8). The definitions of these operators use the concept of Hilbert-
adjoint operator, which is the subject of Section 7.6.

7.1 Inner Product Spaces

Definition 7.1. An inner product on a vector space X is a mapping of X x X
into the scalar field F of X that assigns to every pair (z,y) € X x X a scalar
(z,y) such that for all vectors x,y,z € X and scalars A\ € F we have the
following:
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A vector space together with an inner product on it is called an inner product
space.

The following properties of inner products follow immediately from Defi-
nition 7.1 (cf. Exercise 7.1) and will be used below without referring to them
explicitly.

1. M\ +py, z) = é(az, z) + uly, z),
2. (z, Ay + pz) = XMz, y) + 1z, 2),

for every x,y,z € X and A\, u € F. Functions satisfying these properties are
known as “sesquilinear forms” (cf. Section 7.5).

Ezample 7.1. An archetypal example of an inner product space (in fact, a
Hilbert space) is the space £2 endowed with the inner product

<x3y> :Zxk%; x,y€€2~ (71)
k=1

By the Cauchy—Schwarz inequality (1.11), the series on the right-hand side
converges absolutely, so (z,y) is well defined on ¢5 x ¢5. The same inequality

yields
o0
> kTR
k=1

It is not difficult to verify that properties 1-4 in Definition 7.1 hold for (z, y)
defined by (7.1), so 5 is an inner product space (cf. Exercise 7.2). The inner
product and the norm in ¢y are related by

lz]] = V{z, x), T € Uy

(@, 9)| =

o0
<> farllysl < [zl [yl (7.2)
k=1

(cf. (7.3) below).

Ezample 7.2. We define an inner product on the vector space Cla,b] of all
continuous F-valued functions on the interval [a,b] by

b
(x,y) = / x(t)y(t) dt for z,y € Cla,b].

Properties 1 and 2 of Definition 7.1 are the usual properties of the integral.
For property 3, we have

b b -
wwzfuw@ﬁzfmwﬁw:/mwww:@w
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Finally,
b b
(z,r) = / z(t)z(t)dt = / lz(t)|* dt > 0,
a a
and f: |z(t)[?dt = 0 if and only if z is the zero function on [a,b] (cf. Exer-
cise 7.3).

An inner product on a vector space X defines a norm on X by

|zl = v/ (z, ), z e X. (7.3)

Before proving that (7.3) indeed defines a norm on X (cf. Theorem 7.2), we
prove the important Cauchy—Schwarz inequality (cf. (7.2) in Example 7.1).
This proof, as well as some other arguments below, stems from an analogue
of the “square of a binomial” formula:

lz +yl* = llz]1* + 2Re(z, y) + Iy, (7.4)

which is also an abstract analogue of the “law of cosines” in geometry.
Indeed, we have

o +yl* = (z+y, 2 +y) = (@,2) + (x,y) + (y.2) + (4,9)
= (z,z) + (z,9) + (,9) + (4, )
= [lz]* + 2Re(z, y) + [lyl*-
Theorem 7.1. (Cauchy—Schwarz inequality.) If X is an inner product
space and ||x|| is defined by (7.3), then

[z, )] < [l llllyll- (7.5)

Moreover, equality holds in (7.5) if and only if one of x,y is a scalar multiple
of the other.

Proof. We may assume that  # 0 and y # 0, because otherwise (7.5) trivially
holds (cf. Exercise 7.5) and the vectors are linearly dependent. Note that

then (7.5) is equivalent to
T Y
T S L
'< ]l Ml >’

We define u = z/||z|| and v = y/||ly||. Then by (7.4),
0 < [lu = (u, v)v|? (7.6)
= [lull* = 2Re(u, {u,v)v) + [(v, u) *||v]?
— 1 — 2Re({u, 0] (1, ) + | (u,0)
=1-2|(u, v)] + |(u,v)]* = 1 = [(u, v)|*.
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Hence
[(u, )] <1,
or equivalently,
(2, y)|
lelllyll =

which is the desired inequality. Equality (7.5) holds if and only if it holds
in (7.6), that is, if u — (u,v)v = 0 (cf. (7.3)), so the vector u is a scalar
multiple of the vector v. From this, the second statement of the theorem
easily follows. O

Theorem 7.2. Formula (7.3) defines a norm on the inner product space X.

Proof. We need to verify that

(@) (Al = [Afll]l, homogeneity

(b) Az +yll < =l + llyll; triangle inequality

(¢) |lz]l=0 implies =0
(cf. Definition 3.2). The homogeneity of || - || is the result of Exercise 7.6, and
part (c) follows immediately from the definition of the inner product.

It remains to establish the triangle inequality. By (7.4) and the Cauchy—
Schwarz inequality, we obtain

lz+ 9l = ll=]* + 2Re(z, y) + [ly|*
< lllf® + 2l )| + llyll?
< llll® + 20z llllyl + yll* = (el + llyl)?,

because the real part of a complex number cannot exceed its absolute value.
O

The Cauchy—Schwarz inequality is a very useful inequality, and it is encoun-
tered in many different settings. It will be used several times later in this
chapter. An elegant use of this inequality is found in the following example.

Ezample 7.3. For 0 < t < 1, let C[0,¢] be the real inner product space from
Example 7.2 and let T : C[0,1] — C]0, 1] be the indefinite integration operator
(cf. Example 4.6)

(T2)(t) = /O'x(s) ds,  tel01].

Below, we use the Cauchy—Schwarz inequality (7.5) for C[0, ¢] in the second
line and Fubini’s theorem in the fourth and fifth lines:
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1 t
ratt= 1| [safa [[| [ JoGo A
” IH . COS2S \/@ S
S/ (/ cos — sds / it zr )
0 5
2 ! ?
f/ (sinﬂﬁ/ 7)r| d)
T Jo 2 Cos 5§
1 pt 2
g/ / (sinﬂ-t |I(52r| )d dt
7 Jo Jo 2 cos3s
1,1 2
:g/ / (sinﬁt |<S>|) dt ds
7)o Js 2 cosgs
2 2 [1 2 2’
=22 oo MO g (2) o
T T Jo 2 cosgs 7T

By Theorem 7.1, we have equality in the second line if x(s) = Acos §s (A # 0).
Hence ||T|| = 2/7.

2
dt

We have proved (cf. Theorem 7.2) that every inner product space is also
a normed space if the norm is defined by (7.3). Here is a natural question:
Given a norm on a vector space, can we find an inner product on that space
that will determine this norm by means of (7.3)? To address this question,
we use the parallelogram equality:

lz +yl* + Il — ull* = 2(|2]* + [ly]1*) (7.7)

for all vectors  and y in an inner product space X. The proof is very straight-
forward. Use the identity (7.4) with y replaced by —y to obtain the identity

lz = ylI* = ll=]I* — 2Re(z, ) + [lyl*. (7.8)

Then add these identities to obtain (7.7).
In the following examples, we use the parallelogram equality to show that
there are normed spaces with norms not induced by inner products.

Ezxample 7.4. Consider the Banach spaces ¢, cg, ¢, and £, for p # 2. It is
clear that the vectors

xz=(1,1,0,0,...) and y=(1,-1,0,0,...)
belong to these spaces. We have
z+y=1(2000,...) and z-—y=(0,2,0,0,...).
The supremum and p-norms of these vectors are

[2lloe = llylloe =1 and [z +ufoo = [z = ylloo =2
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and
zll, = llyll, = 27 and lz+yllp = llz —yll, =2,

respectively. We have
lz +yll5 +llz =yl =8 and 2(|lz% + [lyll5) =4 #8,
and
lz +yll; + e —yl; =8 and 2(|«l; + yll;) =4-2"/7 #8.

Because the parallelogram identity does not hold in the spaces ¢, cg, £oo,
and £, (p # 2), these spaces are not inner product spaces.
Note that for p = 2, the space £5 is an inner product space (cf. Example 7.1).

Ezample 7.5. We show that the vector space C[0, 1] endowed with the sup-
norm ||z||« is not an inner product space. For functions z(t) = 1 and y(t) = ¢
on [0,1], we have

[#flc =1 and [jylleo =1,

and

|z +ylloo = sup (1+1) =2 and |7 = ylloo = sup (1 —1t)=1.
te[0,1] t€[0,1]

Hence
Iz +yll2, + llz =yl =5 # 4 =2(|l«[12, + yllZ.),

so the parallelogram identity does not hold.

Suppose we know the norm on an inner product space. The next theorem
shows how the inner product can be “recaptured” from the norm.

Theorem 7.3. (Polarization identities.) If X is a real inner product
space, then

(@, y) =3 (lz+yl> = llz—yl*), =zyeX.
For a complex inner product space X, we have
(@, y) = 3 (lz +yl? = llz = ylI* +ille +ayl* —illa —dy)?), ayeX.
Proof. By subtracting the identity (7.8) from the identity (7.4), we obtain
4Re(z,y) = ||z +yl* - [lz — y|*. (7.9)
This is the polarization identity in the case of a real space X, because
Re(z,y) = (z,y).
Inasmuch as (x,y) = Re(z,y) + ¢ Im(x, y) in the complex case, we have

(x,y) = Re(z,y) + iRe(z, 1y),
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because

Im<x7 y> = Re(_i<$7 y>) = R€<:I,', Zy>
By applying (7.9), we obtain the polarization identity in the complex case:

4z, y) = 4Re(z,y) + 14Re(z, ty)
= [lz + y|? = |z — y||* + illz + dy||* — illz — dy|>.

The result follows. U

An important consequence of Theorem 7.3 is the fact that norms determine
the inner product in inner product spaces.

Definition 7.2. Inner product spaces X and Y are said to be isomorphic if
there is a bijective linear map T : X — Y that preserves the inner products,
that is, (T'z,Tz') = (z,2') for all z,2’ € X.

Theorem 7.3 tells us that it suffices to require that the bijective linear map
T : X — Y be an isometry of X onto Y to show that these inner product
spaces are isomorphic.

The continuity properties of the inner product are the subject of the next
theorem.

Theorem 7.4. If (x,) and (y,) are Cauchy sequences in an inner product
space X, then the sequence ({x,,y,)) converges.
Furthermore, if z,, — x and y, — y in X, then (xn,yn) — (,y).

Proof. Using the Cauchy—Schwarz inequality, we obtain

|<xmyn> - <xmaym>| = |<xmyn> - <$naym> + <xn,ym> - <xm7ym>‘
|<x’ﬂ7yn> - <$n;ym>| + ‘<xn’ym> - <xm7ym>‘
|

|

IN

<~Tnvyn - ym>| + |<xn - "Em7ym>|
< Mlznlllyn = ymll + |20 — zmlllymll-

Because the sequences (x,) and (y,) are Cauchy and bounded (cf. Theo-
rem 2.7), the sequence of scalars ({x,,y,)) is Cauchy and therefore conver-
gent.

