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Preface

There are many excellent textbooks on functional analysis. However, only few can
be regarded as introductory or elementary. In writing this book, my goal was to
produce a “really” introductory (and short) text on this subject.

This book originated from the notes that I kept while teaching the graduate
course Introductory Functional Analysis at San Francisco State University (SFSU).
The Mathematics Department of SFSU offers the Master of Arts in Mathematics
degree to its students. Many students who received an MA degree from this
department do not pursue a higher degree. When teaching this course I wanted my
students to get a better feel for analysis in general, appreciate its importance, and be
ready to learn more about it, should the need arise. Some of these students had gaps
in their knowledge of basic analysis and other branches of mathematics. For this
reason, in addition to functional analysis topics, the book contains materials that
any undergraduate/graduate student of mathematics should know. These materials
are subjects of the first and second chapters.

The first chapter presents selected topics of general mathematical interest that I
felt are needed to master the material presented in the book. First, it includes a brief
overview of convex functions with applications to classical inequalities, that will be
used in the succeeding chapters. Second, binary relations of equivalence and order
and their main properties are described. The chapter ends with Zorn’s lemma,
which is essential in the establishing some advanced results later in the book.

Most spaces in functional analysis are topological (often metric) vector spaces.
This is why natural prerequisites for a course in functional analysis include courses
in linear algebra and real analysis. I do not include a preliminary overview of linear
algebra. However, I felt that it is important to review basics of metric and topo-
logical spaces to fill the gaps between what the reader probably learned some time
ago and what is necessary to master topics covered in the book. This review is the
subject of the second chapter. In addition to standard topics on metric spaces
covered in real analysis, I prove a “light” version of the Baire Category Theorem in
Chapter 2. A brief discussion of this theorem is found at the end of the chapter.
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Metric and topological vector spaces are introduced in the first section of
Chapter 3. The rest of this chapter is devoted to “special spaces” that serve as
illustrations to many general theorems in the book. These spaces are
finite-dimensional spaces ‘np, sequence spaces ‘p, c, c0, and s, and spaces of con-
tinuous functions and functions of bounded variation. Because I wanted to keep this
book on an “introductory” level, I did not include in this chapter spaces of
Lebesgue measurable functions despite their great role in functional analysis. The
main thrust of this chapter is on establishing properties such as completeness and
separability of the spaces under consideration.

Normed spaces, bounded linear operators on these spaces, and their properties
are subjects of Chapter 4. The concept of a Schauder basis (cf. Section 4.1) illus-
trates the advantage of blending the metric and linear structures of normed spaces
allowing for formation of convergent series. The central result of Section 4.2 is
equivalence of continuity and boundedness properties of linear operators, thus
taking an advantage of the vector space structure in establishing analytical prop-
erties of continuous linear operators. Fundamental topological properties of
finite-dimensional normed spaces are discussed in Sections 4.3 and 4.4.

A separate chapter in the book is devoted to linear functionals. First, in
Section 5.1, it is demonstrated that many normed spaces have considerably “large”
dual spaces, that is, spaces of continuous linear functionals on the underlying space.
In Sections 5.2 and 5.3 various results known as the Hahn–Banach Theorem are
established. This theorem plays a fundamental role in functional analysis. In par-
ticular, the Hahn–Banach Theorem shows that there are “enough” continuous linear
functionals on a normed space to motivate the study of the dual space. As an
application of this theorem, all bounded linear functionals on the space C½a; b� are
described in Section 5.4. In conclusion of Chapter 5, reflexive spaces are introduced
and their elementary properties established.

Three “pillars” of functional analysis—the Uniform Boundedness, Open
Mapping, and Closed Graph Theorems—are covered in Chapter 6. (The forth
“pillar” is the Hahn–Banach Theorem (cf. Chapter 5)). The distinguished role of the
completeness property in establishing these fundamental results is illustrated by a
number of examples and counterexamples in Section 6.4.

It is hard to imagine a textbook on functional analysis that does not include
topics on Hilbert spaces. Chapter 7 (that constitutes about 20% of the entire book) is
an in introduction to the theory of Hilbert spaces. It begins with a short coverage of
inner product spaces in Section 7.1. The next two sections introduce and discuss the
orthogonality property in inner product spaces and orthonormal families in Hilbert
spaces. In my opinion, the concept of summable families of vectors in normed
spaces is elementary enough to be included into an introductory course in functional
analysis. This notion is used in Section 7.3 to define Hilbert bases and establish
convenient representation of vectors in Hilbert spaces. In the same section, the
Gram–Schmidt process is used to construct orthonormal bases in separable Hilbert
spaces. Effective tools for studying linear functionals and operators on Hilbert
spaces are the Riesz Representation theorem and sesquilinear forms that are covered
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in Sections 7.4 and 7.5, respectively. The concept of Hilbert-adjoint operator (cf.
Section 7.6) is used to introduce the standard classes of normal, self-adjoint, and
unitary operators in Section 7.7. Projection operators are covered in the last section
of this chapter.

To enhance the presentation of Hilbert spaces, more advanced topics on sum-
mable families of vectors in a normed space are included in the Appendix A, where
Hilbert spaces ‘2ðJÞ are described for arbitrary set J.

As I mentioned at the beginning of this Preface, I wanted to write an intro-
ductory text on functional analysis. In fact, I wanted to keep the book on “ele-
mentary” level. For this reason, the book does not rely on the Lebesgue theory and
does not include the Spectral theorem. However, some topics that are usually
considered as not completely elementary are included in the book. For instance,
Zorn’s lemma, Baire’s Category theorem and summability of families of vectors in
a normed space are included in the book.

In my opinion, the most effective way of learning mathematics is by “doing it”.
There are 240 exercises in the book. Most exercises are “proof” problems, that is,
the reader is invited to prove a statement in the exercise. Every chapter has its own
set of exercises.

Throughout the book the symbol F denotes either the real field, R, or the
complex field, C. Symbols N, Z, and Q denote the sets of natural numbers
f1; 2; . . .g, integers, and rational numbers, respectively. The symbol � is always
used for the set inclusion relation, proper or not.

I wish to thank Sheldon Axler for his endorsement of this project and an
anonymous referee for reading the manuscript carefully and suggesting mathe-
matical and stylistic corrections. My special thanks go to Eric Hayashi for
numerous comments and recommendations which materially improved the original
draft of the book.

Berkeley, California Sergei Ovchinnikov
March 2018
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Chapter 1

Preliminaries

In this chapter, we briefly cover topics that are ubiquitous in mathematics
and are included in this book for the reader’s convenience.

Sections 1.1 and 1.2 introduce basic inequalities that are used later in the
book. Although spaces of Lebesgue integrable functions are not covered in
the book, some integral inequalities are covered in Section 1.3.

Equivalence and order relations and Zorn’s lemma are the topics of Sec-
tions 1.4 and 1.5.

1.1 Convex Functions

In this section, I is an open interval on the real line R that may be bounded
or unbounded. A function f : I → R is said to be convex if

f [λx + (1 − λ)y] ≤ λf(x) + (1 − λ)f(y), (1.1)

for all x, y ∈ I and λ ∈ [0, 1]. It is called concave if the opposite inequality

f [λx + (1 − λ)y] ≥ λf(x) + (1 − λ)f(y) (1.2)

holds for all x, y ∈ I and λ ∈ [0, 1]. Note that the numbers λx + (1 − λ)y
in (1.1) and (1.2) belong to the domain I of the function f (cf. Exercise 1.1).

Geometrically (cf. Fig. 1.1), inequality (1.1) means that each point R on
the graph of the function f that lies between two other points P and Q on
the graph lies on or below the chord PQ (cf. Exercise 1.2). In the case of
inequality (1.2), R lies on or above the chord PQ.

It is clear that a function f is concave if and only if the function −f is
convex.

The following theorem is instrumental in proving many inequalities that
appear later in this chapter.

© Springer International Publishing AG, part of Springer Nature 2018
S. Ovchinnikov, Functional Analysis, Universitext,
https://doi.org/10.1007/978-3-319-91512-8 1
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convex function

concave function

x x

y y

P

Q

R

P

Q
R

Fig. 1.1 Convex and concave functions.

Theorem 1.1. A function f : I → R is convex if and only if

f

( n∑
k=1

λkxk

)
≤

n∑
k=1

λkf(xk), (1.3)

for all x1, . . . , xn ∈ I and 0 ≤ λk ≤ 1 (1 ≤ k ≤ n) such that
∑n

k=1 λk = 1.

Note that the number
∑n

k=1 λkxk belongs to I (cf. Exercise 1.1), so the
left-hand side in (1.3) is well defined.

Proof. (Necessity.) We prove by induction that (1.3) holds for every convex
function f .

The base case, n = 1, holds trivially.
Suppose that (1.3) holds for some m ≥ 1 and let

x1, . . . , xm, xm+1 ∈ I, 0 ≤ λk ≤ 1 (1 ≤ k ≤ m + 1),
m+1∑
k=1

λk = 1.

We may assume that λm+1 �= 1. (Otherwise, the induction step is trivial.)
For λ =

∑m
k=1 λk, we have λm+1 = 1−λ, and then by (1.1) and the induction

hypothesis,

f

(m+1∑
k=1

λkxk

)
= f

(
λ

m∑
k=1

λk

λ
xk + (1 − λ)xm+1

)

≤ λf

( m∑
k=1

λk

λ
xk

)
+ λm+1f(xm+1)

≤ λ
m∑

k=1

λk

λ
f(xk) + λm+1f(xm+1)

=
m+1∑
k=1

λkf(xk).

The result follows by induction.
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(Sufficiency.) This follows immediately from (1.3) for n = 2. �
Similarly, a function f : I → R is concave if and only if

f

( n∑
k=1

λkxk

)
≥

n∑
k=1

λkf(xk), (1.4)

for all x1, . . . , xn ∈ I and 0 ≤ λk ≤ 1 (1 ≤ k ≤ n) such that
∑n

k=1 λk = 1.
The next theorem is a useful characterization of smooth convex functions.

The proof is left to the reader (cf. Exercise 1.3).

Theorem 1.2. If f is a differentiable function on I, then it is convex if and
only if f ′ is increasing on I. Similarly, f is concave if and only if f ′ is
decreasing on I.

Example 1.1. (Cf. Fig. 1.2.) Let f(x) = xp, p ≥ 1, be a power function on
(0,∞). Because f ′(x) = pxp−1 is increasing on (0,∞), f is a convex function.

On the other hand, the natural logarithm function f(x) = ln x on (0,∞)
is concave, because f ′(x) = 1/x is decreasing on (0,∞).

Fig. 1.2 The power and logarithmic functions.

1.2 Inequalities

In this section, unless otherwise specified, all variables assume values in the
field of complex numbers C. Recall that |z| stands for the absolute value
(modulus) of a complex number z, z̄ stands for the complex conjugate of z,
Re(z) and Im(z) denote the real and imaginary parts of z, respectively, and

|z|2 = z · z̄, 2Re(z) = z + z̄, 2i Im(z) = z − z̄,

for every z ∈ C.
We begin by proving the triangle inequality for complex numbers:
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|x + y| ≤ |x| + |y|, for all x, y ∈ C. (1.5)

Indeed,

|x + y|2 = (x + y)(x + y) = (x + y)(x̄ + ȳ) = xx̄ + xȳ + yx̄ + yȳ

= |x|2 + xȳ + xȳ + |y|2 = |x|2 + 2Re(xȳ) + |y|2
≤ |x|2 + 2|x||y| + |y|2 = (|x| + |y|)2,

because Re(z) ≤ |z| for every complex number z. From this, (1.5) follows
immediately. Of course, the triangle inequality also holds for real numbers.

For a real number p > 1 we define q by the equation

1
p

+
1
q

= 1.

Clearly, there is a unique real number q > 1 satisfying this equation. The
numbers p and q are called conjugate exponents.

Theorem 1.3. (Young’s inequality.) If p and q are conjugate exponents,
then for all complex numbers x and y,

|xy| ≤ |x|p
p

+
|y|q
q

. (1.6)

Proof. If |xy| = 0, the inequality is trivial. Otherwise, |x| > 0, |y| > 0, and
by the concavity of the logarithm function, we have

ln
( |x|p

p
+

|y|q
q

)
≥ 1

p
ln(|x|p) +

1
q

ln(|y|q) = ln |x| + ln |y| = ln |xy|.

Because the logarithm is a strictly increasing function, we have obtained the
desired result. �

Theorem 1.4. (Hölder’s inequality.) If p and q are conjugate exponents,
then

n∑
k=1

|xkyk| ≤
( n∑

k=1

|xk|p
)1/p( n∑

k=1

|yk|q
)1/q

(1.7)

for arbitrary complex numbers x1, . . . , xn and y1, . . . , yn.