If |z, — z|| — 0 and ||y, — y|| — 0, then as before,

= [(TnsYn) — (Tns Y) + (T, y) — (@, 9)]
< K@y Yn) = (@ns )| + (20, y) — (2,9)]
= [(@n, yn — )| + ({20 — 2,9)]

< lzallllyn = yll + llzn — 2|yl — 0,

0< |<Inayn> - <£E,y>|

because the convergent sequence (x,,) is bounded. O
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Definition 7.3. A Hilbert space is a complete inner product space.

A subspace Y of an inner product space X is a vector subspace with the
inner product restricted to Y. A closed subspace of a Hilbert space is a Hilbert
space (cf. Exercise 7.8).

In the rest of this section, we prove that every inner product space can be
completed. The resulting completion is a Hilbert space, which is unique up
to isomorphism.

Theorem 7.5. Let X be an inner product space. Then there exist a Hilbert
space H and an isometry T : X — H such that T(X) is dense in H. The
space H is unique up to isomorphisms of inner product spaces.

Proof. By Theorem 4.2, we can always complete the normed space X to
obtain its Banach completion, which we denote by H. The image W = T'(X)
is a normed space that is dense in H and isometric to X as a normed space.
We define an inner product on W by (T'z, Ty) = (z,y) for z,y € X. By the
polarization identities (cf. Theorem 7.3), W is isomorphic to X as an inner
product space.

For z and y in H, let (z,) and (y,) be sequences in W converging to x
and y, respectively. By Theorem 7.4, the sequence ({x,,¥y,)) is convergent.
We define

and show that this limit does not depend on the choice of sequences (z,,) and
(yn) converging to x and y, respectively. Suppose that (z],) and (y,,) are other
sequences converging to x and y, respectively. By the previous argument, the
sequence ({x],,y,)) is convergent. We have

0 < (s yn) — (s Und| < (s Un) = (@0 ynd| + (205 yn) — (@0, 90,
= @0 — 20, Yn) | + {05 Yn — yn)|
< Man = 2 lynll + 127, 1lyn — ¥, |l — 0.

It follows that lim, (@), y}) = lim, o (@n, Yn), so (z,y) in (7.10) is well
defined.

We leave it to the reader to show that (7.10) is an inner product on the
space H (cf. Exercise 7.7). Now, for (x,) — x, where (x,) € W and = € H,

we have
o) = m [z, ]| = im \/zn, 2n) = (2, 2).
n—oo n—oo

Therefore, the Banach space H is a Hilbert space.

Finally, suppose that a Hilbert space H' is another completion of the
space X. By Theorem 4.2, the Banach spaces H and H’ are isometric. By
the polarization identities, the Hilbert spaces H and H' are isomorphic. [
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7.2 Orthogonality

Let us recall the definition of orthogonality that was introduced at the end
of Section 4.4. In a normed space X, two vectors xz and y are said to be
orthogonal if ||z — ky|| > ||z|| for all scalars k € F. We write x Ly, for two
orthogonal vectors x and y.

In the case of an inner product space, we us a different definition that also
stems from geometry.

Definition 7.4. In an inner product space, vectors x and y are said to be
orthogonal if (x,y) = 0. The same notation z L y is used for two orthogonal
vectors x and .

In fact, it is not difficult to prove that in an inner product space, the two
definitions of orthogonality are equivalent.

Theorem 7.6. In an inner product space, (x,y) = 0 if and only if
[l = kyll = [|l=|
for all scalars k € F.
Proof. (Necessity.) Suppose that (z,y) = 0. Then for every k,
lz = kyl|* = llz|l* — 2Re(k(z, 9)) + lkyll* = =] + l[kyl* = ||=]*.

Hence [l — ky|| = ||z
(Sufficiency.) Suppose that ||z — ky|| > ||z| for all scalars k. Then for
teR,
Jall? < llz — tyl12 = lo)® - 2tRe(w,y) + 2]lyl1>.

Therefore,
2tRe(z,y) < *[lyl*.

If Re(x,y) > 0, choose t > 0, to obtain
b2
Re(:v,y> < 5”3/” ’
and for Re(xz,y) < 0, choose t < 0, and obtain
_ < m 2
Re(,5) < 2y

Because t is an arbitrary nonzero number, Re(x,y) = 0. Similarly, it follows
that Im(x, y) = Re(z, 1y) also equals zero, so (z,y) = 0. O

In the rest of this chapter, we use Definition 7.4.
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Example 7.6. A simple argument shows that unless an inner product space
X is one-dimensional (cf. Exercise 7.16), there are many pairs of mutually
orthogonal nonzero vectors in X. Indeed, let z,y € X be linearly independent
vectors. We want to find a scalar A such that the vector z = =z — Ay is
orthogonal to y. For this, we need

(z,9) = (z,y) — My, y) = 0.

By setting A = (z,9)/||y||* (note that y # 0), we obtain z Ly. In particular,
if ||y|]| = 1, then

z=ux— (z,y)y is orthogonal to y.

It is clear that span{z,y} = span{z,y}.
The result of this example will be used later in the chapter.

We use the following notation. Let X be an inner product space. If z € X
is orthogonal to every element of a nonempty subset E of X, then we say
that z is orthogonal to E and write z L E. If F and F' are nonempty subsets
of X, the notation F' | F means that Ly for all x € F and y € F. Also,
E+t ={ye X :yluz, for every z € E}. The set E* is called the orthogonal
complement of E.

We now proceed with proving the “direct sum decomposition theorem”
(Theorem 7.8 below), which is an important tool in the study of linear oper-
ators. First, we establish the existence of the projection of a vector in a
Hilbert space onto a closed subspace.

Theorem 7.7. Let E be a closed proper subspace of a Hilbert space H, and
x a vector in H \ E. Then there exists a unique vector y € E that is closest
to x in the sense that

z -yl = d(z, E) = Jrele lz — ul|.

This vector y is called the projection of x onto FE.

Proof. Let d = d(x, F). By the definition of infimum, there is a sequence (y,,)
of vectors in E such that ||z — y,|| — d. We apply the parallelogram identity
(cf. (7.7)) to the vectors z — y,, and = — Y,

122 =y = ymll* + lyn = ym|* = 2]l — yal® + 2l|z — yu %,
to obtain
yn = ymll* = 2]l = yul® + 2l|2 = ym|® = 122 = g0 —ym|®  (7.11)
For € > 0, there exists N € N such that

lz = yml|]® < d®+¢ and 2 —ynl* < d*+e
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for all m,n > N. Furthermore,

_ yn + ym

. 2

2
22 =y — ym|* =4 > 4d?,

because (yn + ym)/2 € E. Therefore, by (7.11),
lYn — Ym||® < 2(d® + &) + 2(d® + €) — 4d* = 4e, for m,n > N.

It follows that (y,) is a Cauchy sequence in F that converges to some y € E,
since F is a closed subspace and therefore complete. By the continuity of the
norm,
lz =yl = Tim [lz —yn|| = d.
n—oo

This proves the existence of a closest point.
The uniqueness of y follows again from the parallelogram identity. Suppose
that ||z — y|| = ||z — ¥’|| = d. Then, as in (7.11),

ly =y'II> = 2llz — yl* + 2z = y'|I* — |20 —y — /||* < 4d® — 4d® = 0.
Hence ¢y’ = y. O

Ezample 7.7. Consider the real Banach space H = (2, and the closed sub-
space E = {(z,0) : x € R} of H. The distance from the vector (0,1) to a
vector (x,0) € E is max{|z|,1} > 1. Hence all vectors {(z,0) € E : |z| < 1}
are closest to (0,1).

Note that £2 is not an inner product space (cf. Example 7.4).

The statements of Theorems 7.7 and 7.8 are illustrated by the drawing in
Fig. 7.1.

EJ_

XA~ """

AN 7S
o

o

Fig. 7.1 Orthogonal decomposition.

Theorem 7.8. If E is a closed subspace of a Hilbert space H, then

H=E®E"*.
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Proof. By the result of Exercise 7.19(c), E*+ is a closed subspace of H. If
r € E and x € E*, then (z,2) = 0. Hence x = 0. Therefore, E N E+ = {0}.
For z € H, let x1 € E be its projection onto E (cf. Theorem 7.7). Then

|z — 1] < ||z = (z1 + ko), for every v € Eand k € F,
because x1 — kv € E. Put 23 = x — x1. Then
llza|| < [Jz2 — Ekvl|, for every v € Fand k € F.

By Theorem 7.6, zo L v. Because v is an arbitrary vector in E, the vector zo
belongs to E-+. Since & = x1 + 2, we have proved that H = E @ E*. O

The following example shows that Theorem 7.8 does not hold in general
for incomplete inner product spaces (cf. Exercise 7.20).

Ezample 7.8. Let X be the space C[—1,1] of real continuous functions on
[—1, 1] with the inner product defined by

1
(z,y) = / x(t)y(t) dt, for x,y € C[-1,1]

—1
(cf. Example 7.2). Consider the subspace
E={xe X :z(t)=0,te[-1,0]}

of X. This subspace is closed (cf. Exercise 7.20).

Let y be a nonzero function in E+. We may assume that there exists
to € (0,1) such that y(tp) > 0. Because y is a continuous function, there
exists d > 0 such that y(¢) > 0 on [ty — d,to + ] C (0,1).

Define € E as a continuous piecewise linear function on [—1,1] with
nodes at (—1,0), (to — 0,0), (to,y(t0)), (to +9,0), and (1,0) (cf. Fig. 7.2).
Clearly, z(t)y(t) is positive over the interval (o — 0, to+6) and zero otherwise.
We have

1 to+6
@) = [ atutya= [ aoyed>o

—1 to—0

contradicting our assumption that y € E+. It follows that
Et={zxeX:a(t)=0,tec0,1]}.

Because E @ E+ = {z € X : 2(0) = 0} # X (cf. Exercise 7.20), the direct
decomposition theorem does not hold for the subspace E.

Let E be a nonempty subset of a Hilbert space H. Because L (orthogo-
nality) is a symmetric binary relation on H, every element of F is orthogonal
to E+. Hence, E C (E+)* = E++. If E is a closed subspace of H, then by
Theorem 7.8,
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¥(to)

-1 0 tp-86 ty tp+d1

Fig. 7.2 The function z in Example 7.8.

H=E®E"-=E"®E"".

Hence E cannot be a proper subspace of E++. We established the following
corollary of Theorem 7.8.

Corollary 7.1. If E is a closed subspace of a Hilbert space H, then E++ =
E.