Proof. We may assume that at least one of the |xk|’s and one of the |yk|’s
are positive. (Otherwise, both sides in (1.7) are zero and we are done.) Then
the real numbers

u =
( n∑

k=1

|xk|p
)1/p

and v =
( n∑

k=1

|yk|q
)1/q



1.2 Inequalities 5

are positive. We apply Young’s inequality (1.6) to |xk|/u and |yk|/v to obtain

|xk|
u

· |yk|
v

≤ 1
p

( |xk|
u

)p

+
1
q

( |yk|
u

)q

, 1 ≤ k ≤ n,

or, after summing from k = 1 to k = n,
∑n

k=1 |xkyk|
uv

≤ 1
p

·
∑n

k=1 |xk|p
up

+
1
q

·
∑n

k=1 |yq
k|

vq
=

1
p

+
1
q

= 1,

which is equivalent to (1.7). �

Theorem 1.5. (Cauchy–Schwarz inequality.) For arbitrary complex
numbers x1, . . . , xn and y1, . . . , yn,

n∑
k=1

|xkyk| ≤
√√√√ n∑

k=1

|xk|2
√√√√ n∑

k=1

|yk|2. (1.8)

Inequality (1.8) follows from Hölder’s inequality by setting p = q = 2.
We present an elementary proof that does not rest on the theory of convex
functions.

Proof. We have (cf. the proof of (1.5))

0 ≤
n∑

k=1

|txk + yk|2 ≤ t2
n∑

k=1

|xk|2 + 2t
n∑

k=1

|xkyk| +
n∑

k=1

|yk|2,

for all real numbers t. Hence the discriminant of the quadratic trinomial on
the right-hand side must be nonpositive:

4
( n∑

k=1

|xnyn|
)2

− 4
( n∑

k=1

|xk|2
)( n∑

k=1

|yk|2
)

≤ 0,

which is equivalent to (1.8). �
The next theorem establishes an inequality that plays a distinguished role

in analysis.

Theorem 1.6. (Minkowski’s inequality.) For arbitrary complex numbers
x1, . . . , xn, y1, . . . , yn and a real number p ≥ 1,

[ n∑
k=1

|xk + yk|p
]1/p

≤
[ n∑
k=1

|xk|p
]1/p

+
[ n∑
k=1

|yk|p
]1/p

. (1.9)

Proof. We may assume that both real numbers
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u =
( n∑

k=1

|xk|p
)1/p

and v =
( n∑

k=1

|yk|p
)1/p

are positive. By the triangle inequality, we have

|xk + yk|p ≤ (|xk| + |yk|)p =
(

u
|xk|
u

+ v
|yk|
v

)p

=
[
(u + v)

(
u

u + v

|xk|
u

+
v

u + v

|yk|
v

)]p

= (u + v)p
(

u

u + v

|xk|
u

+
v

u + v

|yk|
v

)p

.

Because
u

u + v
+

v

u + v
= 1

and the power function xp is convex for p ≥ 1, we have
(

u

u + v

|xk|
u

+
v

u + v

|yk|
v

)p

≤ u

u + v

|xk|p
up

+
v

u + v

|yk|p
vp

.

Hence

|xk + yk|p ≤ (u + v)p
(

u

u + v

|xk|p
up

+
v

u + v

|yk|p
vp

)
.

By summing both sides of the above inequality, we obtain

n∑
k=1

|xk + yk|p ≤ (u + v)p
(

u

u + v

∑n
k=1 |xk|p

up
+

v

u + v

∑n
k=1 |yk|p

vp

)

= (u + v)p
(

u

u + v
+

v

u + v

)

= (u + v)p =
[( n∑

k=1

|xk|p
)1/p

+
( n∑

k=1

|yk|p
)1/p]p

,

which is equivalent to (1.9). �
Hölder’s inequality, the Cauchy–Schwarz inequality, and Minkowski’s

inequality also hold for infinite sequences of complex numbers.

Theorem 1.7. (Hölder’s inequality.) Let p and q be conjugate exponents.
If the series

∑∞
k=1 |xk|p and

∑∞
k=1 |yk|q are convergent, then the series∑∞

k=1 |xkyk| converges, and

∞∑
k=1

|xkyk| ≤
( ∞∑

k=1

|xk|p
)1/p( ∞∑

k=1

|yk|q
)1/q

. (1.10)
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Theorem 1.8. (Cauchy–Schwarz inequality.) If the series
∑∞

k=1 |xk|2
and

∑∞
k=1 |yk|2 are convergent, then the series

∑∞
k=1 |xkyk| converges and

∞∑
k=1

|xkyk| ≤
√√√√ ∞∑

k=1

|xk|2
√√√√ ∞∑

k=1

|yk|2. (1.11)

Theorem 1.9. (Minkowski’s inequality.) Suppose that the series
∑∞

k=1

|xk|p and
∑∞

k=1 |yk|p converge for a real number p ≥ 1. Then the series

∞∑
k=1

|xk + yk|p

converges, and

[ ∞∑
k=1

|xk + yk|p
]1/p

≤
[ ∞∑
k=1

|xk|p
]1/p

+
[ ∞∑
k=1

|yk|p
]1/p

. (1.12)

Proofs of these theorems are straightforward and left as an exercise
(cf. Exercise 1.7).

If 0 < p < 1, then we have to invert the inequality sign in Minkowski’s
inequality (cf. Exercise 1.9). However, in this case, we have the following
analogue of the inequality in (1.12).

Theorem 1.10. Suppose that the series
∑∞

k=1 |xk|p and
∑∞

k=1 |yk|p converge
for a real number 0 < p < 1. Then the series

∞∑
k=1

|xk + yk|p

converges, and
∞∑
k=1

|xk + yk|p ≤
∞∑
k=1

|xk|p +
∞∑
k=1

|yk|p. (1.13)

The claim of the theorem follows immediately from the following lemma.

Lemma 1.1. Let p be a real number such that 0 < p < 1. Then for all
complex numbers x and y,

|x + y|p ≤ |x|p + |y|p.

Proof. Let f be a real function of a real variable t defined by

f(t) = tp − (t + 1)p + 1, for t ≥ 0.

Because f(0) = 0 and
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f ′(t) = ptp−1 − p(t + 1)p−1 = p

(
1

t1−p
− 1

(t + 1)1−p

)
> 0, for t > 0,

we have f(t) ≥ 0 for t ≥ 0, so

(t + 1)p ≤ tp + 1, for t ≥ 0.

Clearly, we may assume that y �= 0 in the lemma. Then

|x + y|p ≤ (|x| + |y|)p = |y|p
(∣∣∣∣xy

∣∣∣∣ + 1
)p

≤ |y|p
(∣∣∣∣xy

∣∣∣∣
p

+ 1
)

= |x|p + |y|p,

as desired. �
We conclude this section by establishing another useful inequality.

Theorem 1.11. For all complex numbers x and y,

|x + y|
1 + |x + y| ≤ |x|

1 + |x| +
|y|

1 + |y| . (1.14)

Proof. The function

f(t) =
t

1 + t

of a real variable t is increasing over [0,∞), because

f ′(t) =
1

(1 + t)2
> 0, for t ≥ 0.

Then, because |x + y| ≤ |x| + |y| (cf. (1.5)), we have

|x + y|
1 + |x + y| ≤ |x| + |y|

1 + |x| + |y| =
|x|

1 + |x| + |y| +
|y|

1 + |x| + |y| ≤ |x|
1 + |x| +

|y|
1 + |y| ,

and the result follows. �

1.3 Integral Inequalities

In this section, the functions x and y are Lebesgue measurable functions on
the unit interval.

The proofs of the theorems in this section are very similar to the proofs
of the respective theorems in the previous section and are therefore omitted
(cf. Exercise 1.12).
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Theorem 1.12. (Hölder’s inequality.) If p and q are conjugate exponents
and

∫ 1

0
|x|p < ∞,

∫ 1

0
|y|q < ∞, then

∫ 1

0
|xy| < ∞ and

∫ 1

0

|xy| ≤
(∫ 1

0

|x|p
)1/p(∫ 1

0

|y|q
)1/q

. (1.15)

By setting p = q = 2 in Hölder’s integral inequality (1.15), we obtain the
integral version of the Cauchy–Schwarz inequality (1.11).

Theorem 1.13. (Cauchy–Schwarz inequality.) Suppose that

∫ 1

0

|x|2 < ∞ and
∫ 1

0

|y|2 < ∞.

Then
∫ 1

0
|xy| < ∞ and

∫ 1

0

|xy| ≤
√∫ 1

0

|x|2
√∫ 1

0

|y|2. (1.16)

Theorem 1.14. (Minkowski’s inequality.) If p ≥ 1 and
∫ 1

0
|x|p < ∞,∫ 1

0
|y|p < ∞, then

(∫ 1

0

|x + y|p
)1/p

≤
( ∫ 1

0

|x|p
)1/p

+
( ∫ 1

0

|y|p
)1/p

. (1.17)

The result of the following theorem follows immediately from Lemma 1.1.

Theorem 1.15. Suppose that
∫ 1

0
|x|p < ∞ and

∫ 1

0
|y|p < ∞ for a real number

0 < p < 1. Then
∫ 1

0
|x + y|p < ∞ and

∫ 1

0

|x + y|p ≤
∫ 1

0

|x|p +
∫ 1

0

|y|p. (1.18)

1.4 Equivalence Relations

By definition, a binary relation on a set X is a subset of the Cartesian product
X×X. For a binary relation R on X we often write xR y instead of (x, y) ∈ R.

Among many kinds of binary relations, the equivalence relations and par-
tial orders arguably are the most common. We introduce the basics of equiv-
alence relations below and cover partial orders in the next section. It is cus-
tomary to use one symbol, ∼, for various equivalence relations. We follow
this convention here.
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An equivalence relation on a set X is a reflexive, symmetric, and transitive
binary relation on X, that is, a relation ∼ on X satisfying the following
conditions for all x, y, z ∈ X:

x ∼ x reflexivity,
x ∼ y implies y ∼ x symmetry,
x ∼ y and y ∼ z implies x ∼ z transitivity.

If ∼ is an equivalence relation on X and x ∈ X, then the set

[x] = {y ∈ X : y ∼ x}

is called the equivalence class of x with respect to ∼. The set of equivalence
classes in X with respect to ∼ is called the quotient set of X with respect to
∼ and denoted by X/ ∼. The mapping x 	→ [x] that assigns to each x ∈ X
its equivalence class [x] in X is called the canonical map of X onto X/ ∼.

Here are two “extreme” examples of equivalence relations on a set X.

Example 1.2. (1) The “complete” relation X×X. Here x ∼ y for all x, y ∈ X,
and it is easy to verify that ∼ is an equivalence relation. It is clear that there
is only one equivalence class in X, namely the set X itself. Hence the quotient
set is a singleton.

(2) The equality relation = on X is evidently an equivalence relation. The
equivalence class of x ∈ X is the singleton {x}.

A nontrivial instance of an equivalence relation appears in a formal defi-
nition of rational numbers.

Example 1.3. A fraction m/n can be viewed as an ordered pair of integers
(m,n) with n �= 0. Two fractions (m,n) and (p, q) are said to be equivalent
if mq = np:

(m,n) ∼ (p, q) if mq = np.

It is not difficult to verify that ∼ is indeed an equivalence relation on the set
Z × (Z \ {0}). The equivalence classes of ∼ are called rational numbers.

Theorem 1.16. Let X be a set and ∼ an equivalence relation on X. The
equivalence classes with respect to ∼ partition the set X, that is, every element
of X belongs to one and only one equivalence class.

Proof. By the reflexivity property, x ∈ [x]. It remains to show that every two
equivalence classes are either identical or disjoint. Suppose that [x] ∩ [y] �= ∅

and let z ∈ [x] ∩ [y]. Then z ∼ x and z ∼ y. By symmetry, x ∼ z. For every
a ∈ [x], a ∼ x. By transitivity, a ∼ x and x ∼ z implies a ∼ z. Again by
transitivity, a ∼ z and z ∼ y implies a ∼ y. Hence, a ∈ [y]. It follows that
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[x] ⊆ [y]. By reversing the roles of x and y, we obtain [y] ⊆ [x]. Therefore,
[x] = [y] if [x] ∩ [y] �= ∅, and the result follows. �

An important example of an equivalence relation is found in linear algebra
(cf. Axler 2015, Section 3.E). Let V be a vector space over the field of scalars
F, and U a subspace of V . We define a binary relation ∼ on V by

u ∼ v if u − v ∈ U.

If u ∼ v, then vectors u and v are said to be congruent modulo U . It is readily
verified that ∼ is an equivalence relation on V . By Theorem 1.16, equivalence
classes of ∼ form a partition of the vector space V . These classes are called
affine subspaces of V . It can be verified that [v] = U + v, that is, an affine
subspace [v] is the translation of the subspace U by v. The quotient set V/ ∼
is usually denoted by V/U and called the quotient space of V modulo U . The
set V/U is a vector space over the field F under the operations of addition
and multiplication by a scalar defined by

[u] + [v] = [u] + [v] and k[u] = [ku],

for u, v ∈ V and k ∈ F. (The reader is invited to verify that these operations
are well defined.)

1.5 Zorn’s Lemma

It is customary to use one symbol for various order relations, a symbol that
resembles the familiar inequality sign ≤. In what follows, we use the symbol
� for these relations.

A partial order on a set X is a reflexive, antisymmetric, and transitive
binary relation � on X, that is, one that satisfies the following conditions for
all x, y, z ∈ X:

x � x reflexivity,
if x � y and y � x, then x = y antisymmetry,
if x � y and y � z, then x � z transitivity.

If for every x and y in X either x � y or y � x, then the partial order � is
called a linear order (also known as a simple or total order). A prototypical
example of a linear order is the usual order ≤ on the set N of natural numbers
(and on every nonempty set of real numbers).

Example 1.4. Let X be a set. The set inclusion relation ⊆ is a partial (and
not always linear; cf. Exercise 1.15) order on the power set P(X) (the set of
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all subsets of the set X). It is a linear order if and only if X = ∅ or X is a
singleton.

Example 1.5. Let us define a binary relation � on the set C of complex num-
bers by

u � v if and only if Re(u) ≤ Re(v) and Im(u) ≤ Im(v).

It is not difficult to verify (cf. Exercise 1.16) that this relation is indeed a
partial (but not linear) order on C. For instance, complex numbers 1 and i
are “incomparable” with respect to the relation � (that is, 1 �� i and i �� 1).

Example 1.6. (Cf. Example 1.5). Let X = R2 (the 2-dimensional real vector
space) and define � on X by

(x1, y1) � (x2, y2) if either x1 < x2, or x1 = x2 and y1 ≤ y2.

It can be seen that � is a linear order on X. Because of its resemblance to
the way words are arranged in a dictionary, it is called the lexicographical
order on R2.

Example 1.7. Let X and Y be sets and F the set of all functions whose
domain is a subset of X and range is a subset of Y . For f ∈ F we denote by
D(f) the domain of the function f . We define a relation � on F by

f � g if D(f) ⊆ D(g) and f(x) = g(x) for all x ∈ D(f).

In words: f � g means that f is a restriction of g, or equivalently, that g is an
extension of f . Because functions in F are subsets of the Cartesian product
X × Y , we observe that � on F is an instance of the set inclusion relation.

A partially ordered set (a.k.a. poset) is a nonempty set together with a
partial order on it. More formally, a partially ordered set is an ordered pair
(X,�), where X is a set and � is a partial order on X. The pair (X,�) is an
example of an algebraic structure, a concept that is common in mathematics.
It is customary to call the set X itself a “partially ordered set.” If the relation
� is a linear order on X, then X is often called a chain. Every nonempty
subset Y of a partially ordered set (X,�) is itself a partially ordered set with
respect to the restriction of the relation � to Y .

Let X be a partially ordered set. If there is an element a ∈ X such that
a � x for every x in X, then a is called a least element of X. By the antisym-
metry property of order, if X has a least element, then it is unique. Similarly,
an element a ∈ X is called a greatest element of X if x � a for every x in X;
it also is unique if it exists.

Example 1.8. (1) The set of natural numbers N = {1, 2, . . .} ordered by the
usual ≤ relation has a least element but does not have a greatest element.
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(2) The power set P(X) ordered by the inclusion relation has least element
∅ and greatest element X. These elements are equal only if X = ∅.

(3) Let {x1, x2, . . . , xn} be a collection of distinct elements of some set X.
The sets

{x1}, {x1, x2}, . . . , {x1, x2, . . . , xn}
form a chain

{x1} ⊆ {x1, x2} ⊆ · · · ⊆ {x1, x2, . . . , xn}
in the power set P(X).

If Y is a subset of a partially ordered set X and a is an element of X such
that y � a for all y ∈ Y , then a is said to be an upper bound of Y . A lower
bound of a subset of X is defined similarly.

An element a of a partially ordered set X is said to be a minimal element
of X if for every x ∈ X, x � a implies x = a. Similarly, an element a is called
a maximal element of X if a � x implies x = a for every x ∈ X.

Example 1.9. Let X be a set containing more that one element. If the set
C = P(X) \ ∅ of all nonempty subsets of X is ordered by the inclusion
relation, then each singleton is a minimal element of C. However, C has no
least element. The empty set is a lower bound of C.

The following theorem is a fundamental result of set theory. The proof
uses the axiom of choice and is omitted (cf. Halmos 1960, Chapter 16).

Theorem 1.17. (Zorn’s lemma.) If X is a partially ordered set such that
every chain in X has an upper bound, then X contains a maximal element.

To exemplify applications of Zorn’s lemma, we show that every nontrivial
vector space has a Hamel basis.

First, we recall some basic concepts of linear algebra. Let V be a vector
space over a field F. For a finite sequence of vectors v1, . . . , vn in V and a
finite sequence of scalars λ1, . . . , λn in F, an expression of the form

λ1v1 + · · · + λnvn

is said to be a linear combination of vectors v1, . . . , vn. Let M be a subset of
V . The span of M , denoted by span(M), is the set of all linear combinations
of vectors in M . A set M ⊆ L is said to be linearly independent if for every
sequence v1, . . . , vn of distinct vectors in M , the relation

λ1x1 + · · · + λnxn = 0

implies λk = 0 for all k = 1, . . . , n. A subset B of vectors in V is called a
Hamel basis for V if B is linearly independent and spans V .
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Theorem 1.18. Every vector space V has a Hamel basis.

Proof. Let M be the set of all linearly independent subsets of V . This set is
not empty, because it contains the empty set, which is linearly independent.
The set inclusion relation defines a partial order on M. Every chain C in
M has an upper bound, namely the union

⋃
C. By Zorn’s lemma, M has a

maximal element B. Suppose that span(B) �= V and let v be a vector in V
such that v /∈ span(B). Let us show that B ∪ {v} is a linearly independent
set. In the relation

λ0v + λ1v1 + · · · + λnvn = 0,

where vk ∈ B, k = 1, . . . , n, we must have λ0 = 0, because v /∈ span(B).
Inasmuch as vk ∈ B, k = 1, . . . , n, and B is a linearly independent set, we
have λk = 0, k = 1, . . . , n. It follows that B is a proper subset of the linearly
independent set B ∪ {v}, which contradicts the maximality of B. �

Notes

In Section 1.1 we present only properties of convex functions that are used in
this chapter. More properties are found in Exercise 1.3. The reader can find
comprehensive coverage of this important subject in many textbooks on real
analysis (see, for instance, Wade 2000 and Royden and Fitzpatrick 2010).

If f is a convex function on R, ϕ an integrable function over [0, 1], and
f ◦ ϕ also integrable over [0, 1], then the following inequality holds:

f

(∫ 1

0

ϕ(x) dx

)
≤

∫ 1

0

(f ◦ ϕ)(x) dx.

This inequality is known as Jensen’s inequality. The inequality in (1.3) is
known as the finite form of Jensen’s inequality.

Zorn’s lemma, also known as the Kuratowski–Zorn lemma, was proved by
Kazimierz Kuratowski in 1922 and independently by Max August Zorn in
1935. This lemma occurs in several fundamental theorems in mathematics.
In addition to Theorem 1.18, we will use Zorn’s lemma to establish the Hahn–
Banach theorems in Chapter 5.

Exercises

In Exercises 1.1–1.4, I is an interval in R.

1.1. For x1, . . . , xn ∈ I, the number
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x = λ1x1 + · · · + λnxn

is said to be a convex combination of the numbers x1, . . . , xn if 0 ≤ λk ≤ 1
for 1 ≤ k ≤ n and λ1 + · · · + λn = 1. Show that

min{x1, . . . , xn} ≤ x ≤ max{x1, . . . , xn}.

Accordingly, x ∈ I.

1.2. Prove that a function f : I → R is convex if and only if for every three
consecutive points P , R, Q on the graph of the function, the point R lies
below or on the chord PQ (cf. Fig. 1.1).

1.3. (a) Let f be a real-valued function on I. Prove that f is convex if and
only if for all numbers a, b, and x in I such that a < x < b, the following
inequalities hold:

f(x) − f(a)
x − a

≤ f(b) − f(a)
b − a

≤ f(b) − f(x)
b − x

(cf. Fig. 1.3).
(b) Show that

(1) a convex function on I has left-hand and right-hand derivatives,
f ′(x−) and f ′(x+), at each point x ∈ I;

(2) these derivatives are increasing functions on I; and
(3) f ′(x−) ≤ f ′(x+) on I.

(c) Prove Theorem 1.2.

x

y

P

Q

R

a x b
Fig. 1.3 slope(PR) ≤ slope(PQ) ≤ slope(RQ).
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1.4. A function on I of the form f(x) = px + q, p, q ∈ R, is said to be affine.
Show that

(a) f is affine on R if and only if

f(λx + (1 − λ)y) = λf(x) + (1 − λ)f(y)

for all real numbers x y, and λ.
(b) f is affine on I if and only if f and −f are convex on I.
(c) If f is convex on I = [a, b] and there exists λ ∈ (0, 1) for which

f(λa + (1 − λ)b) = λf(a) + (1 − λ)f(b),

then f is affine on [a, b].

1.5. Show that for all u, v, w ∈ C,

(a) |u − w| ≤ |u − v| + |v − w|.
(b) |u − v| ≥ ∣∣|u| − |v|∣∣.
(c) |u + v|2 + |u − v|2 = 2(|u|2 + |v|2).
1.6. Show that

n∑
k=1

|xk| ≤ √
n ·

√√√√ n∑
k=1

|xk|2.

1.7. Prove inequalities (1.10) and (1.12).

1.8. Hölder’s inequality for 0 < p < 1. Let p and q be real numbers such
that

0 < p < 1 and
1
p

+
1
q

= 1

(so q < 0). Assuming that yk �= 0 for 1 ≤ k ≤ n, prove that

n∑
k=1

|xkyk| ≥
( n∑

k=1

|xk|p
)1/p( n∑

k=1

|yk|q
)1/q

.

(Hint: Note that 1
p > 1, and then use (1.7), replacing p with 1

p .)

1.9. Minkowski’s inequality for 0 < p < 1. Assume that 0 < p < 1 and
show that

[ n∑
k=1

|xk + yk|p
]1/p

≥
[ n∑
k=1

|xk|p
]1/p

+
[ n∑
k=1

|yk|p
]1/p

.

1.10. Let x1, . . . , xn be positive real numbers. The classical Pythagorean
means are the arithmetic mean (A), the geometric mean (G), and the har-
monic mean (H). They are defined by



1.5 Zorn’s Lemma 17

A = A(x1, . . . , xn) =
1
n

(x1 + · · · + xn),

G = G(x1, . . . , xn) = n
√

x1x2 · · · xn,

H = H(x1, . . . , xn) =
n

1
x1

+ · · · + 1
xn

,

respectively. Prove that

min{x1, . . . , xn} ≤ H ≤ G ≤ A ≤ max{x1, . . . , xn}.

1.11. Let a, b, x, and y be positive real numbers. Show that

x ln
x

a
+ y ln

y

b
≥ (x + y) ln

x + y

a + b
.

Hint: The function f(t) = t ln t is convex over (0,∞).

1.12. Prove Theorems 1.15 and 1.17.

1.13. Prove that the relation ∼ on the set N × N defined by

(m,n) ∼ (p, q) if m + q = p + n,

for all m,n, p, q ∈ N, is an equivalence relation. Describe the equivalence
classes of this relation.

1.14. Prove that the relation ∼ in Example 1.3 is an equivalence relation on
the set Z × (Z \ {0}).

1.15. Let X be a set with more than one element. Give examples of subsets
A and B of X such that A �⊆ B and B �⊆ A.

1.16. Show that the relation � in Example 1.5 is a partial order on C.

1.17. Consider the set X of all closed disks in the plane that are subsets of
the square S = [0, 1] × [0, 1].

(a) Describe the maximal elements of the poset (X,⊆).
(b) Show that (X,⊆) does not have a greatest element.
(c) Describe the minimal elements of (X,⊆).
(d) Show that (X,⊆) does not have a least element.