For a nonempty subset S of a Hilbert space H, its closed span is the set
span S, which is a closed subspace of H. Let E=span S. Because S C S+,
and S*1 is a closed subspace of H, it follows that £ C S*+*. On the
other hand, S C E clearly implies £+ C S+, which in turn implies, by
Corollary 7.1,

llcpli_pg
We have proved another corollary:

Corollary 7.2. For a nonempty subset S of a Hilbert space H, its closed
span is ST

7.3 Orthonormal Sets

FEzxzample 7.9. We showed in Example 7.1 that the Banach space {5 with the
inner product defined by

)
(@.9) =D 4T,
k=1

where x = (z,,) and y = (y,,) are vectors in fs, is an inner product space. Let
(en) be the standard Schauder basis for ¢2 (cf. Exercise 4.3). Every vector
x = (z,,) in the space ¢ admits the following expansion:
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oo
xr = E €.
k=1

The vectors in (e;,) satisfy the conditions
llen|| = 1, for all n, and (e;,e;) =0, for all i # j.
By the continuity property of the inner product,
oo
(x,en) = Zwk<ek, €n) = Tn, for all n € N.
k=1
Therefore,
oo o0
Z (z,er)* = ||z||? and x = Z<x7ek>ek.
k=1 k=1

These properties of the space ¢ motivate most discussions in this section.

Definition 7.5. Let J be a nonempty set of indices. A family {e;}ics of
vectors in an inner product space X is said to be orthogonal if {(e;,e;) = 0
for all i # j in J, and it is said to be orthonormal if in addition, |le;|| = 1 for
all ¢ € J.

If the family {e;};cs is orthonormal, then the mapping i — e; is one-to-
one, so we can talk about the orthonormal set {e; : i € J}.

Ezample 7.10. The vectors of the Schauder basis (e,,) for the space ¢5 form
an orthonormal family (cf. Example 7.9).

Ezample 7.11. Let X be the vector space C[—m,m| of real continuous func-
tions on the interval [—m, 7] with the inner product defined by

(x,y) = /7T x(t)y(t) dt, for z,y € C[—m, 7]

—Tr

(cf. Example 7.8). The family

{%sin(nt), %Cos(nt)’ \/%?}nEN

is orthonormal (cf. Exercise 7.24).

An immediate property of an orthonormal family of vectors is the result
of the following lemma.

Lemma 7.1. An orthonormal family {e;}jes of vectors in an inner product
space X s linearly independent.



7.3 Orthonormal Sets 163

Proof. Consider the equation
Z )\iei = O,
€A

where A is a finite subset of J and {\;}ica is a family of scalars. For every
j € A we have

0= <Z)\¢61,€j> == Z}\i<67;76j> == )\j.
i€A i€A
The result follows, because A is an arbitrary finite subset of J. O

Note that an orthogonal family is linearly dependent if it contains the zero
vector.

We adopt the following definition of summability of a family of vectors in
a normed space. (See also Section A.1.)

Definition 7.6. A family of vectors {x;};cs in a normed space X is said to
be summable with sum x € X if for every € > 0, there exists a finite subset
A of the set J such that

HZ‘ — Z iz

i€B

<e

for every finite set B with A C B C J. If {x;},c; is summable with sum z,

we write Y ., x; = .

ieJ
We can apply this definition to the one-dimensional real normed space R
to obtain the concept of a summable family of real numbers. The following

lemma gives a convenient criterion for summability of families of nonnegative
numbers.

Lemma 7.2. Let {a;};cs be a family of nonnegative numbers such that all
finite partial sums are bounded by the same number M, that is,

Z a; < M, for all finite sets A C J.
icA

Then the family {a;}ic is summable with sum a = sup 4 Y, 4 a;, where the
supremum is taken over the family of all finite subsets of J. Furthermore,

Zai é M.
icJ

Proof. By the definition of supremum, for every € > 0, there is a finite subset
A of J such that
a— Z a; < €.

i€A



164 7 Hilbert Spaces

Let B be a finite subset of J such that A C B. Inasmuch as the numbers q;
are nonnegative, we have Y., a; < .5 a;. Hence

a—Zaiga—Zai <e.
i€B i€A
The result follows. O

The following property of families of nonnegative numbers is known as the
“principle of comparison.” The proof of this property is left to the reader
(cf. Exercise 7.25).

Lemma 7.3. Let {a;}icy and {b;};cs be two families of nonnegative numbers
such that a; < b; for all i € J. If the family {b;}ics is summable, then so is

{aities, and

ieJ ieJ
It can be shown that for a countable set J and every enumeration of its
elements J = {i1,42,...}, one has

o0
E a; = E aik
k=1

JjeJ

for a summable family of nonnegative numbers {a;}ics (cf. Exercise 7.28).
(This follows from the “rearrangement theorem” for absolutely convergent
series in real analysis.)

Lemma 7.4. For an arbitrary set J, there are at most countably many
nonzero elements in the summable family of nonnegative numbers {a;}icy.

Proof. Indeed, let J' = {i € J : a; > 0}. Then J' = (J,—, Ji, where
Jo={ieJ:a;>1/k}.

Clearly, each set J is finite. Hence J’ is at most countable. O

We will need another property of summable families of scalars. Informally,
it shows that zero terms do not contribute to the sum of a summable family.

Lemma 7.5. Let {a;}ics be a family of numbers and Jy = {i € J : a; # 0}.
If the family {a;}ic j, is summable with sum a, then {a;}ics is summable with
the same sum.

Proof. For e > 0, let A be a finite subset of .Jy such that |a—3, 5 a;| < ¢ for
every finite subset B of Jy such that A C B. Note that A C .J. Let B’ be a
finite subset of .J containing A and B = B'N.Jy. Clearly, >, p ai = D, g Gi.
Hence |a — ;. p ai| < &, which proves the desired result. O

The result of the following lemma generalizes arguments in Example 7.6.



7.3 Orthonormal Sets 165

Lemma 7.6. Let {e;};cs be an orthonormal family in an inner product space
X. For every nonempty finite subset A of J and x € X, we have

(x — Z(a:, ei>ei) Ley, for allk € A.

€A
In particular, the vector x — Y. s (w,e;)e; is orthogonal to ), 4 (7, ei)e;.

Proof. We have

(x — Z(z,ei>ei,ek> = (z,er) — (x,ex) =0,

i€A
because {e;};c4 is an orthonormal family. The result follows. O

Theorem 7.9. (Bessel’s inequality.) Let {¢;};cs be an orthonormal family
of vectors in an inner product space X. Then for every x € X, one has

> e el < . (7.12)

icJ

Proof. Let A be a finite subset of J. Consider the vector

Y= Z<I,€i>6¢

i€A

and let z = z—y. By Lemma 7.6, z 1 y. By applying the Pythagorean theorem
(cf. Exercise 7.21), we obtain

2] = Nz +yl* = 21 + llyl* = 1211 + D 1w, el

€A
Because ||z]|? > 0, we have
> e < )|
€A
The result follows from Lemma 7.2 (with M = ||z|?). O

Definition 7.7. The inner products (z,e;) in (7.12) are called the Fourier
coefficients of x with respect to the orthonormal family {e;}ic .

Note that by Lemma 7.4, there is at most a countable number of Fourier
coefficients of a vector with respect to an orthonormal family in an inner
product space.
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Ezample 7.12. For the family {e}ren of vectors in the Schauder basis for
the space 2, we have equality in (7.12) (cf. Example 7.9). However, for z = e;
and the orthonormal set {es, es, ...}, we have strict inequality:

o0
Z\el,ek :O<||€1H2:1
k=2

The strict Bessel’s inequality in Example 7.12 is not surprising. Indeed,
if z is a nonzero vector in an inner product space that is orthogonal to the
orthonormal family {e;};es, then the left-hand side in (7.12) is zero, whereas
lz|]| # 0. In this case, one may say that {e;};cs is not “big enough” to
produce equality in Bessel’s inequality. The following definition addresses
this problem.

Definition 7.8. An orthonormal family {e;};cs in an inner product space
X is said to be total if its orthogonal complement in X is the zero vector.

Lemma 7.7. If E = {e; : i € J} is a total orthonormal set in a Hilbert space
H, then span E = H.

Proof. Suppose that span E' is a proper closed subspace of H. Then by The-
orem 7.8, the orthogonal complement of this subspace contains a nonzero
vector, which contradicts the totality of the set . Hence span £ = H. [

Theorem 7.10. For a total orthonormal family {e;};c; in a Hilbert space H
and a vector x € H, the family {(x,e;)e;}icy is summable with sum x, that

Z(m, e;)e; = . (7.13)

ic€J

7

Proof. By Lemma 7.7, for ¢ > 0, there exist a finite set A C J and a family
of scalars {\;};ca such that

Ha: — Z i€

i€A

For every finite subset B of J such that A C B, we have

2
Hx—z/\iei = H:z:—z T, e; 614’2 x,e;)e; Z)\ e;
€A i€EB i€EB €A
By Lemma 7.6, the vectors

T — Z<$,6i>€¢ and Z (x,e5)e; Z)\ e;

i€B i€EB i€A

are orthogonal. (Note that A C B.) Therefore, by the Pythagorean theorem,
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2
H:c—Z)\iei :Hx—erleZ —I—Herz e; Z)\el
€A i€B

Hence,

7

Hx— (x,e:)e x—g i€

i€EB €A

and the result follows (cf. Definition 7.6). O

Definition 7.9. A total orthonormal family {e;};cs in a Hilbert space H is
called a Hilbert basis of H.

Note that the numbers (z,e;) in (7.13) are the Fourier coefficients of x
with respect to the Hilbert basis {e;};cs (cf. Definition 7.7).

Theorem 7.11. (Parseval’s identity.) An orthonormal family {e;}ics in a
Hilbert space H is a Hilbert basis of H if and only if the family {|{x, e;)e;|* }ics
is summable for every x € H, and

>l en)l® =iz, (7.14)

icJ

Proof. (Necessity.) By Theorem 7.10, z = ), ;(x, e;)e;. Therefore, for every
e > 0, there exists a finite set A C J such that

Ha: - Z(;&ei)ei

i€B

for every finite set B such that A C B C J. Note that by the Pythagorean

theorem,
| Yt eder]| =3 ltw,en
i€B

i€B
By Lemma 7.6, the vectors x—3 .. 5 (7, e;)e; and ), 5 (x, e;)e; are orthog-

onal. Hence
ol = ||e — " exes]|
i€B

i€B
It follows that

[lall? = 3 I, ea) 2| < e,
i€B
for every finite subset B of J such that A C B. Thus {|{z,e;)|*}ics is
summable with sum ||z|? (cf. Definition 7.6).
(Sufficiency.) Suppose that (7.14) holds for every x € H, but the family
{ei}ics is not total. Then there exists a nonzero vector x € H that is orthog-
onal to every vector in the family {e;};cs. For this vector x, the left-hand side
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of (7.14) is zero, whereas the right-hand side is ||z||? # 0. This contradiction
proves that {e; };c is a Hilbert basis of H. O

Theorem 7.12. Fvery Hilbert space has a Hilbert basis.