Chapter 2

Metric Spaces

The purpose of this chapter is to present a summary of some basic properties
of metric and topological spaces that play an important role in the rest of
the book.

2.1 Metrics and Pseudometrics

Definition 2.1. A metric space is a pair (X, d), where X is a nonempty set
and d is a function d : X × X → R satisfying the following conditions:

(M1) d(x, y) = 0 if and only if x = y,
(M2) d(x, y) = d(y, x), symmetry
(M3) d(x, y) + d(y, z) ≥ d(x, z), triangle inequality

for all x, y, z ∈ X. Elements of the set X are called points. The number d(x, y)
is said to be the distance between points x and y. The function d is called a
metric or a distance function.

Note that conditions M1–M3 imply that the distance function d is nec-
essarily nonnegative. Indeed,

0 = d(x, x) ≤ d(x, y) + d(y, x) = 2 d(x, y),

for all x, y ∈ X.
For any three points x, y, z in a metric space (X, d), the triangle inequality

(M3) claims that each of the three distances d(x, y), d(y, z), and d(z, x) is
not greater than the sum of the other two distances:

d(x, y) ≤ d(x, z) + d(z, y),
d(y, z) ≤ d(y, x) + d(x, z),
d(z, x) ≤ d(z, y) + d(y, x).
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This system of three inequalities is equivalent to the following chain of
inequalities:

|d(x, z) − d(y, z)| ≤ d(x, y) ≤ d(x, z) + d(z, y) (2.1)

(cf. Exercise 2.2).
By induction, the triangle inequality is generalized to n > 3 points as

d(x1, xn) ≤ d(x1, x2) + · · · + d(xn−1, xn) (2.2)

(cf. Exercise 2.4).
We will often refer to inequalities (2.1) and (2.2) as “triangle inequalities.”

The name is motivated by theorems in Euclidean geometry (cf. Fig. 2.1).

x

y

z

d(x,y)

d(y,z)

d(z,x)

Fig. 2.1 Triangle in the Euclidean plane.

Example 2.1. The set R of all real numbers endowed with the distance func-
tion

d(x, y) = |x − y|,
where |x| is the absolute value of x, is a metric space. Similarly, the set of all
complex numbers C is a metric space with the distance function

d(z, w) = |z − w|,

where |z| is the modulus (absolute value) of z in C (cf. (1.5)).

Example 2.2. Let X be a nonempty set. It is easily seen that the function

d(x, y) =

{
0, if x = y,

1, if x �= y,

is a metric, called the discrete metric (also known as the trivial metric) on
X. The space (X, d) is called the discrete metric space.
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Example 2.3. Let X be a vector space over the field F (which is either R or
C). A norm on X is a real-valued function on X whose value at x ∈ X is
denoted by ‖x‖, with the following properties:

(a) ‖x‖ = 0 if and only if x = 0,
(b) ‖αx‖ = |α|‖x‖,
(c) ‖x + y‖ ≤ ‖x‖ + ‖y‖,

for all x, y ∈ X and α ∈ F. Note that these conditions imply that the norm is
a nonnegative function on X. It can be readily verified that d(x, y) = ‖x−y‖
is a metric on X.

Let (X, d) be a metric space. It is clear that for a nonempty subset Y of
X the restriction of d to the set Y × Y is a metric on Y . Usually this metric
is denoted by the same symbol d. The metric space (Y, d) is called a subspace
of the space (X, d).

Example 2.4. Every nonempty set of real numbers is a metric space with the
distance function given by |x − y| (cf. Example 2.1). In particular, every
interval in R is a metric space, as is the set Q of all rational numbers.

It is customary to omit reference to the metric d in the notation (X, d)
and write “a metric space X” instead of “a metric space (X, d).” However,
we use the latter notation if different metrics on the same set are considered.

A concept of distance that is more general than that of a metric is espe-
cially useful in functional analysis.

Definition 2.2. A pseudometric on a nonempty set X is a real-valued func-
tion d satisfying the following conditions:

(PM1) d(x, x) = 0,
(PM2) d(x, y) = d(y, x), symmetry
(PM3) d(x, y) + d(y, z) ≥ d(x, z), triangle inequality

for all x, y, z ∈ X (cf. Definition 2.1). The pair (X, d) is said to be a pseudo-
metric space.

A metric space is clearly also a pseudometric space such that the distance
between two distinct points is always a positive number.

Example 2.5. Consider the following two functions on the set C:

d1(z, w) = |Re(z) − Re(w)| and d2(z, w) = |Im(z) − Im(w)|.

Both functions are pseudometrics on C. Note, for instance, that d2(x, y) = 0
for all real numbers x and y.

Example 2.6. Let X be a vector space over the field F. A function p : X → R
is called a seminorm on X if it satisfies the following conditions:
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(a) p(αx) = |α|p(x),
(b) p(x + y) ≤ p(x) + p(y),

for all α ∈ F and x, y ∈ X. It can be shown (cf. Exercise 2.7) that the function

d(x, y) = p(x − y)

is a pseudometric on X.

2.2 Open and Closed Sets

Definition 2.3. Let X be a metric space, x ∈ X, and r > 0. The set

B(x, r) = {y ∈ X : d(y, x) < r}

is called the open ball of radius r centered at x. Similarly, the closed ball of
radius r centered at x is the set

B(x, r) = {y ∈ X : d(y, x) ≤ r}.

The definitions of open and closed balls have their roots in Euclidean
geometry. However, in abstract metric spaces, these concepts may have some
counterintuitive properties (cf. Exercises 2.11 and 2.13).

The open ball of radius ε > 0 centered at x ∈ X is called the ε-neighborhood
of x. A neighborhood of x ∈ X is a subset of the space X containing the ε-
neighborhood of x for some ε > 0.

Let E be a subset of a metric space X. A point x ∈ E is said to be an
interior point of E if E contains an open ball centered at x. The interior of
the set E is the set of all its interior points. This set is denoted by intE.

Example 2.7. In these examples, all sets under consideration are subsets of
the metric space R.

(a) The interior of an open interval (a, b) is the interval itself.
(b) The interior of the closed interval [0, 1] is the open interval (0, 1).
(c) The interior of the set of rational numbers Q is empty (cf. Exercise 2.16).

Definition 2.4. A subset U of a metric space X is said to be open if it
contains an open ball centered at each of its points.

In other words, a subset U of X is an open set if it coincides with its
interior.

Every metric space X has at least two distinct open subsets, namely the
empty set and the set X itself. If the metric space X consists of a single
point, then ∅ and X are the only open subsets of X (cf. Exercise 2.17).

Two fundamental properties of open sets in a metric space are found in
the next theorem.
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Theorem 2.1. Let X be a metric space and T the collection of all open sub-
sets of X. Then:

(a) The union of every family {Ui}i∈J of open sets is an open set:⋃
i∈J

Ui ∈ T.

(b) The intersection of every finite family {U1, . . . , Un} of open sets is an
open set:

n⋂
i=1

Ui ∈ T.

Proof. (a) If a point x belongs to the union
⋃

i∈J Ui, then there is i ∈ J such
that x ∈ Ui. Because Ui is an open set, there is an open ball B(x, r) that is
a subset of Ui. Clearly, B(x, r) ⊆ ⋃

i∈J Ui. Hence,
⋃

i∈J Ui is an open set.
(b) By induction, it suffices to show that the intersection U1 ∩ U2 of two

open sets is open. If this intersection is empty, then we are done, because the
empty set is open. Otherwise, let x ∈ U1 ∩ U2. Inasmuch as the sets U1 and
U2 are open, there are balls B(x, r1) ⊆ U1 and B(x, r2) ⊆ U2. Then the ball
B(x, r) with r = min{r1, r2} belongs to the intersection U1 ∩U2, which is the
desired result. �

Let E be a subset of a metric space X. A point x ∈ X is said to be a
limit point of E (or an accumulation point of E) if every neighborhood of x
contains a point in E distinct from x. The set consisting of the points of E
and the limit points of E is called the closure of M and is denoted by E.

Definition 2.5. A subset F of a metric space X is said to be closed if it
contains all its limit points.

Hence, a subset F of X is closed if it coincides with its closure, F = F .

Example 2.8. (a) The open unit ball in the complex plane,

B(0, 1) = {z ∈ C : |z| < 1},

is an open set.
(b) The closed unit ball in the complex plane,

B(0, 1) = {z ∈ C : |z| ≤ 1},

is a closed set, which is the closure of B(0, 1),

B(0, 1) = B(0, 1).

(c) Let X be a discrete metric space of cardinality greater than 1 and
x ∈ X. Then
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B(x, 1) = {x}, B(x, 1) = {x}, and B(x, 1) = X �= {x},

so the closure of an open ball B(x, r) in a metric space can be a proper subset
of the closed ball B(x, r) (cf Exercise 2.18).

The following theorem establishes a close relationship between the con-
cepts of open and closed sets.

Theorem 2.2. A subset E of a metric space X is closed if and only if its
complement Ec is open.

Proof. It is easy to see that the result holds if E = ∅ or E = X. Thus we
assume that E is a nonempty subset of X that is different from X.

(Necessity.) Let E be a closed set and x an element of Ec = X \E. Because
x /∈ E, it is not a limit point of E. Hence, there is a neighborhood of x that
is a subset of Ec. It follows that Ec is an open set.

(Sufficiency.) Suppose that the complement Ec of the set E is open and let
x be a limit point of E. Because every neighborhood of x contains a point of
E different from x, the point x does not belong to the open set Ec. Therefore,
x ∈ E, that is, E is a closed set. �

By applying Theorem 2.2 to properties (a) and (b) of open sets established
in Theorem 2.1, we obtain fundamental properties of closed sets.

Theorem 2.3. In a metric space,

(a) the union of a finite family of closed sets is a closed set;
(b) the intersection of every family of closed sets is a closed set.

The proof of the next theorem is left as an exercise (cf. Exercise 2.19).

Theorem 2.4. The interior of a subset E of a metric space is the maxi-
mum open set contained in E. The closure of E is the minimum closed set
containing E.

A subset E of a metric space X is said to be dense in X if its closure is
the entire space X:

E = X.

If E is dense in X, then every ball in X contains a point from E.
A metric space is called separable if it has a countable dense subset.

Example 2.9. (a) The metric space of real numbers R is separable, because
the set of rational numbers Q is countable and dense in R.

(b) The space C of complex numbers is also separable (cf. Exercise 2.23).
(c) A discrete metric space is separable if and only if it is countable

(cf. Exercise 2.24).
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2.3 Convergence and Completeness

Definition 2.6. A point x in a metric space X is said to be a limit of a
sequence of points (xn) in X if for every ε > 0, there exists N ∈ N such that

d(xn, x) < ε, for all n > N.

If x is a limit of the sequence (xn), we say that (xn) converges to x and write

xn → x.

If a sequence has a limit, it is called convergent. Otherwise, it is called diver-
gent.

It is not difficult to see that

xn → x if and only if d(xn, x) → 0.

Example 2.10. Every point x in a metric space X is a limit of the constant
sequence: xn = x, for all n ∈ N.

Example 2.11. Let X = [0, 1] be a subspace of R. The sequence (1/n) con-
verges to 0 in X. On the other hand, the same sequence diverges in the
subspace (0, 1) of R (cf. Exercise 2.35).

Theorem 2.5. A sequence of points in a metric space has at most one limit.

Proof. Suppose (xn) is a convergent sequence such that xn → x and xn → y.
Then

0 ≤ d(x, y) ≤ d(x, xn) + d(xn, y) → 0.

Hence, d(x, y) = 0, so x = y. �
This theorem justifies the notation

lim
n→∞ xn = x (or simply lim xn = x)

for the limit of a sequence (xn) that converges to x.

Definition 2.7. A sequence of points (xn) in a metric space X is said to be
a Cauchy sequence (or fundamental sequence) if for every ε > 0, there exists
N ∈ N such that

d(xm, xn) < ε, for all m,n > N.

Theorem 2.6. Every convergent sequence in a metric space is a Cauchy
sequence.
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Proof. Suppose xn → x in a metric space X. Then for a given ε > 0, there
exists N ∈ N such that

d(xn, x) <
ε

2
, for all n > N.

By the triangle inequality, we have

d(xm, xn) ≤ d(xm, x) + d(x, xn) <
ε

2
+

ε

2
= ε,

for all m,n > N . Hence (xn) is a Cauchy sequence. �
The converse of this theorem is not true in a general metric space. For

instance, the sequence (1/n) in the space X = (0, 1) (cf. Exercise 2.35) is
Cauchy but does not converge to a point in X.

A subset E of a metric space is said to be bounded if there exists M > 0
such that d(x, y) < M for all x, y ∈ E. A sequence (xn) of points in a metric
space is bounded if the set {xn : n ∈ N} is bounded.

Theorem 2.7. Every Cauchy sequence in a metric space is bounded. In par-
ticular, every convergent sequence in a metric space is bounded.

Proof. Let (xn) be a Cauchy sequence in a metric space X. Then for ε = 1,
there exists N ∈ N such that

d(xm, xn) < 1, for all m,n ≥ N.

Let a = max1≤k<N{d(xN , xk)}. Then d(xN , xn) < max{1, a}, for all n ∈ N.
By the triangle inequality,

d(xm, xn) ≤ d(xm, xN ) + d(xN , xn) < 2max{1, a}, for all m,n ∈ N.

Hence the sequence (xn) is bounded.
By Theorem 2.6, every convergent sequence in X is bounded. �
Metric spaces in which Cauchy sequences converge are important in anal-

ysis and deserve a name.

Definition 2.8. A metric space X is said to be complete if every Cauchy
sequence in X converges (that is, has a limit in X). Otherwise, we say that
X is incomplete.

Example 2.12. The metric spaces R and C are complete. A closed interval in
R and a closed disk in C are also complete metric spaces. An open interval
in R and an open disk in C are examples of incomplete metric spaces.

The following theorem gives a criterion for a subspace of a complete metric
space to be itself a complete space (cf. the previous example).
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Theorem 2.8. A subspace Y of a complete space X is complete if and only
if Y is a closed subset of X.

Proof. (Necessity.) Suppose that Y is complete and let y ∈ X be a limit point
of Y . Then for every n ∈ N, there exists yn ∈ Y such that d(yn, y) < 1

n .
Because yn → y, the sequence (yn) is Cauchy in Y . Inasmuch as Y is
complete, we have y ∈ Y . Hence Y is a closed subset of X.

(Sufficiency.) Let Y be a closed subset of X (so Y = Y ) and let (yn) be a
Cauchy sequence of points in Y . Because this sequence is also a sequence of
points in X, and X is complete, (yn) converges to a point x ∈ X. If x ∈ Y ,
we are done. Otherwise, x is a limit point of Y , so x ∈ Y = Y . �

An important example of an incomplete space is the metric space Q with
the distance function d(x, y) = |x − y| for x, y ∈ Q. Of course, this follows
from the previous theorem, because Q is not a closed subset of the complete
space R. To show that Q is an incomplete metric space directly, it suffices
to produce an example of a divergent Cauchy sequence in this space.

Example 2.13. Consider the sequence of rational numbers

sn = 1 − 1
2!

− 1
3!

+ · · · +
(−1)n+1

n!
=

n∑
k=1

(−1)k+1

k!
, n ∈ N.

First, we show that (sn) is a Cauchy sequence in Q. For m > n, we have

|sm − sn| =
∣∣∣∣ (−1)n+2

(n + 1)!
+ · · · +

(−1)m+1

m!

∣∣∣∣ ≤ 1
2n−1

+ · · · +
1

2m−2
<

1
2n

.

(We use the inequality n! > 2n−2 for all n ∈ N, and the sum of a geometric
series.) It follows that (sn) is Cauchy.

Suppose that (sn) converges to a rational number r, that is,

∞∑
k=1

(−1)k+1

k!
= r.

Because the series on the left-hand side satisfies the alternating series test con-
ditions, we have the following estimate for the remainder (cf. Exercise 2.36):

0 < |r − sn| <
1

(n + 1)!
, for n ∈ N.

Let r =
p

q
=

p(q − 1)!
q!

and n = q. From the above inequalities, we have

0 <

∣∣∣∣p(q − 1)!
q!

−
q∑

k=1

(−1)k+1

k!

∣∣∣∣ <
1

(q + 1)!
.
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By multiplying all sides of these inequalities by q!, we obtain a contradiction,

0 <

∣∣∣∣p(q − 1)! −
q∑

k=1

(−1)k+1q!
k!

∣∣∣∣ <
1

q + 1
,

because the number in the middle is an integer. It follows that the Cauchy
sequence (sn) diverges in Q.

The diameter of a bounded set A in a metric space (X, d) is defined as

diam(A) = sup{d(a, b) : a, b ∈ A}.

A nested family A1 ⊇ A2 ⊇ · · · of nonempty subsets of X is said to be
contracting if

diam(An) → 0.

The following property of complete metric spaces is useful in applications.

Theorem 2.9. (The Cantor intersection property) If a metric space
X is complete, then whenever A1 ⊇ A2 ⊇ · · · is a contracting sequence of
nonempty closed subsets of X, there exists x ∈ X for which

∞⋂
k=1

Ak = {x}.

Proof. Let rn = diam(An), for n ∈ N. The sequence (rn) is decreasing and
converges to zero. For each n ∈ N, choose xn ∈ An. For a given ε > 0, there
exists N ∈ N such that rn < ε for all n > N . Hence for all m,n > N ,
d(xm, xn) < ε, so (xn) is Cauchy. Therefore, there exists x ∈ X such that
xn → x. Inasmuch as the sets An are closed, we have x ∈ An for all n ∈ N,
so x ∈ ⋂∞

k=1 Ak. The claim follows because rn → 0. �

Example 2.14. We show that the set of real numbers R is uncountable. The
proof is by contradiction, so we suppose that there is a sequence of real
numbers

x1, x2, . . . , xn, . . .

such that every real number is a term of this sequence.
It is clear that there is a closed bounded interval [a1, b1] of length

b1 − a1 =
1
3

such that x1 /∈ [a1, b1]. We divide this interval into three closed subintervals of
equal length. Again, it is clear that there is at least one of these subintervals,
say [a2, b2], that does not contain x2 (and does not contain x1 either). We
construct recursively a nested family of closed intervals
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{[an, bn] : n ∈ N}

such that for all n ∈ N,

bn − an =
1
3n

,

and [an, bn] does not contain the numbers x1, . . . , xn. By Theorem 2.9, there
is a real number a that belongs to all intervals [an, bn] and hence is not a
term of the sequence (xn).

2.4 Mappings

Let X and Y be sets. Recall that a function f : X → Y is a subset f ⊆ X ×Y
satisfying the following condition: for every x ∈ X there is a unique y ∈ Y
such that (x, y) ∈ f . Then we write y = f(x) and call X the domain of the
function f and the set Y its codomain.

In functional analysis, we often use different names instead of “function,”
such as “mapping,” “transformation,” and “operator,” among other varia-
tions. Some notations are also abbreviated to make formulas more readable.

The following definition illustrates some of these conventions. It is clear
that this definition generalizes the concept of continuity in elementary anal-
ysis.

Definition 2.9. Let (X, d) and (Y, d′) be metric spaces. A mapping (that is,
a function) T : X → Y is said to be continuous at x0 ∈ X if for every ε > 0
there is δ > 0 such that

d(x, x0) < δ implies d′(Tx, Tx0) < ε, for all x ∈ X.

The mapping T is said to be continuous (on X) if it is continuous at every
point of X.

Note that we write Tx instead of the usual notation T (x) for the value of
a function at x.

The next two theorems give equivalent forms of this definition.

Theorem 2.10. A mapping T : X → Y is continuous at x0 ∈ X if and only
if Txn → Tx0 for every sequence (xn) in X such that xn → x0.

Proof. (Necessity.) Let T : X → Y be a continuous mapping and xn → x0 in
the space X. For ε > 0 there exists δ > 0 such that d′(Tx, Tx0) < ε whenever
d(x, x0) < δ. Because xn → x0, there exists N ∈ N such that d(xn, x0) < δ
for n > N . Hence, d′(Txn, Tx0) < ε for n > N . It follows that Txn → Tx0

in the space Y .
(Sufficiency.) Suppose that T is not continuous at x0. Then there exists

ε > 0 such that for every n ∈ N, there exists xn ∈ X such that d(xn, x0) < 1/n
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and d′(Txn, Tx0) ≥ ε. It is clear that (Txn) does not converge to Tx0 in Y ,
whereas xn → x0 in X. This contradiction shows that T is continuous at x0.

�

Theorem 2.11. A mapping T : X → Y is continuous on X if and only if
the inverse image of every open subset of Y is an open subset of X.

Proof. (Necessity.) Let T : X → Y be a continuous mapping and U an open
set in Y . For x0 ∈ T−1(U) choose ε > 0 such that B(Tx0, ε) ⊆ U . This is
possible because Tx0 ∈ U and U is an open set. Because T is continuous,
there exists δ > 0 such that d(x, x0) < δ implies Tx ∈ B(Tx0, ε). It follows
that B(x0, δ) ⊆ T−1(U), so T−1(U) is an open subset of X.

(Sufficiency.) Suppose that the inverse image of every open set in Y is an
open set in X. Let x0 be a point in X and ε > 0. Let V ⊆ X be the inverse
image of the open ball B(Tx0, ε). Because V is an open set and x0 ∈ V , there
is δ > 0 such that B(x0, δ) ⊆ V , that is, d(x, x0) < δ implies d′(Tx, Tx0) < ε
for all x ∈ X. It follows that T is continuous at x0. �

An example of a continuous function is the distance function on a metric
space. This function is continuous in each of its arguments. Here is the precise
formulation of this property.

Theorem 2.12. Let (X, d) be a metric space. If xn → x and yn → y in X,
then

d(xn, yn) → d(x, y),

or equivalently,
d(lim xn, lim yn) = lim d(xn, yn),

provided that both limits on the left-hand side exist.

Proof. The claim of the theorem follows from the “quadrilateral inequality”:

|d(xn, yn) − d(x, y)| ≤ d(xn, x) + d(yn, y)

(cf. Exercise 2.3). �
Another example of a continuous mapping is an isometry.

Definition 2.10. Let (X, d) and (Y, d′) be metric spaces. A mapping T of X
into Y is said to be an isometry if it preserves distances, that is,

d′(Tx, Ty) = d(x, y), for all x, y ∈ X.

The space X is said to be isometric to the space Y if there is a bijective
isometry from X onto Y . Then the spaces X and Y are called isometric.

It is not difficult to see that an isometry is indeed a continuous mapping.
The claim of the next theorem is an important property of isometric spaces.
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Theorem 2.13. Let (X, d) and (X ′, d′) be complete metric spaces. If U and
U ′ are dense subsets of X and X ′, respectively, and T is an isometry from U
onto U ′, then there exists an isometry T ′ from X onto X ′ such that T = T ′|U ,
that is, T ′ is an extension of T to X.

In other words, if U and U ′ are isometric dense subsets of complete metric
spaces X and X ′, respectively, then the spaces X and X ′ are themselves
isometric.

Proof. Let x be a point in X. Because U is dense in X, there is a sequence
(un) of points of U that converges to x. Suppose that (vn) is another sequence
with the same properties. Since convergent sequence are Cauchy and T pre-
serves distances, the sequences (Tun) and (Tvn) are also Cauchy. They are
convergent because X ′ is complete. By Theorem 2.12,

d′(lim Tun, lim Tvn) = lim d′(Tun, T vn) = lim d(un, vn)
= d(lim un, lim vn) = d(x, x) = 0.

Hence lim Tun = lim Tvn for every two sequences in U that converge to x. It
follows that T ′x = lim Tun is a well-defined function from X into X ′.

Now we show that T ′ preserves distances. Let (un) and (vn) be sequences
of points in U that converge to points x and y in X, respectively. We have,
again by Theorem 2.12,

d′(T ′x, T ′y) = d′(lim Tun, lim Tvn) = lim d′(Tun, T vn)
= lim d(un, vn) = d(lim un, lim vn) = d(x, y).

Hence, the mapping T ′ is an isometry.
It remains to show that T ′ is a surjective mapping. Let x′ be a point in

X ′. Because U ′ is dense in X ′, there is a sequence (u′
n) of points of U ′ that

converges to x′. Because this sequence converges, it is Cauchy. Since T−1 is
an isometry, the sequence T−1u′

n is also a Cauchy sequence. Inasmuch as X
is a complete space, this sequence converges to some point x in X, that is,
un → x, where un = T−1u′

n. Hence,

T ′x = lim Tun = lim u′
n = x′,

and the result follows. �

2.5 Completion of a Metric Space

The completeness property of the field of real numbers R is crucial in
the proofs of many theorems of real analysis. Complete metric spaces play
an important role in many constructions of functional analysis. However,
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sometimes one has to deal with incomplete metric spaces. In this section, we
describe a remarkable construction that makes it possible to create a unique
complete space from an incomplete one. We begin with a definition.