Proof. Let D be the family of all orthonormal sets of H, partially ordered by
inclusion. This family is not empty, because for a nonzero vector x € H, the
vector e = x/||z|| trivially forms an orthonormal set {e} in H. Every chain
in D has a maximal element, namely the union of all sets in the chain. By
Zorn’s lemma, D has a maximal orthonormal set E = {e; : i € J}. We prove
that F is a total set. If not, then there exists a nonzero vector y € H that is
orthogonal to all vectors in E. Clearly, the set EU{y/||y||} is an orthonormal
set different from E and containing E. This contradicts the maximality of E.
The result follows. 0

The “canonical” example of a Hilbert space is the space f5, which has a
countable Hilbert basis (cf. Example 7.10). Recall that the finite-dimensional
space ¢4 is the n-dimensional Euclidean space. The following example is an
“uncountable” version of the space ¢s.

Ezample 7.13. Let J be an uncountable set and ¢5(.J) the set of all functions
f :J — F such that the family {|f(i)|?}ics is summable. For f,g € f5(J),
the inner product is defined by

(fog) =D F()9(0).

icJ
This construction is justified in Appendix A.2.

Here is another example of an inner product space with an uncountable
orthonormal family of vectors.

Ezample 7.14. Let X be the vector space of all linear combinations of func-
tions in the family {¢?*},cr defined on R. We define (for A > 0)

. 1
<f’ g> - AEIEOO ﬂ

A —
| g forngex.

—A
It can be shown that the family {e?*}\cr is a total orthonormal family in
the inner product space X (cf. Exercise 7.29).

Let H be a separable Hilbert space and S a countable dense subset of
H. By Theorem 7.12, there exists a basis {e;};cs in H. Consider the family
{B(e;,\/2/2)}ics of open balls in H. It is clear that the balls in this family
are disjoint. Each of these balls contains a vector from .S, and all these vectors
are distinct. Inasmuch as S is a countable set, the set J is at most countable.
We have established the following result.
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Theorem 7.13. Every basis of a separable Hilbert space is at most countable.

We used Zorn’s lemma in our proof that every Hilbert space has a basis
(cf. Theorem 7.12). In the case of separable Hilbert spaces, this result can be
established using the “Gram—Schmidt process,” which is also an important
tool in other applications.

Theorem 7.14. (Gram—Schmidt process.) Let {z1,...,2,} be a set of
linearly independent vectors in an inner product space X. Then there exists
an orthonormal set {ey,...,e,} such that for every 1 <k <mn,

span{xy,...,xr} = span{ey,...,ex}. (7.15)

Furthermore, if {x1,x2,...} is a countable set of linearly independent vec-
tors in X, then there exists a countable orthonormal set {e1,es,...} in X
such that (7.15) holds for every k € N and

span{xy,zs,...} = span{ey,es,...}.

Proof. The proof of the first claim is by induction on k. For k£ = 1, we set
e1 = z1/||z1]]. Equality (7.15) holds trivially.

Suppose that there is an orthonormal set {ej,...,ex} such that (7.15)
holds. By Lemma 7.6, the vector

k
Y=Tr— Y (Thi, )6
i=1
is orthogonal to all vectors in the set {ey,...,ex}. We define ex11 = y/||y|-
It is not difficult to verify that
Tr+1 € Span{ela sy €y ek+1}
and
ekt1 € span{xy, ..., Tk, Try1}
Therefore,
Span{xh s ,l'k_i,_l} = Spa‘n{ela €2, .., ek-i—l}a

and the result follows by induction.
To prove the second claim of the theorem, it suffices to note that

o0
span{zy,a,...} = U span{xy,..., oL}
k=1

and

(o]
span{ey, ea,...} = U span{ey,...,ex}
k=1
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and apply (7.15). O

We apply the Gram—Schmidt process to construct a basis of a separable
Hilbert space from a linearly independent set.

Let H be a separable Hilbert space and S a countable dense subset of
H. Using elementary linear algebra (cf. Exercise 7.31), one can show that
S contains a linearly independent subset L such that span L = spanS. By
Theorem 7.14, there is an at most countable orthonormal subset E of H such
that span E = span L. We have

H =S =span S = span L = span F,

which means that E' is an orthonormal basis of H.
We conclude this section by establishing an important result about sepa-
rable Hilbert spaces.

Theorem 7.15. Every separable infinite-dimensional Hilbert space is iso-
morphic to {s.

Proof. Let H be a separable infinite-dimensional Hilbert space. Choose an
orthonormal basis {e} }xen of H and define an operator T : H — {5 by

o0
Zaﬁek e ((z,€)), ..., (z,e})...).
k=1

Clearly, T is a linear mapping. By Parseval’s identity (cf. (7.14)), T is an
isometry from H onto a complete subspace L (cf. Exercise 2.46) of ¢5. Inas-
much as Tej = e for all k € N, the subspace L contains all vectors of the
orthonormal basis of f5. Hence L+ = {0}, which implies T(H) = L = /5. It
follows that T is an isomorphism. O

Corollary 7.3. All separable infinite-dimensional Hilbert spaces over the
same field are isomorphic.

7.4 Linear Functionals on Hilbert Spaces

As was shown in Section 5.1 (cf. Corollary 5.1), the dual of the normed space
f5 is isomorphic to the space ¢5 itself. In this section we establish a similar
result for Hilbert spaces.

Theorem 7.16. (Riesz representation theorem.) Let H be a Hilbert
space and H* its dual. For every f € H*, there exists a unique y € H
such that

f(z) = (z,y), for everyx € H. (7.16)



7.4 Linear Functionals on Hilbert Spaces 171

Proof. For f € H*, let Hy be the null space N(f) of f. If Hy = H, then f is
the zero functional, and we may choose y = 0 in (7.16).

Otherwise, let Hy = Hi . Because H; = N(f) is a closed subspace of H
(cf. Corollary 4.1), we have, by Theorem 7.8, H = H; & Hs. Let yo be a
vector in the subspace Hs such that ||y|| = 1. For every vector x € H, we

have
(o f@ S
(z,v0) —< o0 % T T yo,yo>
[, 1@ /() @)
(= Fogapman) + s aman) = 0
because

f(z)
f(yo)

Let y = f(yo) yo. Then (z,y) = f(x) for all x € H.
To prove uniqueness of the representation, suppose that

yo € N(f) = Hy and yo L Hy.

f(x) = (z,y1) = (z,2), for all x € H.
Then (z,y; — y2) = 0 for all x € H, which implies (y; — y2) € H+ = {0}.
Hence y; = yo. 0

By the Riesz representation theorem, every linear functional on a Hilbert
space H is of the form f,(z) = (z,y), where y is a unique vector in H, so
there is a one-to-one correspondence T between elements of H and its dual
space H*.

Theorem 7.17. The correspondence T : H — H* defined by y — f,, y € H,
is a conjugate-linear isometry.

A general remark is in order. For vector spaces X and Y over F, an oper-
ator T': X — Y is said to be conjugate-linear if

Tu+ pv) = ATu+paTv

forallu € X, veY, and \,u € F. If F is the field of real numbers, then a
conjugate-linear operator is just a linear one.

Proof. For u,v € H and A\, u € F, we have
TAu+ wv)(z) = (2, \u+ pv) = Mo, u) + iz, v) = XTu + 1 To.

Therefore, T' is a conjugate-linear map.
Furthermore, by the Cauchy—Schwarz inequality (cf. (7.5)),

[fy (@) = [{z,9)] < [lz]llyl,
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implying || f,|| < |ly||. On the other hand,

Iy = (. 9) = fuw) < I£ulllyl,

so || fyll = lly|l- Hence || fy|| = ||y||. It follows that T is an isometry. O

Theorem 7.18. The space H* s a Hilbert space with the inner product
defined by
Tz, Ty)1 = {y, ), for allz,y € H, (7.17)

where T is as in Theorem 7.17. The space H is reflexive.

Proof. Tt can be readily verified (cf. Exercise 7.33) that (7.17) defines an inner
product on H* that induces a norm on H*. As a dual space, H* is complete
and therefore is a Hilbert space.

To establish the reflexivity of H, we need to show that the canonical
mapping C' : H — H** (cf. Definition 5.2) is surjective. For ¢ € H** we
have, by the Riesz representation theorem,

g(fy) = (Ty,Tx); = (x,y) = fy(ar), for some x € H.

Hence Cx = g, and the result follows because g was an arbitrary element of
the space H**. O

7.5 Sesquilinear Forms

According to the Riesz representation theorem, bounded linear functionals
on a Hilbert space are completely determined by the inner product. In a
similar way, bounded linear operators on Hilbert spaces are determined by
two-variable functions called “sesquilinear forms.”

Definition 7.10. Let X and Y be vector spaces over the field F. A sesquilin-
ear form is a function S : X xY — F such that for all z,z1,20 € X,
Y, y1,y2 € Y, and A, Ao € F, we have

S(Mz1 + Aexo,y) = MS(21,y) + A2S(22,y)

and
Sz, My1 4+ Aay2) = MS(z,y1) + AaS (2, y2).

Thus the sesquilinear form S is linear in the first variable and conjugate-
linear in the second variable. This is why this function is called sesquilinear,
which means “one and a half linear.”
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If X and Y in Definition 7.10 are normed spaces and there exists a real
number C such that

Sy < Cllalllyl,  forallz € Xandy € Y,

then S is said to be bounded. In this case, the number

151 = sup{[S(z,y)| : [l«] =1, [lyll = 1}

is called the norm of S. (The reader may want to compare these definitions
with definitions of operator and functional norms in Section 4.2.)
Clearly, the inner product on an inner product space X is a sesquilinear
form on X x X. By the Cauchy—Schwarz inequality, this form is bounded.
For a bounded sesquilinear form S, we have

1S(, ) < ISl [yl
(cf. Exercise 7.34).
Theorem 7.19. Let Hy and Hs be Hilbert spaces and
S:Hy xHy —F

a bounded sesquilinear form. Then there exists a bounded linear operator T
from Hy into Hs such that

S(z,y) = (Tz,y), (7.18)

forallz € X and y € Y. This operator is uniquely determined by S and has
the same norm as S':
7] = 1IS]]. (7.19)

Proof. For a fixed € Hy, the function S(z,y) is a linear functional on H.
Therefore, by the Riesz representation theorem, there exists z € Hy such that

S(z,y) = (y, 2),

which yields
S(z,y) = (y,2) = (2,9),

where z is unique but depends on the fixed x € H;. We define Tz = z, which
immediately implies (7.18). It remains to show that T is the desired operator.
First, we show that T is a linear operator. Indeed,

(T(Aiz1 + Aoxa),y) = S(Az1 + Aozo,y) = M S(21,y) + AaS(22,y)
= M (Tx1,y) + Ao(Tw2,y) = (MTw1 + XoTxa,y),

for all y € Hy. By Exercise 7.32, we obtain
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T()\1$1 + )\21’2) = )\1T1’1 + )\2T1’2.