Definition 2.11. A completion of a metric space (X, d) is a metric space
(X̃, d̃) with the following properties:

(a) X̃ is a complete space, and
(b) (X, d) is isometric to a dense subset of (X̃, d̃).

It is known from real analysis that the space of real numbers R is a com-
pletion of its subspace of rational numbers Q.

Theorem 2.14. For a metric space (X, d) there exists its completion (X̃, d̃).

Proof. First, we construct the space (X̃, d̃). Let X ′ be the set of Cauchy
sequences of elements of X. We define the function d′((xn), (yn)) on X ′ by

d′((xn), (yn)) = lim d(xn, yn).

This function is well defined. Indeed, we have

|d(xm, ym) − d(xn, yn)| ≤ d(xm, xn) + d(ym, yn), for all m,n ∈ N,

by the “quadrilateral inequality” (cf. Exercise 2.3). Because (xn) and (yn)
are Cauchy sequences in X, the sequence of real numbers d(xn, yn) is Cauchy
and therefore convergent.

It is not difficult to verify that the function d′ is a pseudometric (cf. Exer-
cise 2.4) on X ′. Let X̃ = X ′/ ∼ be the quotient set of X ′ with respect to the
equivalence relation on X ′ defined by

(xn) ∼ (yn) if and only if d′((xn), (yn)) = 0.

According to Exercise 2.4, the set X̃ equipped with the distance function

d̃([(xn)], [(yn)]) = d′((xn), (yn))

is a metric space.
We proceed with the construction of an isometry T : X → X̃. With each

x ∈ X we associate the class [(x)] of the constant sequence (x) and claim that
the mapping given by Tx = [(x)] is an isometry from X onto T (X) ⊆ X̃.
Indeed, for constant sequences (x) and (y), we have

d̃([(x)], [(y)]) = d′((x), (y)) = d(x, y),

by the definition of the functions d̃ and d′.
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Now we show that T (X) is dense in X̃. For this we need to show that
every open ball in X̃ contains a point of T (X). Let [(xn)] ∈ X̃. Because (xn)
is a Cauchy sequence in X, for every ε > 0 there exists N ∈ N such that

d(xn, xN ) <
ε

2
, for all n > N.

Consider the constant sequence (xN ) = (xN , xN , . . .) in X, so [(xN )] ∈ T (X).
We have

d̃([(xn)], [(xN )]) = d′((xn), (xN )) = lim d(xn, xN ) ≤ ε

2
< ε.

Hence, the ball B([(xn)], ε) contains the point [(xN )] of T (X).
It remains to show that (X̃, d̃) is a complete space. Let (x̃1, x̃2, . . . , x̃n, . . .)

be a Cauchy sequence in X̃. Because T (X) is dense in X̃, it follows that for
every n ∈ N, there is a constant sequence (z(n)) = (zn, zn, . . .) in X such
that

d̃(x̃n, z̃n) <
1
n

,

where z̃n = [(z(n))] ∈ T (X) is the class of the constant sequence (z(n)). We
have

d̃(z̃m, z̃n) ≤ d̃(zm, x̃m) + d̃(x̃m, x̃n) + d̃(x̃n, z̃n) <
1
m

+ d̃(x̃m, x̃n) +
1
n

,

and the right-hand side can be made smaller than every given positive number
for sufficiently large m and n, because (x̃n) is a Cauchy sequence. Hence (z̃n)
is Cauchy. Because Tzn = [(z(n))] = z̃n and T is an isometry of X onto T (X),
the sequence (zn) = (z1, z2, . . .) is a Cauchy sequence in X. Let x̃ = [(zn)].
We show that x̃n → x̃, which establishes completeness of X̃.

We have

d̃(x̃n, x̃) ≤ d̃(x̃n, z̃n) + d̃(z̃n, x̃) <
1
n

+ d̃(z̃n, x̃) =
1
n

+ d′((z(n)), (zn)).

Using the definition of d′, we obtain

d̃(x̃n, x̃) <
1
n

+ lim
m→∞ d(zn, zm).

Because (zn) is a Cauchy sequence, the right-hand side of the above inequality
can be made smaller than every given positive number for sufficiently large
n, implying that x̃n → x̃. �

The next theorem asserts that in some precise sense there is only one
completion of a metric space.
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Theorem 2.15. If (X̃, d̃) and (X̂, d̂) are two completions of a metric space
(X, d), then the spaces X̃ and X̂ are isometric.

Proof. Let T and T ′ be isometries of X onto dense sets T (X) and T ′(X) in
spaces X̃ and X̂, respectively. Then T ′ ◦ T−1 is an isometry of T (X) onto
T ′(X). The claim of the theorem follows from Theorem 2.13. �

2.6 The Baire Category Theorem

The result that we establish in this section—the Baire category theorem—has
powerful applications in functional analysis and elsewhere in mathematics.
We begin with a simple lemma.

Lemma 2.1. A nonempty open set U in a metric space X contains the clo-
sure of an open ball.

Proof. Let B(x, r) be an open ball in U . Clearly, B(x, r/2) ⊆ B(x, r). Let y be
a limit point of B(x, r/2). There exists z ∈ B(x, r/2) such that d(z, y) < r/2.
Hence

d(x, y) ≤ d(x, z) + d(z, y) < r/2 + r/2 = r,

so y ∈ B(x, r). It follows that B(x, r/2) ⊆ B(x, r) ⊆ U . �
Next we prove two forms of the main result. Both are known as the Baire

category theorem.

Theorem 2.16. Let X1,X2, . . . be a sequence of dense open sets in a com-
plete metric space (X, d). Then

∞⋂
n=1

Xn �= ∅.

Proof. By Lemma 2.1, there is an open ball B(x1, ε1) such that

B(x1, ε1) ⊆ X1.

Because X2 is dense in X, the intersection B(x1, ε1)∩X2 is a nonempty open
set, and therefore, by Lemma 2.1, there is an open ball B(x2, ε2) such that

B(x1, ε1) ⊇ B(x2, ε2) and B(x2, ε2) ⊆ X2.

Clearly, we may assume that 0 < ε2 < ε1/2. We construct recursively a
nested sequence of open balls such that

B(x1, ε1) ⊇ B(x2, ε2) ⊇ · · · ⊃ B(xn, εn) ⊇ · · · ,
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B(xn, εn) ⊆ Xn, for all n ∈ N,

and 0 < εn < ε1/2n. By Theorem 2.9,

∞⋂
n=1

Xn ⊇
∞⋂

n=1

B(xn, εn) �= ∅

(cf. Exercise 2.38), which is the desired result. �

Example 2.15. Let Q = {r1, r2, . . .} be an enumeration of the rational num-
bers. Define Xn = (−∞, rn) ∪ (rn,∞). Clearly, every set Xn is open and
dense in R. It is not difficult to verify that the intersection

⋂∞
n=1 Xk is the

set R\Q of all irrational numbers in R. This example hints at a generalization
of Theorem 2.16 (cf. Exercise 2.53).

Theorem 2.17. Let (X, d) be a complete metric space. If X =
⋃∞

n=1 Fn,
where F1, F2, . . . are closed sets, then at least one of these sets contains an
open ball.

Proof. Suppose that none of the closed sets F1, F2, . . . contains an open ball.
Then each of the open sets X \ F1,X \ F2, . . . is dense in X and

∞⋂
n=1

(X \ Fn) = X \
∞⋃

n=1

Fn = ∅,

which contradicts the result of Theorem 2.16. �

Example 2.16. The set of real numbers R is not countable (cf. Example 2.14).
Indeed, suppose that it is countable. Since R =

⋃
x∈R{x} and each set {x}

is closed, we have a contradiction with Theorem 2.17.
The metric space Q of rational numbers is a countable union of its single-

tons, Q =
⋃

x∈Q{x}. By Theorem 2.17, Q is an incomplete space (cf. Exam-
ple 2.13).

2.7 Compactness

Definition 2.12. A metric space X is said to be compact if every sequence
in X has a convergent subsequence. A subset Y of X is called compact if it
is a compact subspace of X.

Hence a subset Y of a metric space X is compact if every sequence in this
subset has a subsequence that converges to a point in Y .
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Example 2.17. In real analysis, the Bolzano–Weierstrass theorem asserts that
a subset of Rn is compact if and only if it is closed and bounded.

Theorem 2.18. A compact set in a metric space is closed and bounded.

Proof. Let E be a compact set in a metric space X. If x is a point in the
closure of E, then there is a sequence (xn) of points in E that converges to
x in the space X. Because E is compact, x belongs to E. Hence E is closed.

Suppose that the set E is not bounded. Then for every n ∈ N, there is a
point yn ∈ E such that d(yn, a) > n, where a is a fixed point in X. Because
every convergent sequence of points in X is bounded, the sequence (yn) can-
not contain a convergent subsequence. This contradicts our assumption that
E is compact. �

The converse of this theorem is false for general metric spaces, as the
following example demonstrates.

Example 2.18. Let X be an infinite set endowed with the discrete metric

d(x, y) = 1, for all x �= y in X.

The set X is closed and bounded. Clearly, a sequence (xn) all of whose terms
are distinct does not contain a convergent subsequence. (No subsequence of
this sequence is Cauchy.) Hence, X is not compact.

Let Y be a subset of a metric space X. A family {Ui}i∈J of open sets in X is
said to be an open covering of Y if Y ⊆ ⋃

i∈J Ui. If J ′ ⊆ J and Y ⊆ ⋃
i∈J ′ Ui,

then the family {Ui}i∈J ′ is called a open subcovering of {Ui}i∈J .

Lemma 2.2. Let {Ui}i∈J be an open covering of a compact space X. Then
there exists r > 0 such that for every x ∈ X, the open ball B(x, r) is contained
in Ui for some i ∈ J .

Proof. Suppose to the contrary that for every n ∈ N there is xn ∈ X such
that B(xn, 1/n) �⊆ Ui for all i ∈ J . Inasmuch as X is compact, there is a
subsequence (xnk

) of the sequence (xn) converging to some x ∈ X. The point
x belongs to one of the sets Ui, say x ∈ Ui0 . Because Ui0 is open, there exists
m such that B(x, 1/m) ⊆ Ui0 . Since xnk

→ x, there exists n0 ≥ 2m such
that xn0 ∈ B(x, 1/2m). We have (cf. Exercise 2.13 (b)

B
(
xn0 ,

1
n0

)
⊆ B

(
xn0 ,

1
2m

)
⊆ B

(
x,

1
m

)
⊆ Ui0 ,

which contradicts our assumption that B(xn, 1/n) �⊆ Ui for all n ∈ N and
i ∈ J . �

Theorem 2.19. (Borel–Lebesgue) A metric space X is compact if and
only if every open covering {Ui}i∈J of X contains a finite subcovering.
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Proof. (Necessity.) Let X be a compact space and {Ui}i∈J an open covering
of X. By Lemma 2.2, there exists r > 0 such that for every x ∈ X, we have
B(x, r) ⊆ Ui for some i ∈ J . It suffices to prove that X can be covered by a
finite number of balls B(x, r). If B(x1, r) = X for some x1 ∈ X, we are done.
Otherwise, choose x2 ∈ X \ B(x1, r). If B(x1, r) ∪ B(x2, r) = X, the proof
is over. If by continuing this process we obtain X on some step, the claim is
proven. Otherwise, there exists a sequence (xn) of points of X such that

xn+1 /∈ B(x1, r) ∪ · · · ∪ B(xn, r)

for every n ∈ N. It is clear that d(xm, xn) ≥ r for all m,n ∈ N. It follows
that (xn) has no Cauchy subsequences and hence no convergent subsequences.
This contradicts our assumption that X is a compact space. Hence, X can
be covered by a finite number of sets Ui.

(Sufficiency.) Let X be a metric space such that every open covering of X
contains a finite subcovering and let (xn) be a sequence of points in X. Sup-
pose that (xn) does not have a convergent subsequence. Then for every point
x ∈ X there is an open ball B(x, rx) that contains no points of the sequence
(xn) except possibly x itself (cf. Exercise 2.28). The family {B(x, rx)}x∈X is
an open covering of X and therefore contains a finite subcovering. Hence,

X = B(a1, r1) ∪ · · · ∪ B(an, rn),

for a finite set A = {a1, . . . , an} in X. By the choice of open balls B(x, rx),
we have xk ∈ A for all k ∈ N, which contradicts our assumption that (xn)
does not have a convergent subsequence (cf. Exercise 2.27). �

Theorem 2.20. The image of a compact set under a continuous mapping is
compact.

Proof. Let T : X → Y be a continuous mapping and A a compact sub-
set of X. If {Ui}i∈J is an open covering of T (A), then by Theorem 2.19,
{T−1(Ui)}i∈J is an open covering of A. Inasmuch as A is compact, there
is a subcovering {T−1(Ui)}i∈J ′ of A, where J ′ is a finite subset of J . Then
{Ui}i∈J ′ is a finite subfamily of {Ui}i∈J that covers T (A). Hence T (A) is a
compact subset of the space Y . �

Theorem 2.21. If X is a compact space, then every continuous function
f : X → R is bounded and attains its maximum value.

Proof. By Theorem 2.20, the set A = f(X) ⊆ R is compact. If A has no
largest element, then the family

{(−∞, a) : a ∈ A}

forms an open covering of A. Inasmuch as A is compact, some finite subfamily



38 2 Metric Spaces

{(−∞, a1), . . . (−∞, an)}
covers A. If ak = max{a1, . . . , an}, then for all 1 ≤ i ≤ n, we have ak /∈
(−∞, ai), contrary to the fact that these intervals cover A. �

2.8 Topological Spaces

Many problems in functional analysis require the consideration of topological
spaces, a more general structure than that of a metric space.

Definition 2.13. A topological space is a pair (X,T), where X is a nonempty
set and T is a family of subsets of X, called open sets, possessing the following
properties:

(a) The union of every collection of open sets is open.
(b) The intersection of every finite collection of open sets is open.
(c) ∅ ∈ T and X ∈ T.

Elements of the set X are called points of the topological space (X,T), and
the family T is called a topology on X. For a point x ∈ X, a neighborhood of
x is a set containing an open set that contains x.

It is worth noting that property (c) of the definition follows from properties
(a) and (b). Namely, the union of the empty collection of open sets is the
empty set ∅, and the intersection of the empty collection is the set X itself.

As in the case of metric spaces, it is customary to omit reference to the
topology T in the notation (X,T) and write “a topological space X” instead
of “a topological space (X,T).”

Let (X,T) be a topological space. If Y is a subset of X, then the family

T′ = {Y ∩ U : U ∈ T}

is a topology on Y (cf. Exercise 2.59). This topology is called the subspace
topology.

An important example of a topological space is a metric space. Let (X, d)
be a metric space and T the family of all open sets in X. Note that T contains
the empty set ∅ and the set X itself. By Theorem 2.1, the pair (X,T) is a
topological space. In this case, the topology T is called the metric topology
induced by the metric d.

Example 2.19. Let X be a nonempty set. Define T = {∅,X}. It is clear that
T is a topology on X. It is called the trivial topology on X.

Example 2.20. Let X be a nonempty set and T the family of all subsets of X.
Hence, T is the power set 2X . This topology is called the discrete topology on
X. The discrete topology is induced by the discrete metric.
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A topological space is said to be Hausdorff if every two distinct points in
the space have disjoint neighborhoods.

Example 2.21. (a) Every metric space (X, d) is Hausdorff. Indeed, if x and y
are distinct points in X, then B(x, d(x, y)/2) ∩ B(y, d(x, y)/2) = ∅.

(b) Let X = {a, b} be a two-element set and T = {∅, {a},X}. It is clear
that T is a topology on X and that the space (X,T) is not Hausdorff.

Example 2.22. Let (X, d) be a pseudometric space that is not a metric space,
so d(x, y) = 0 for some distinct points x and y in X. Open balls and open sets
in this space are defined exactly as in the case of metric spaces (cf. Defini-
tions 2.3 and 2.4). It is not difficult to show that the space X is not Hausdorff
(cf. Exercise 2.58).

A base (or basis) of the topology T on a nonempty set X is a family B

of open subsets of X such that every open subset of X is the union of sets
belonging to B. If B is a base of the topology T, we say that B generates T.

Bases are useful because many topologies are most easily defined in terms
of bases generating them. The following theorem (cf. Exercise 2.60) gives nec-
essary and sufficient conditions for a family of subsets to generate a topology.

Theorem 2.22. Let B be a family of subsets of a nonempty set X. Then B

is a base of a topology on X if and only if

(a) X =
⋃

B∈B B;
(b) if B1, B2 ∈ B and x ∈ B1 ∩ B2, then there is a set B in B such that

x ∈ B ⊆ B1 ∩ B2.

The unique topology that has B as its base consists of the unions of subfamilies
of B.

Example 2.23. It is known from real analysis that every open subset of R is
the (possibly empty) union of a family of open intervals. Hence, the open
intervals form a base of the metric topology on R. In fact, in every metric
space X, the collection of open balls is a base of the metric topology on X.

Definition 2.14. Let X and Y be topological spaces. A mapping T : X → Y
is said to be continuous at a point x0 ∈ X if to every neighborhood U of
the point Tx0 there corresponds a neighborhood V of point x0 such that
T (V ) ⊆ U . The mapping T is said to be continuous if it is continuous at
every point of X.

Definition 2.15. Topological spaces X and Y are said to be homeomorphic
if there is a bijection T : X → Y such that both mappings T and T−1 are
continuous. A topological space is said to be metrizable if it is homeomorphic
to a metric space.
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If two metric spaces are isometric, then they are homeomorphic as topo-
logical spaces. Note that the converse is not true (cf. Exercise 2.61).

We have the following analogue of Theorem 2.11.

Theorem 2.23. Let X and Y be topological spaces and T a mapping from
X into Y . Then T is continuous if and only if the inverse image under T of
every open set in Y is an open set in X.

Proof. (Necessity.) Let T : X → Y be a continuous mapping and U an open
set in Y . Then U is a neighborhood of every point Tx for x ∈ T−1(U).
Because T is continuous, every x ∈ T−1(U) has an open neighborhood V
such that T (V ) ⊆ U , so V ⊆ T−1(U). Hence, T−1(U) is an open set.

(Sufficiency.) Suppose that the inverse image of every open set in Y is an
open set in X. For x ∈ X, a neighborhood of Tx contains an open subset U
containing Tx. The set V = T−1(U) is an open neighborhood of x such that
T (V ) ⊆ U . Hence T is continuous at x. Because x is an arbitrary point of X,
the mapping T is continuous. �

Definition 2.16. If (X1,T1) and (X2,T2) are topological spaces, a topology
on the Cartesian product X1×X2 is defined by taking as a base the collection
of all sets of the form U1 ×U2, where U1 ∈ T1 and U2 ∈ T2. It can be verified
(cf. Exercise 2.62) that this collection is indeed a base of a topology. This
unique topology is called the product topology on X1 × X2.

The result of Theorem 2.19 motivates the following definition.

Definition 2.17. A topological space (X,T) is said to be compact if every
covering of X by open sets (that is, an open covering) contains a finite sub-
covering. A subset Y of X is said to be compact if Y is a compact space in
the subspace topology.

The proofs of the next two theorems can be taken verbatim from the proofs
of Theorems 2.20 and 2.21.

Theorem 2.24. Let T : X → X ′ be a continuous mapping of a topological
space (X,T) into a topological space (X ′,T′). Then the image T (Y ) of a
compact set Y in X is a compact set in X ′.

Theorem 2.25. If X is a compact space, then every continuous function
f : X → R is bounded and attains its maximum value.

Notes

Axioms (M1)–(M3) are motivated by classical Euclidean geometry, where
in particular, it is proved that each side of a triangle is smaller than the sum
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of the other two sides, and each side is greater than the difference of the other
two sides (see, for instance, Kiselev 2006, pp. 38–39).

There is a loose connection between the concept of a limit and that of a
limit point of a subset. Let E be a nonempty subset of a metric space and x
a limit point of E. For every n ∈ N, there is a point xn ∈ E (distinct from x)
such that d(xn, x) < 1/n, so xn → x. Hence, a limit point of the set E is
the limit of a sequence of points in E. The converse is not true. For instance,
if E = X, where X is a discrete space, then E has no limit points, whereas
every point of E is a limit of a constant sequence.

There is standard terminology associated with the Baire category theo-
rems. A subset of a topological space is called nowhere dense (or rare) if its
closure contains no interior points. Every countable union of nowhere dense
sets is said to be of the first category (or meager). All other subsets are of sec-
ond category. The standard Baire category theorem says that every complete
metric space is of second category. This result was established by René-Louis
Baire in his dissertation in 1899 for the spaces Rn and independently by
William Fogg Osgood for the real line in 1897.

Exercises

2.1. Prove that properties M1–M3 of the metric d are equivalent to the
following conditions:

(1) d(x, y) = 0 if and only if x = y;
(2) d(x, y) ≤ d(x, z) + d(y, z),

for all x, y, z ∈ X.

2.2. Prove that the system of inequalities in (2.1) is equivalent to the system
of three distinct triangle inequalities on three points.

2.3. (The quadrilateral inequality.) Prove the following generalization of the
first inequality in (2.1). For every four points x, y, u, and w in a metric space,

|d(x, y) − d(u, v)| ≤ d(x, u) + d(y, v).

2.4. Prove inequality (2.2).

2.5. Let d be a metric on a set X. Show that the following functions are also
metrics on X:

(a) d̃ =
d

1 + d
,

(b) d̃ = ln(1 + d),
(c) d̃ = dα, 0 < α < 1.
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2.6. For a pseudometric space (X, d), we define a binary relation ∼ on X by

x ∼ y if d(x, y) = 0, for x, y ∈ X.

Show that ∼ is an equivalence relation on X and the quotient set X/ ∼
(cf. Section 1.4) is a metric space with the distance function d̃ given by
d̃([x], [y]) = d(x, y).

2.7. Show that a seminorm p on a vector space X has the following properties:

(a) p(0) = 0,
(b) p(−x) = p(x),
(c) p(x) ≥ 0,

for all x ∈ X. Also show that the function d(x, y) = p(x−y) is a pseudometric
on X.

2.8. Let d1, . . . , dn be (pseudo)metrics on a set X and λ1, . . . , λn nonnegative
real numbers such that at least one of them is positive. Show that

d = λ1d1 + · · · + λndn

is a (pseudo)metric on X.

2.9. Let (d1, . . . , dn, . . .) be a sequence of (pseudo)metrics on a set X. Show
that

d̃ =
∞∑

k=1

1
2k

dk

1 + dk

is a (pseudo)metric on X.

2.10. Let y be a point in the ball B(x, r). Show that there exists r′ > 0 such
that B(y, r′) ⊆ B(x, r). Conclude that an open ball is an open set.

2.11. Give an example of a metric space (X, d) and open balls B(x1, r1) and
B(x2, r2) in X such that B(x2, r2) is a proper subset of B(x1, r1) and r2 > r1.

2.12. Suppose that B(x, r1) is a proper subset of B(x, r2) in a metric space
(X, d). Show that r1 < 2r2.

2.13. For points x1 and x2 in a metric space and positive numbers r1 and
r2, prove that

(a) d(x1, x2) ≥ r1 + r2 implies B(x1, r1) ∩ B(x2, r2) = ∅.
(b) if d(x1, x2) ≤ r1 − r2, then B(x2, r2) ⊆ B(x1, r1).

Show that the converses of (a) and (b) do not necessarily hold.

2.14. Suppose that the intersection of two open balls in a metric space is not
empty:

B(x, r1) ∩ B(y, r2) �= ∅.

Give an example of an open ball that is contained in this intersection.
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2.15. Show that the empty set ∅ is an open subset of every metric space.

2.16. Prove that intQ = ∅.

2.17. Show that a metric space consisting of more than one point has at least
two open subsets different from ∅ and X.

2.18. Prove that in every metric space, the closure of an open ball is a subset
of the closed ball with the same center and radius:

B(x, r) ⊆ B(x, r).

Give an example of a metric space and an open ball in it for which the above
inclusion is proper.

2.19. Prove Theorem 2.4.

2.20. Let A and B be sets in a metric space. Show that

(a) A ⊆ B if A ⊆ B.
(b) A ∪ B = A ∪ B.
(c) A ∩ B ⊆ A ∩ B.

Give an example of a proper inclusion in (c).

2.21. Let X be a subspace of a metric space Y , and Z a subset of X. Show
that Z is closed in X if and only if there is a closed subset F of Y such that
Z = F ∩ X.

2.22. Show that an open set in a metric space (X, d) is also open in the space
(X, d̃), where d̃ = d/(1 + d) (cf. Exercise 2.5(a)). Is the converse true?

2.23. Show that the metric space C is separable.

2.24. Prove that a discrete metric space is separable if and only if it is count-
able.

2.25. Show that x is an accumulation point of a subset A of a metric space
if and only if x ∈ A \ {x}.

2.26. Prove that a subspace of a separable metric space is separable.

2.27. Let (xn) be a sequence of points in a metric space X such that the set
{xn : n ∈ N} is finite. Show that (xn) contains a convergent subsequence.