Second, we show that 7" is bounded. We may assume that 7" # 0. In this
case, there exists x € X such that Tx # 0. We have

151 = sup{[S(z, y)| - =]l = 1, lyll = 1}
sup{[(Tz, y)| : [lz]| = 1, [|y[l = 1}

> sup{[(Tz, Tx/||Tz[))] : ||| = 1, Tz # 0}
= sup{||T[| : [|=[| = 1} = |-

(Note that (Tx, Tx/||Tx|) = ||Tx].)
Finally, we prove (7.19). By applying (7.18) and the Cauchy-Schwarz
inequality, we obtain

151 = sup{|(Tz,y)| : ||=[| = L, [lyll = 1}
< sup{[[Tll|=[lllyll : [l = 1, [lyll = 1} = [ T1].

The last two displayed inequalities yield ||T']] = ||.S]]. O

7.6 Hilbert-Adjoint Operator

The notion of the adjoint operator plays an important role in linear algebra,
where it is used to describe important classes of operators on inner product
spaces, especially, in connection with the spectral theorem. The adjoint of a
linear operator T : X — Y, where X and Y are inner product spaces, is the
operator T : Y — X such that

(Tz,y) = (2, T"y),
for every z € X and every y € Y.

Ezample 7.15. The inner product on the Euclidean space ¢4 is defined by

n
k=1

(cf. (7.1)). It is known from linear algebra that the adjoint of a linear map
defined by a matrix A is given by the conjugate transpose matrix A* = At
Note that A* = A® in the real case.

Consider now a linear operator T : H; — Hy, where H; and Hs are Hilbert
spaces. If we want to extend the definition of adjoint to operators on Hilbert
spaces, it is natural to look for an operator S : Hy — H; such that
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(Tz,y) = (z, Sy), (7.20)

for all z € Hy; and y € Hy. The following theorem shows that the algebraic
condition (7.20) is strong enough to imply the continuity of operators T'
and S.

Theorem 7.20. Let H, and Hy be Hilbert spaces. If the operators
T:H, — Hy and S:Hy — Hy
satisfy the equation
(Tz,y) = (x, Sy)
for allx € Hy and y € Ha, then T and S are bounded.

Proof. We prove that T is bounded by applying the closed graph theorem
(cf. Theorem 6.6). The proof for the operator S is similar.

Let (z,) and (Tx,) be sequences such that z, — = and Tz, — y in H;
and Hs, respectively. For every z € Hs, we have

(y,z) = lim (Tx,, z) = lim (x,,Sz) = (z,Sz) = Tz, z),

n—oo n—0oo

because inner products are continuous functions. It follows that Tx = y. By
Theorem 6.6, T' is a bounded operator. O

The following corollary is known as the Hellinger—Toeplitz theorem. An
operator T on a Hilbert space H is said to be symmetric if (Tz,y) = (x,Ty)
for all x,y € H.

Corollary 7.4. A symmetric operator on a Hilbert space is bounded.
The result of Theorem 7.20 motivates the following definition.

Definition 7.11. For Hilbert spaces H; and H, and a bounded operator
T : Hy — Hs, the Hilbert-adjoint operator T of T is the operator

T*ZH2—>H1

such that
(Tx,y) = (z, T"y), for all x € Hy,y € Ho. (7.21)

(Note that the inner products on the left- and right-hand sides of the above
equation are on the spaces Hy and Hy, respectively.)

Theorem 7.21 justifies this definition.

Theorem 7.21. The Hilbert-adjoint T* of T (cf. Definition 7.11) exists, is
unique, and s a bounded linear operator with the norm

17 = IT1l-
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Proof. The function S(y,z) = (y,Tz) on Hs x H; is a sesquilinear form.
Indeed, it is clearly linear in the first argument and conjugate-linear in the
second argument. By the Cauchy—Schwarz inequality, S is a bounded form:

15(y, )| = [y, To)| < lylllI =[] < T[]yl

Hence [|S|| < ||T||-
Furthermore, for z € H; and y € Hs,

1] > 5@l _ [y, Ta)l

izl Iyl

By taking y = Tz in the above inequality, we obtain

IS] > [Tz, Tz)| _ |[Tz]
B A 1 O |

By the definition of ||T'||, we have ||S|| > ||T||. By combining this inequality
with the last inequality in the preceding paragraph, we obtain ||S|| = ||T]|.
By Theorem 7.19, there exists a unique operator 7" : Ho — H; such that

S(y,x) = Ty, x), for allz € Hy and y € Ho,

and |T*|| = ||S||, which implies [|T*|| = ||T]|. From the above displayed
equality, we obtain

(y, Tx) = (T"y,x), for all z € Hy and y € Ho,
which is equivalent to
(Tz,y) = (x, T"y), for all z € Hy and y € Hs.
Therefore, T* is the Hilbert-adjoint of T O

Ezample 7.16. Let S and T be the right and left shift operators on the Hilbert
space {5 defined by

S (z1,29,23,...) — (0,21, 22,...)

and
T: (x1,22,23,...) — (T2, T3, Ta,...)

(cf. Example 4.4). Tt is easy to verify that S and T are linear operators and
[IS] = IT|| = 1 (cf. Exercise 4.9). We have

<$7SZU> = $2m+$3172+ = <T$7y>7

for all z,y € ¢5. Hence T* = S.
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There are useful properties of Hilbert-adjoint operators, some of which are
known from linear algebra.

Theorem 7.22. Let H be a Hilbert space, S : H — H and T : H — H

bounded linear operators, and X a scalar. Then

a) (S+T) =S +1T%,
) (AT)" = AT~
) (ST)" =T"S",
d) T =T,
) IT*T = |T?

Proof. Parts (a) and (b) follow immediately from (7.21) and Exercise 7.32,
which we also use below for parts (¢) and (d) of the theorem.
For all x,y € H, we have

(ST z,y) = (x, STy) = (S*x, Ty) = (T*S*x,y),
so (ST)* =T*S*, and

(T, y) = ((T) ", y) = (2, T"y) = (T, y),

soT* =T.
Finally, for part (e), we have (cf. Exercise 4.11)

17T < [T N7 = |17,
and by the Cauchy—Schwarz inequality, for every x € H,
|IT2|* = (T2, Tz) = (T"Tw,2) < |T* Tl < |T*T| ||,

which implies |T||? < || T*T||. Hence | T*T|| = ||T||*. O

Recall that we denote by N(T') the null space of an operator T': H — H.
Similarly, we denote by R(T") = T'(H) the range of T.

Theorem 7.23. For all bounded linear operators T : H — H,

(a) N(T*) =R(T)*,
(b)  N(T) = R(T*)*.

Proof. For x € H, we have x € N(T™*) if and only if T*z = 0, which occurs if
and only if (T*xz,y) = 0, for all y € H, which occurs if and only if (x, T'y) = 0,
for all y € H, which occurs if and only if x € R(T)*.

By replacing T by T* in part (a), we prove part (b), because
T =T. U
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7.7 Normal, Self-adjoint, and Unitary Operators

In this section we introduce three major classes of bounded linear operators
on a Hilbert space and establish their properties. In the finite-dimensional
case, these classes are well known from linear algebra.

Definition 7.12. A bounded linear operator T' on a Hilbert space H is said
to be

1. normalif TT* =T*T,
2. self-adjoint if T* =T,
3. wnitary if TT* = T*T = I, where I is the identity operator on H.

It clear from the definition that self-adjoint and unitary operators are
normal.

Ezample 7.17. For a given a = (a,) € {~, define an operator T, : 5 — {5 by
To(xn) = (apxy), for (z,) € £s.

Clearly, T, is a linear operator, and

ITa(za)llz = | D lanzal? < l(an)llocll(za) 12
k=1

shows that T, is bounded. For all x = (z,,) and y = (y,) in the Hilbert space
{5, we have

oo (o)
(Tow,y) =D (axwr)Te = Y wnak g = (@, Try),
k=1 k=1

where @ = (@,,). Hence T} = T5.
Because T, Ty, = TyT, = Ty, for all a,b € £, it follows that T, is normal.
Note that in the real case, T = T, so T, is self-adjoint.

Example 7.18. Let S and T be the right and left shift operators on /¢
(cf. Example 7.16). We have

SS* = 8T : (x1,22,23,...) — (0,29, 23,...)

and
S*S =TS : (x1,22,23,...) — (x1,22,23,...).

It follows that S and T are not normal operators.

In the following example we present a sample of operators that illustrate
relations between classes of normal, self-adjoint, and unitary operators. For
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simplicity’s sake, we consider the Hilbert space ¢3 with a standard basis, and
represent operators by their matrices with respect to this basis. The reader
should verify the statements in this example (cf. Exercise 7.41).

Ezxample 7.19.

(A) <20Z 201> normal, not self-adjoint, not unitary

(B) <(2) (2)> self-adjoint, not unitary

cos p —sinp . ..
(©) (Singa cos 5 ) 0 < ¢ < m/2 unitary not self-adjoint

(D) <(1) (1)> unitary and self-adjoint

The three major classes of bounded operators are shown schematically in
Fig. 7.3.

self-adjoint

(B)

(A) normal

Fig. 7.3 Classes of bounded operators on Hilbert space.

In the following two theorems we establish some properties of normal
operators.



180 7 Hilbert Spaces

Theorem 7.24. An operator T on a Hilbert space H is normal if and only
if |Tx|| = || T*x| for all z € H.

Proof. (Necessity.) Suppose that T': H — H is a normal operator, that is,
TT* =T*T. We have

|Ta]? = (Ta, Ta) = (T Ta,a) = (TT"x,2) = (T, T"z) = | T"z|?,

so |[Tz|| = ||T*x|| for all x € H.
(Sufficiency.) First, suppose that || Tz| = ||[T*x| for all  in a complex
Hilbert space H. Then

ITall? = (T2, Tw) = (7T, 2)
and
|T*x||* = (T*2, T*x) = (TT*z, ).

Therefore, (T*Tx,x) = (TT*z,z) for all x € H, so (T*T —TT*)z,z) = 0,
for all z € H. By the result of Exercise 7.36, T*T = TT*; hence T is normal.

Suppose now that H is a real Hilbert space and ||Tv| = ||T*v| for all
v € H. We have

ITw + Tyl — |IT2]]? - | Tyll? = 2(Tw, Ty) = 2T*Ta,y)
and
1T + T*y)2 = | T*2]]2 — |Ty|12 = AT*2, T*y) = 2TT 2, y).
Inasmuch as ||Tv|| = ||T*v|| for all v € H, we obtain (T*Tx,y) = (T'T*z,y),
for all z,y € H, which implies T*T = TT* (cf. Exercise 7.32). O

The results of the next theorem are concerned with the eigenvalues and
eigenvectors of normal operators. Let us recall that a scalar A € F is called
an eigenvalue of a linear operator T on a vector space X if there exists a
nonzero vector x € X such that Tx = Az. If A € F is an eigenvalue of
a linear operator T' : X — X, then a nonzero vector x € X is called an
eigenvector of T corresponding to A if Tx = Ax.

Theorem 7.25. Let T be a normal operator on a Hilbert space H. Then:

(a) If x € H is an eigenvector of T with eigenvalue A, then x is also an
eigenvector of T with eigenvalue \.
(b) Eigenvectors corresponding to distinct eigenvalues are orthogonal.

Proof. (a) The operator T'— AI is normal (cf. Exercise 7.43). Therefore, by
Exercise 7.42 and Theorem 7.24,

0= (T = Azl = |(T* = M) .
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It follows that x is an eigenvector of T* corresponding to the eigenvalue \.
(b) Let = and y be eigenvectors of T' corresponding to distinct eigenvalues
A and g, so Tx = Az, Ty = py, and X # p. By part (a) of the theorem,

Mz, y) = (Az,y) = (Tz,y) = (z, T"y) = (z, 1y) = p{z,y).

Because A # p, it follows that (z,y) = 0. Hence x L y. O

Because self-adjoint operators are normal, they have properties that were
established in the previous two theorems. Additional properties that are spe-
cific to self-adjoint operators are the subject of the next two theorems.

Theorem 7.26. Let T' be a bounded operator on a Hilbert space H. Then:

(a) If T is self-adjoint, then (Tx,x) is real for all x € H.

(b) If the space H is complex and (Tx,x) is real for all x € H, then T is
self-adjoint.

(c) If T is self-adjoint, then all eigenvalues of T are real.

Proof. (a) For every x € H, we have

(Tx,z) = (x,Tz) = (Tz,z).

Hence (T'z,x) is real.
(b) If (T, x) is real for all z € H, then

(Tz,z)y = (Tz,z) = (x, T*x) = (T"x,x),

for all x € H. Because H is complex, T* =T (cf. Exercise 7.36). 7
(c) Suppose that T'w = Az for some x # 0. By Theorem 7.25(a), Tz = Az.

Hence, Az = Az, which implies A = A, because x # 0. ]

Theorem 7.27. The product of two self-adjoint operators S and T on a
Hilbert space is self-adjoint if and only if the operators commute, that is,
ST =TS.

Proof. By Theorem 7.22(c),
(ST)" =T*S*=T5,
because S and T are self-adjoint. Therefore,
(ST)" = ST if and only if ST =TS,

whence the result. O

Traditionally, unitary operators on a Hilbert space are denoted by U. In
what follows, we discuss some properties of unitary operators. First, we estab-
lish equivalent descriptions of the unitary operators.
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Theorem 7.28. For a bounded linear operator U on a Hilbert space H, the
following statements are equivalent:

(a) U is a unitary operator.
(b) U is a bijection and (Uzx,Uy) = (x,y) for all x,y € H.
(¢) U is a bijection and |Uz|| = ||z|| for every x € H.

Proof. (a) implies (b). For every © € H, x = UU*x = U(U*z). Hence U
maps H onto H. Furthermore,

(Ux,Uy) = (x,U"Uzx) = (z,y), for all x,y € H,

because U*U = I.

(b) implies (c). Obvious.

(¢) implies (a). First, suppose that H is real. By Theorem 7.3 (polarization
identities), for all z,y € H,

(U"Uz,y) = (Uz,Uy) = §(|Uz + Uy|* = Uz - Uy|*)
= il +yl* = o = ll*) = (x,9).

Hence U*U = I (cf. Exercise 7.32).

If H is a complex space, then the complex part of Theorem 7.3 yields the
same result: U*U = I.

Because U is onto and preserves norms, it is an isometry of H onto itself.
Hence U is invertible. Because U*U = I, we have U* = U~!, which implies
UU* = I. Therefore, U is a unitary operator. O

Corollary 7.5. A unitary operator U : H — H is an isomorphism (cf. Def-
inition 7.2) of the Hilbert space H onto itself. It is called a Hilbert automor-
phism of H.

7.8 Projection Operators

Now we turn our attention to projection operators on a Hilbert space H. Sup-
pose that E is a closed subspace of H. According to Theorem 7.8, there is a
decomposition H = E@® EL, that is, every € H has a unique representation

r=u+v, ueE, ve Bt (7.22)

The vector v in this representation is said to be the projection of x (cf. The-
orem 7.7) onto the subspace E.

Because u in (7.22) is unique, the operator P : z — u is well defined.
Clearly, it is a linear operator on H. The operator P is called a projection
(or more specifically, the projection of H onto F) and sometimes denoted
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by Pg if projections onto different subspaces are considered simultaneously.
Note that Pggy = 0, the zero operator, and Py = I, the identity operator.
Inasmuch as Pz € F for all x € H, we obtain P(Pz) = P?z = Pz for all
x € H. Hence
P?=P.

An operator P satisfying this condition is said to be idempotent.
We write (7.22) as

x=Px+ (I — P)zx, for allz € H,
and apply the Pythagorean theorem (cf. Exercise 7.21) to obtain
|z||* = | Pz|* + ||(I — P)z|?, for allz € H.

It follows that P and I — P are bounded operators. Moreover, ||P| < 1
and ||[I — P|| < 1. Because |P(Pz)|| = ||Px||, we conclude that ||P| > 1.
Therefore, ||P|| =1 if P # 0.

Theorem 7.29. A bounded operator P : H — H is a projection if and only
if P is self-adjoint and P? = P.

Proof. (Necessity.) Suppose that a bounded operator P on a Hilbert space is
an orthogonal projection, and let E = P(H). We have already proved that
P2 =Pp.

Let = u+v and 2/ = v’ 4+ v/, where u,v’ € E and v,v’ € E+. Then

(Pa,a') = (u,d +') = (u,u) = (u+v,0) = (, Pa’).

Hence P is self-adjoint.
(Sufficiency.) Suppose that P? = P = P*, and as before, let E = P(H).
The subspaces F = P(H) and (I — P)(H) are orthogonal. Indeed,

(Pz,(I = P)y) = (&, P(I - P)y) = (z,(P — P*)y) =0,
for all z,y € H. From
x=Px+ (I — P)zx, for allz € H,

we obtain (I — P)(H) = E+,s0o H=FE @& E*.
It remains to show that F is a closed subspace of H. First, we prove that
E ={x € H: Px=ux}. If Px =z, then clearly, x € E. On the other hand, if
x € E, then there exists y € H such that z = Py. The following shows that
Px = x:
Px = P*y=Py=u.
Finally, we have

NI-P)={x€H:(I-Plx=0}={xe€H:Pr=uz}=EF.
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Because I — P is a bounded operator, F is closed. O

Theorem 7.29 establishes the correspondence between projections defined
in algebraic terms with closed subspaces of a Hilbert space. The next theorem
provides a simple algebraic (and geometric) property of projection operators.
More properties of projections are found in Exercises 7.54-7.56.

Theorem 7.30. Let E and E' be closed subspaces of a Hilbert space H and
let P = Pg, Q = Pg/ be the corresponding projection operators. Then PQ
is a projection if and only if P and QQ commute, that is, PQ = QP. In this
case, PQ is the projection onto the closed subspace ENE'.

Proof. (Necessity.) Suppose PQ is a projection. Then by Theorem 7.22 (c),
PQ=(PQ)" =Q"P" =QP.
(Sufficiency.) If PQ = QP, then
(PQ)" = Q"P" = QP = PQ.
Hence PQ is self-adjoint. Furthermore,
(PQ)* = (PQ)(PQ) = PQPQ = PPQQ = PQ.

It follows that PQ is a projection.
For every x € H, we have

(PQ)x = P(Qr) = Q(Px).

We have P(Qz) € E and Q(Px) € E'. Therefore, (PQ)x € ENE', so PQ
projects H into ENE’. Ifye ENE’, theny € F and y € E', so Py = y and
Qy = y. We have

(PQ)y = P(Qy) = Py =y.

It follows that PQ projects H onto E N E’. O

Notes

The inner product generalizes the dot product—a concept well known from
Euclidean geometry and physics. In the Euclidean space R?, the dot product
of two vectors & = (z1, 22, x3) and y = (y1,y2,y3) is defined by

Y =2T1Y1 + T2Y2 + T3Y3,

and equivalently, by x - y = |@||y| cos ¥, where || and |y| are the respective
magnitudes of the vectors & and y, and ¥ is the angle between these two



7.8 Projection Operators 185

vectors. In physics, for instance, the mechanical work is the dot product of
the force and displacement vectors.

Theorem 7.7 is an instance of a more general result that can be easily
deduced from the proof of the theorem (cf. Exercise 7.23). Namely, let E be
a closed convex subset of a Hilbert space. Then for every x € H, there is a
unique y € E such that

lz = yll = d(z, E) = inf flo —ul.

According to Lemma 7.4, a family {a;};cs of nonnegative numbers is
summable in R only if the set of indices i such that a; # 0 is at most count-
able. Thus, the study of summable families reduces essentially to the study of
summable sequences. However, as examples in Section 7.3 and Appendix A
demonstrate, we have to consider possibly uncountable families in the main
theorems of Section 7.3. Our definition of summable families (cf. Defini-
tion 7.6) is adopted from Bourbaki (1966), Section 5.1.

All bases of a Hilbert space H have the same cardinality. This result can be
easily established for separable spaces (including finite-dimensional spaces).
However, for a general H this is not a simple fact. The proof can be found,
for instance, in Dunford and Schwartz (1958), (Chapter IV, Section 4, The-
orem 14). The cardinality of a basis of the space H is called the Hilbert
dimension of H. It can be proved (cf. Corollary 7.3) that every two Hilbert
spaces of the same dimension are isomorphic.

We did not prove that the space f2(J) from Example 7.13 is indeed a
Hilbert space. For this, the reader is referred to Appendix A.2.

The vector space X from Example 7.14 becomes a normed space if the
norm is defined by

If|I = sup [f()].
rzeR

The completion of X with respect to this norm is a normed space of almost
periodic functions on R (Dunford and Schwartz 1958, Chapter IV, Section 7).
Note that this norm is not the same as the norm generated by the inner
product introduced in Example 7.14.

There are unbounded operators T" on a Hilbert space in quantum mechan-
ics that satisfy the relation (Tx,y) = (z,Ty). By the Hellinger-Toeplitz
theorem (cf. Corollary 7.4), such operators cannot be defined on the entire
space. The theory of unbounded operators is beyond the scope of this book.

The classes of normal, self-adjoint, unitary, and projection operators have
been studied extensively because of their role in more advanced parts of func-
tional analysis and its applications (see, for instance, Chapter VI in Dunford
and Schwartz 1958), where other important classes of operators are also intro-
duced and studied).

The conditions P2 = P = P* are often used as the definition of the
projection operator P. Projection operators play a significant role in the
spectral theory of self-adjoint operators.
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In geometry, Apollonius’s identity (cf. Exercise 7.10) states that the sum
of the squares of any two sides of any triangle equals twice the square of half
the third side, together with twice the square of the median bisecting the
third side.

Exercises

7.1. Let X be an inner product space. Show that

L Az + py, 2) = Mz, 2) + 1(y, 2),
2. (z, Ay + pz) = Mz, y) + 1z, 2),

for every z,y,z € X and \,u € F.

7.2. Prove that (7.1) defines an inner product on /(5.

7.3. Prove that the integral of a continuous nonnegative function z(t) on the
interval [a, b] is zero if and only if the function z is the zero function.

7.4. Let X, be the vector space Cla,b] endowed with the norm || - ||, and
X5 the same vector space endowed with the norm

b
] = / (]2 dt

(cf. Example 7.2). Show that the identity map x — x of X; onto X is
continuous.

7.5. Show that (z,0) = (0,y) = 0 for all  and y in an inner product space.

7.6. Show that |Az|| = |\|||z| for every A € F and = € X, where X is an
inner product space.

7.7. Show that (x,y) is an inner product on the space H in the proof of
Theorem 7.5.

7.8. Let Y be a subspace of a Hilbert space H. Prove that

(a) Y is complete if and only if it is closed in H.
(b) If Y is finite-dimensional, then Y is complete.

7.9. Let x and y be vectors in an inner product space X. Show that

(z,2)(y,y) > %(<I7y> +(y,2))%.



7.8 Projection Operators 187

7.10. (Apollonius’s identity.) Let x, y, and z be vectors in an inner product
space X. Show that

Iz = 2l® + [z = ylI* = 3llz — yl* + 2]z = 3@z +y)|I*

7.11. Let (x,) be a sequence in an inner product space. Show that the con-
ditions ||z, || — ||=| and (x,,z) — (z,z) imply z, — z.

7.12. Show that
X = {x: () € Ly an/nzo}
n=1
is a closed subspace of /5.

7.13. Let x and y be linearly independent vectors in an inner product space
such that ||z|| = ||ly|| = 1. Show that

Itz + (1 —t)y| <1, for0 <t <1.

7.14. If a vector x is orthogonal to every vector in the set {x1,...,z,}, then
it is orthogonal to every linear combination of these vectors.

7.15. Prove that in an inner product space, x L y if and only if
lz+ Myl = [l = Ay,
for all scalars A € F.

7.16. Show that in 1-dimensional Hilbert space, | y if and only if at least
one of the vectors x and y is the zero vector.

7.17. Let X be an inner product space and E a nonempty subset of X. Show

that
Et = ({«}"
el

7.18. (a) Prove that for every two subspaces X; and X» of a Hilbert space,
(X, + X))t =X{nLy.

(b) Prove that for every two closed subspaces X; and X5 of a Hilbert space,
(X1 NX2)t = X{ + X5

7.19. Let X be an inner product space and E a nonempty subset of X. Prove
the following properties:

(a) If z L E, then x L spanF.
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(b) If F is dense in X and « L E, then z = 0.
(c) The set E* is a closed subspace of X.

7.20. Show that the space X in Example 7.8 is not complete and the subspace
E is closed in X. Also show that E @ E+ = {z € X : 2(0) = 0}.

7.21. (Pythagorean theorem.) Let X be an inner product space. Prove
that

(a) If 2 Ly in X, then [z +y|* = [|l[|* + [[y|*.
(b) If {z1,...,2,} is a set of mutually orthogonal vectors in X, then

n
D> @
k=1

(c) If (z,,) is a sequence of mutually orthogonal vectors in X such that the
sum Y, T converges, then the sum Y - [|zx]|? also converges and

[e'¢) 2 e
> k| = el
k=1 k=1

7.22. (a) Let E; and E» be subspaces of an inner product space. Prove that
FEy L E5 if and only if

n

2
=D Il
k

=1

los + @2l = o1 |* + [l

whenever x1 € F1, x5 € Es.
(b) In contrast to part (a), give an example of a Hilbert space H and vectors
x1, 79 € H such that ||z1 + x2]|? = ||z1||? + ||22]|?, but (z1,22) # 0.

7.23. Let F be a closed convex subset of a Hilbert space. Prove that for every
x € H, there is a unique y € F such that

=yl = d(z, E) = int [}~ u].

Show that the statement does not necessarily hold if E is not closed or not
convex.

7.24. Prove that the family

{%sin(nt), %cos(nt), \/%}HEN

from Example 7.14 is orthonormal.

7.25. Prove Lemma 7.3.
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7.26. Let (ex) be an orthonormal sequence in an inner product space X.
Prove that

o0
>l er)ly,en)l < llzllllyl,
k=1

for all z,y € X.

7.27. Let {z;}ics be a summable family of nonnegative numbers with sum
x. Prove that for every nonempty subset Jy of .J, one has ), 7o Ti S

7.28. Let J be a countable set and {a; };cs a summable family of real or com-
plex numbers with sum a. Prove that for every enumeration J = {iy, s, ...},

one has
oo
E a;,, = a
k=1

7.29. Show that the family {e***},cgr in Example 7.14 is orthonormal and
total in the space X.

7.30. Let P be the vector space of all real polynomials on [—1, 1]. Show that
1
) = [ el
—1

defines an inner product on P. Use the Gram—Schmidt process to orthonor-
malize the set {1,t,1%}.

7.31. Show that a countable subset S of a vector space V' contains a linearly
independent subset L such that span L = span S.

7.32. If (z1,y) = (x2,y) for all y in an inner product space X, then x1 = xs.

7.33. Show that (7.17) defines an inner product on H* that induces a norm
on H*.

7.34. Let S be a bounded sesquilinear form on X x Y. Show that

1S(z,y)| .

S —sup{
151 Tellol

eX\wLer\mﬁ

and
1S (@, )| < (ISl Iyl

forallz € X andy e Y.

7.35. Let X and Y be inner product spaces and T : X — Y a bounded linear
operator. Show that 7' = 0 if and only if (T'z,y) =0forallz € X andy € Y.
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7.36. Let X be a complex inner product space and T : X — X a bounded
linear operator. Show that (Txz,x) = 0 for all x € X implies T = 0.

Show that the conclusion may not hold if X is real. (Hint: Consider rota-
tions in the real plane R?.)

7.37. Let T : {5 — {5 be defined by
T: (21,0 yTp,...) — (a:l,...,%mm...).

Show that R(T') is not closed in ¢5.

7.38. Show that R(T*) = N(T)* and R(T) = N(T*)* (cf. Theorem 7.23).

7.39. Let S =I1+4+T*T, where T : H — H is a bounded operator. Show that
S is a one-to-one mapping from H to S(H).

7.40. Let T be a bijective self-adjoint operator on a Hilbert space. Show that
T~ is self-adjoint.

7.41. Verify the statements in Example 7.19.

7.42. Show that 7% — AI is the adjoint operator of 7" — A, where T is a
bounded operator on a Hilbert space and A € F.

7.43. Show that the operator T'— AI, where T is a normal operator on a
Hilbert space, is also normal (cf. Exercise 7.42).

7.44. Show that the right shift operator on ¢» has no eigenvalues, whereas
every A such that |[A| < 1 is an eigenvalue of the left shift operator on ¢y
(cf. Example 7.16).

7.45. Show that if T is a self-adjoint operator, then so is T, where n € N.

7.46. Let T be a bounded operator on a complex Hilbert space H.
(a) Show that the operators

1 . L .
are self-adjoint.
(b) Show that T is normal if and only if the operators 77 and T» commute.

7.47. Prove that if T : H — H is a self-adjoint operator and T # 0, then
T # 0 for all n € N.

7.48. Show that an isometric operator T': H — H that is not unitary maps
the Hilbert space H onto a proper closed subspace of H.

7.49. Let X be a finite-dimensional inner product space and T': X — X an
isometric linear operator. Show that 7" is unitary.
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7.50. Suppose that a sequence (7)) of normal operators on a Hilbert space
H converges (in operator norm) to an operator 7. Show that 7" is a normal
operator.

7.51. Suppose that S and T are normal operators such that ST* = T*S.
Show that S + T and ST are normal operators.

7.52. Show that if P is a projection operator, then I — P is also a projection
operator. Moreover, || I — P||=1if P # I.

7.53. If P is a projection operator on a Hilbert space H, then
[Pz — Pyl < [l — yl|,
for all x,y € H, that is, P is a nonexpansive operator.

7.54. Show that two closed subspaces E and E’ of a Hilbert space are orthog-
onal if and only if PgPgr = 0.

7.55. If P and () are projections of a Hilbert space H onto closed subspaces
E and E’, respectively, and PQ = QP, then

P+ Q- PQ
is a projection of H onto E + E’.
7.56. Prove that PgPgr/ = Pg if and only if £ C F’.

7.57. Show that U is a self-adjoint unitary operator if and only if U = 2P — 1
for some projection operator P.

7.58. Show that U is a self-adjoint unitary operator on a Hilbert space H if
and only if there exist orthogonal closed subspaces E7, E5 such that H is the
direct sum E; ® E5 and for every © = x1 + x5 with x1 € Fq, xo € Fy,

Ux =x1 — 29,

that is, U is a reflection.



Appendix A
The Hilbert Spaces £,(J)

In this appendix, we describe in detail the Hilbert spaces f5(J) that were
introduced in passing in Example 7.13. For this we need more results on
summable families than those found in Section 7.3. This material is covered
in Section A.1, while the Hilbert spaces are the subject of Section A.2.

A.1 Summable Families of Vectors in a Normed Space

In what follows, J is a nonempty set of indices (finite or infinite) and {x;};cs
a family of vectors in a normed space X. For a finite subset I C J, x; stands
for the partial sum ), ;. We begin by expanding Definition 7.6 from
Section 7.3.

Definition A.1. A family {x;};cs in X is said to be summable with sum
x € X if for every € > 0, there exists a finite subset Jy of J such that

|z — x| <e

for every finite subset I of J containing Jy. If {x;},cs is summable with sum
x, we write ), x; = .

A family {z;};cs is said to be a Cauchy family if for every € > 0 there
exists a finite subset Jy of J such that for every finite subset K disjoint from
Jo, the inequality ||zx|| < e holds.

Theorem A.1. A family of vectors {z;}ics in a Banach space X is summable
if and only if it is a Cauchy family.

Proof. (Necessity.) Suppose that {x;};c s is summable with sum «. For € > 0,
there exists a finite set Jy C .J such that if a finite set I contains Jy, then
lzr — z|| < e/2. Let K be a finite subset of J disjoint from Jy. Then

3 9
|z, — x| < 3 and lzsour — x| < 3
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Hence

x|l = llzsur = z5ll = 250k — 2+ 2 — 25

<zsur =l + [leg, — 2| <e.

It follows that {x;};cs is a Cauchy family.

(Sufficiency.) Suppose that {z;};cs is a Cauchy family and let (gx) be a
strictly decreasing sequence of positive numbers converging to zero. We con-
struct inductively a nested sequence of closed subsets of X whose intersection
is a singleton {z} in X and show that {x;};c; is summable with sum z.

Step 1. Let € = 1. Inasmuch as the family {x;};cs is Cauchy, there exists
a finite subset J; such that for every finite set K disjoint from J;, we have
lxk |l < e1/2. Therefore, for every two finite sets I’ and I” containing J;, we
have

€1
2

€1
lzr — 25l = llzrg, Il < and  |lzpr —an | = llzenall < 5
It follows that

||JJ[I —.Z‘[”H <é€1.

We define
X1 ={xy:J1 C1I, I afinite set}.

Clearly, diam(X;) < &;.
Step 2. Let € = e5. By the same arguments as in Step 1, there is a finite
subset Jy of J such that for every I’ and I" containing Jo, we have

||33p — .’I?[HH < €9.

We define
Xo={a;: JJUJy C1I, I a finite set}.

Clearly, Xo C X; and diam(X3) < es.
By continuing this process inductively, we obtain sequences of sets (J,,)
and (X,,) such that

X, = {xl 21D Lnj Jk} and diam(X,,) < e,.
k=1

It is clear from the inductive construction that X,,;1 C X,, which implies
Xn+1 g Xn o

Because diam(X,,) = diam(X,,) (cf. Exercise 2.39) and ¢, — 0, we con-
clude (cf. Theorem 2.9) that the intersection (),—, X} is a singleton, say {z}.
We show that z is the sum of the family {z;}ic .

For a given € > 0, we choose n such that ¢, < . For Jy = UZ:1 Ji and
every finite I O Jy, we have z; € X,,. Since z € X,, and diam(X,,) <&, < ¢,

it follows that ||z — | < e. Therefore, ), ; x; = =. O
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Two properties of summable families are the subject of the next theorem.

Theorem A.2. Let {z;};c; and {y;}ics be summable families in a normed
space X with sums x and y, respectively. Then:

(a) The family {x; + y;}ics is summable with sum x + y.
(b) For every A € F, the family {\x;};c is summable with sum Az.

Proof. (a) Let € > 0. There exist finite subsets J, and J{ of the set J such
that

3 €
— — d _ < =
le—aill <5 and gl <,

for every finite set I containing Jy = J U J{. We have
le+y = (@+y)ill =z +y—zr =il <l =zl + ly =yl <e

Because ¢ is an arbitrary positive number, the family {z;+y; }ics is summable.
(b) The claim is trivial for A = 0, so we may assume that A # 0. For every
€ > 0, there exists a finite set Jy C J such that

3

A

= || <

for every finite set I containing Jy. Hence, ||Az — (A\x)[|| < &, and the result
follows. O]

Another property of a summable family is the result of the next theorem.

Theorem A.3. Let {x;};cs be a summable family in a normed space X. For
every € > 0 there exists a finite set Jy such that ||z;|| < e for alli € J\ Jo.

Proof. Let x =}, ;x;. There exists a finite set Jo C J such that for every
finite set I containing Jy,

3
- < —.
o=l < 5

Let i € J\ Jo and I = Jy U {i}. We have

|l — ]| <% and ||$_.’I:]UH<%.
Then
il = llzr — zpll = [[(x — 24) — (@ —z1)|| <€,
because {i} =TI\ Jo. O

Corollary A.1. (Cf. Lemma 7.4.) There are at most countably many nonzero
vectors in a summable family.
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Proof. Let {z;}icj be a summable family in X, J' = {i € J: z; # 0}, and
Jn={i € J: ||| > 1/n}.

By Theorem A.3, .J,, is a finite set for every n € N. Inasmuch as J' = U,enJp,

the set J' is at most countable. O

In spite of obvious similarities between convergent series and summable
families of numbers, these are quite different notions, as the following example
suggests.

Example A.1. As is well known, the alternating series

2 (—1)kHL 11 1
=14+ - 1...
kz::l k 23 a "

k1 .
converges. However, the family {z; = ( ll)c }ren is not summable. Indeed,

otherwise, for € = 1, there must be a finite set Jy C N such that the set of
partial sums

{zy : I is a finite subset of N containing Jy}

is bounded. For if = . 24, then ||z — 2| < 1 for all finite sets I C N
containing Jy. Let N = max Jy. We may assume that N is an even number.
Let

I,=Jo U{1/(N+1D}U---U{1/(N+2n—-1)}

for n € N. Because the harmonic series diverges, the family of partial
sums {z;,} is unbounded. This contradicts our assumption that the fam-
ily {z;}ien} is summable.

The last theorem in this section is an analogue of the theorem in analysis
claiming that an absolutely convergent series converges.

Definition A.2. A family {x;};cs in X is said to be absolutely summable if
the family of real numbers {||z;||};cs is summable.

Theorem A.4. If a family of vectors {x;}ic in a Banach space X is abso-
lutely summable, then it is summable.

Proof. Let € > 0. Because {||z;||}ics is summable, by Theorem A.1, there
exists a finite subset Jy of the set J such that for every finite set K C J
disjoint from Jo, we have 3, [|z;]| < e. Then

H in < Z [|s || < e.
icK icK

By Theorem A.1, the result follows. O
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A.2 The Hilbert Spaces £5(J)

Let J be a nonempty set. We denote by ¢3(J) the set of all families {x;}ics
of numbers in F such that the family {|z;|?};c is summable. Operations of
addition and scalar multiplication on f2(.J) are defined by

{wities +{yitics ={zi t vities and Muzitics = {Avitics, (A1)
respectively.

Theorem A.5. The set l5(J) is a vector space with respect to the operations
of addition and scalar multiplication defined by (A.1).

Proof. Suppose that {z;};c; and {y;}ics are in f5(J). For every i € J, we
have
|23 +yil® < 2(|il* + |yal?)

(cf. Exercise 1.5(c)). By Theorem A.2, the family {2(|z;|*> + |yi|*)}ics is
summable. By Lemma 7.3, the family {|z; + v:|?}ics is summable. Hence
{Zi + yitics € €a(J), so £3(J) is closed under addition.

It is clear that {A\x;}ics € €2(J) for every A € F, provided that {z;};c; is
in £5(J). Thus ¢5(J) is closed under multiplication by scalars. O

Let @ = {2;}ics and y = {y; }ics be vectors in £5(J). The inner product
on the space f5(J) is defined by

zy) =Y T (A.2)
=
The next theorem justifies this definition.

Theorem A.6. For every two families {x;}icy and {y;}ics in lo2(J), the
family {x;7; }ics is summable.

Proof. For every i € J,
2|zillyil < lwil® + |yl

By Theorem A.2, the family {|z;|? + |y:|?}ies is summable. By Lemma 7.3,
the family {|z;y;|}ics is summable. Hence the family {z;7;}:cs is absolutely
summable. By Theorem A .4, this family is summable. O

It is not difficult to verify that (z,y) defined by (A.2) is indeed an inner
product on ¢5(.J), so ¢2(J) is an inner product space. The norm induced by
the inner product on #5(J) is given by

lzll = /(@ z) = [3 |aif?.

ieJ
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The inner product space ¢o(J) is a Hilbert space, as the next theorem
claims. In the proof, we imitate the steps from the proof of Theorem 3.5.

Theorem A.7. The inner product space ly(J) is complete.

Proof. Let (™) be a Cauchy sequence in f5(.J), where z(") = {xgn)}iej.
Then for every ¢ > 0, there exists NV € N such that for all m,n > N,

o) — 2] = \/Z o™ 2 < (A3)

=
Therefore, for every i € J,

(m)

7

|z, — argn)\ <e, for all m,n > N

(cf. Exercise 7.27). It follows that for every ¢ € J, the sequence (x(")

) is a
7
Cauchy sequence in F and therefore converges to some limit z; as n — oo.
We define & = {2;};cs and show that € f5(.J) and ("™ — x as m — oo.
Let I be a finite subset of J. By the result of Exercise 7.27, we obtain
from (A.3)
Z |x§m) - 931(‘”)|2 <ée?, for all m,n > N.
il
By taking the limit as n — oo (note that I is a finite set), we obtain
Z|x£m —xi* <€ for all m > N.
icl
By Lemma 7.2, we have
Z |x§m) —xi* <€ for all m > N. (A4)
i€

It follows that (z — z("™) € £5(J). Because z = z(™ + (z — (™)), we have
proved that x € l5(J).

Finally, by (A.4), [|z(™) —z|| < ¢ for all m > N. Hence 2™ — z in £5(.J).
The result follows. O

For k € J, we define a vector ey, € {o(J) as a family {z;};cs such that
1, ifi=k,
Xr; =
0, ifik
It is easy to verify that the family {ej }rcs is an orthonormal family in ¢5(J).
Because for © = {x;};cs, we have (x,e;) = xj, the zero vector is the only

vector in f5(J) that is orthogonal to the family {ex}recs. Hence {eg}res is
an orthonormal basis of f2(.J).
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Notes

Our coverage of summable families in normed spaces and Hilbert spaces
¢5(J) is based on presentations of these subjects in Dixmier (1984), Bour-
baki (1966), and Bourbaki (2003).

As we mentioned before, there is a considerable difference between the
notions of convergent series and summable families (cf. Example A.1). The
following statement is another illustration of this difference: A family of real or
complex numbers is summable if and only if it is absolutely summable (The-
orem 9.4.6 in Dixmier 1984).

The spaces ¢5 and {5 are instances of the spaces ¢5(J) for J = {1,...,n}
and J = N, respectively.

Every Hilbert space is isomorphic to a space ¢2(J) (Theorem 9.5.5 in
Dixmier 1984).
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