2.28. Show that a point x in a metric space X is the limit of a subsequence
of a sequence (xn) if and only if every neighborhood of x contains infinitely
many terms of (xn).

2.29. Let (xn) be a convergent sequence in a metric space X and x = lim xn.
Show that every subsequence (xnk

) of (xn) converges to the same limit x.
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2.30. If (xn) is Cauchy and has a convergent subsequence (xnk
) with limit

x, show that (xn) converges to the same limit x.

2.31. Show that a Cauchy sequence is bounded.

2.32. Suppose that (xn) is a Cauchy sequence in a metric space (X, d). Show
that there is a subsequence (xnk

) of (xn) such that

d(xnk
, xnm

) < 1/2k, for all m > k.

2.33. Show that a metric space is a singleton if and only if every bounded
sequence is convergent.

2.34. Show that a sequence (xn) in a discrete metric space X converges to
x ∈ X if and only if there is N ∈ N such that xn = x for all n > N .

2.35. (a) Show that the sequence (1/n) diverges in the metric space (0, 1)
with the distance function inherited from R.

(b) Show that this sequence is a Cauchy sequence in (0, 1).

2.36. Let (cn) be a sequence of positive rational numbers such that ck+1 < ck

for all k ∈ N. Show that
∑∞

k=1(−1)k−1ck = r implies

0 <
∣∣∣r −

n∑
k=1

(−1)k−1ck

∣∣∣ < cn+1, for all n ∈ N.

2.37. Let (X, d) be a metric space, where X is a finite set. Show that this
space is complete.

2.38. Let B(x, r) be an open ball in a metric space (X, d). Show that B(x, r)
is a bounded set of diameter not greater than 2r.

2.39. Let A be a bounded subset of a metric space. Show that

diam(A) = diam(A).

2.40. Show that the condition diam(An) → 0 in Theorem 2.9 is essential.
(Give an example of a complete metric space and a nested family of bounded
closed sets in it with empty intersection.)

2.41. Prove the converse of Theorem 2.9 (Royden and Fitzpatrick 2010, Sec-
tion 9.4).

2.42. Show that a mapping from a discrete metric space into a metric space
is always continuous.

2.43. Let a be a point in a metric space (X, d). Show that the function
f(x) = d(x, a) is uniformly continuous on X, that is, for a given ε > 0 there
exists δ > 0 such that

|f(x) − f(y)| < ε,

for all x, y ∈ X such that d(x, y) < δ.
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2.44. For a nonempty subset A of a metric space (X, d) and a point x ∈ X,
let

dist(x,A) = inf{d(x, a) : a ∈ A}.

Show that the function f(x) = dist(x,A) is continuous.

2.45. Prove that a subset U of a metric space X is open if and only if there
is a continuous function f : X → R such that U = {x ∈ X : f(x) > 0}.

2.46. If T : X → Y is an isometry from a complete metric space X into a
metric space Y , then T (X) is a complete subspace of Y .

2.47. Describe the completion of a discrete metric space.

2.48. If X and Y are isometric metric spaces and X is complete, show that
Y is complete.

2.49. Let (X, d) be a metric space and let d̃ = d/(1+d) (cf. Exercise 2.5(a)).
Show that (X, d̃) is complete if and only if (X, d) is complete.

2.50. Define d(x, y) = | tan−1 x − tan−1 y| on R. Show that (R, d) is an
incomplete metric space and find its completion.

2.51. Let X be the set of nonempty open intervals in R and let d be defined
by

d((x, y), (u, v)) = |u − x| + |v − y|.
(Here (x, y) and (u, v) are open intervals in R.) Show that (X, d) is an incom-
plete metric space and find its completion.

2.52. Give an example of an incomplete metric space X and a sequence (Xn)
of open dense subsets of X with empty intersection.

2.53. Let (Xn) be a sequence of dense open sets in a complete metric space.
Prove that the intersection of the sets in this sequence is dense in X.

2.54. A function f : R → R is said to be lower semicontinuous on R if the
set {x : f(x) > α} is open for every α ∈ R. Let f be a lower semicontinuous
function on R. Show that for every open set U ⊆ R there is an open subset
V ⊆ U on which f is bounded. (Hint: use the Baire category theorem.)

2.55. Show that the set of irrational numbers in [0, 1] cannot be represented
as a countable union of closed sets. (Hint: Use the Baire category theorem.)

2.56. Prove that a set is dense in a metric space if and only if it has nonempty
intersection with every open ball.

2.57. A topological space (X,T) is said to be a T1 space if for every two
distinct points x, y ∈ X there is an open set U ∈ T such that x ∈ U , y /∈ U .
Prove that a topological space is a T1 space if and only if every singleton in
X is a closed set.
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2.58. Let (X, d) be a pseudometric space such that d(x, y) = 0 for some pair
of distinct points x, y in X. Show that there are no disjoint neighborhoods
of x and y in the topological space X.

2.59. Let (X,T) be a topological space and X ′ a nonempty subset of X.
Show that

T′ = {U ∩ X ′ : U ∈ T}
is a topology on X ′.

2.60. Prove Theorem 2.22.

2.61. Give an example of two homeomorphic metric spaces that are not iso-
metric.

2.62. Let (X1,T1) and (X2,T2) be topological spaces. Show that the set

{U1 × U2 : U1 ∈ T1, U2 ∈ T2}

is a base of a topology on X1 × X2. (Hint: Use Theorem 2.22.)

2.63. Show that a topology T on a set X is discrete if and only if every
mapping from (X,T) into any topological space is continuous.



Chapter 3

Special Spaces

Topological, metric, and normed vector spaces are abstract spaces that
together with operators on these spaces are major objects of study in func-
tional analysis. These spaces are briefly introduced in Section 3.1. However,
many concrete spaces not only serve as examples (and counterexamples)
in the theory, but themselves are of significant theoretical importance. In
the main body of this chapter (Sections 3.2–3.7) some of these spaces are
described, and their main topological and metric properties are established.

3.1 Metric Vector Spaces

All spaces in functional analysis are vector spaces that are also topological
spaces. In the following definition, the algebraic structure of a vector space
is “blended” with a topology on the space.

Definition 3.1. A topological vector space is a vector space X over the field
F that is endowed with a topology such that vector addition and scalar
multiplication are continuous functions.

Continuity of vector addition means that for every neighborhood U of
the vector x + y there are neighborhoods Ux and Uy of vectors x and y,
respectively, such that

Ux + Uy ⊆ U.

Scalar multiplication is continuous if for every neighborhood U of the vector
λx (λ ∈ F) there exist a neighborhood Vλ of the scalar λ and a neighborhood
Ux of the vector x such that

VλUx ⊆ U.

If a topological vector space is a metric (or pseudometric) space, that is,
its topology is the topology of a metric (or pseudometric) space, then we call
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it a metric vector space. In this case, continuity of vector addition and scalar
multiplication can be expressed in terms of convergent sequences. Namely
(cf. Exercise 3.1), a pair (X, d) is a metric vector space if for sequences (xn)
and (yn) of vectors in X and sequences (λn) of scalars in F, these conditions
hold:

(a) xn → x, yn → y imply (xn + yn) → (x + y),
(b) λn → λ, xn → x imply λnxn → λx.

If a metric vector space (X, d) is complete, then it is called a Fréchet space.
We reintroduce below the concepts that were introduced in passing in

Chapter 2.

Definition 3.2. Let X be a vector space over the field F. A function p :
X → R is said to be a seminorm on X if

(a) p(λx) = |λ|p(x), homogeneity
(b) p(x + y) ≤ p(x) + p(y), triangle inequality

for all λ ∈ F and x, y ∈ X. The pair (X, p) is called a seminormed space.
A norm on X is a real-valued function on X, whose value at x ∈ X is

denoted by ‖x‖, with the properties

(a) ‖λx‖ = |λ|‖x‖, homogeneity
(b) ‖x + y‖ ≤ ‖x‖ + ‖y‖, triangle inequality
(c) ‖x‖ = 0 implies x = 0,

for all λ ∈ F and x, y ∈ X. The pair (X, ‖ · ‖) is said to be a normed space.
A Banach space is a normed space that is a complete metric space.

Note that norms (and seminorms) are nonnegative functions (cf. Exer-
cise 3.2).

Clearly a norm is also a seminorm. It can be easily verified that the func-
tions p(x − y) and d(x, y) = ‖x − y‖ are a pseudometric and metric on X,
respectively. Convergence in a normed space is defined by the metric d, that
is, xn → x in (X, ‖ · ‖) if ‖xn − x‖ → 0 as n → ∞.

Some basic properties of seminorms and norms are found in Exercises 2.7
and 3.2.

Theorem 3.1. Normed and seminormed spaces are metric vector spaces.

Proof. It suffices to consider the case of a seminormed space (X, p) with the
distance function d(x, y) = p(x − y). Note that p is a nonnegative function
on X (cf. Exercise 2.7).

Suppose that xn → x and yn → y in (X, p), so p(xn − x) → 0 and
p(yn − y) → 0. Then

0 ≤ p((xn + yn) − (x + y)) = p((xn − x) + (yn − y)
≤ p(xn − x) + p(yn − y) → 0.
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Hence (xn + yn) → (x + y).
Now suppose that λn → λ in F and xn → x in (X, p), so |λn −λ| → 0 and

p(xn − x) → 0. Because λn → λ, the sequence (λn) is bounded. We have

0 ≤ p(λnxn − λx) = p(λnxn − λnx + λnx − λx)
= p((λn(xn − x) + (λn − λ)x)
≤ |λn|p(xn − x) + |λn − λ|p(x) → 0.

It follows that λnxn → λx. �
Note that a normed space is Hausdorff (cf. Example 2.21).

Definition 3.3. A normed subspace of a normed space X is a vector subspace
Y of X with the norm obtained by restricting the norm on X to Y .

Abstract normed spaces are players in the theory presented in Chapter 4.
Many particular spaces in functional analysis are metric vector spaces of
functions. This means that every specific space is a vector space of F-valued
functions on some set. This vector space is endowed with a norm, seminorm,
or metric that makes it a metric vector space. F-valued functions on the set
{1, 2, . . . , n} are n-dimensional vectors. The set of all these functions forms
the vector space Fn. Functions on the set of natural numbers N are sequences.
Vectors in sequence spaces are sequences with terms in F. In the rest of this
chapter, we describe some classes of these and other special spaces in func-
tional analysis and establish their completeness and separability properties.

3.2 Finite-Dimensional �p Spaces

Recall that vectors in the n-dimensional vector space Fn are n-tuples with
terms in F:

Fn = {(x1, . . . , xn) : xi ∈ F, 1 ≤ i ≤ n}.

In this section, we consider families of norms and metrics on Fn parame-
terized by the extended real variable p ∈ (0,∞) ∪ {∞} = (0,∞].

For p ∈ [1,∞), we define

‖x‖p =
( n∑

i=1

|xi|p
)1/p

, for x = (x1, . . . , xn) ∈ Fn. (3.1)

This function on Fn is a norm. Indeed, properties (a) and (c) of a norm in
Definition 3.2 are trivially satisfied, and the triangle inequality for ‖ · ‖p is
Minkowski’s inequality (1.9). The normed space (Fn, ‖ · ‖p) is denoted by �n

p .
The real space �n

2 is n-dimensional Euclidean space (often denoted by Rn)
with the metric defined by
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d(x, y) = ‖x − y‖2 =

√√√√ n∑
i=1

|xi − yi|2, x, y ∈ Rn.

For p = ∞, the function

‖x‖∞ = max{|xi| : 1 ≤ i ≤ n}, forx = (x1, . . . , xn) ∈ Fn

is a norm on Fn. Again, properties (a) and (c) of a norm in Definition 3.2 are
trivially satisfied. The triangle inequality for ‖ · ‖∞ follows from the triangle
inequalities

|xi + yi| ≤ |xi| + |yi|, 1 ≤ i ≤ n,

for the absolute value function on F (cf. Exercise 3.7). The resulting normed
space is denoted by �n

∞ (cf. Exercise 3.8).
For 0 < p < 1, the function ‖ · ‖p in (3.1) is not a norm (cf. Exercise 1.9).

In this case, we define a metric on Fn by

dp(x, y) =
n∑

i=1

|xi − yi|p, (3.2)

for x = (x1, . . . , xn) and y = (y1, . . . , yn) in Fn. The triangle inequality for
d follows immediately from (1.13). Clearly, dp(x, y) = 0 if and only if x = y,
and dp(x, y) = dp(y, x) for all x, y ∈ Fn. Hence dp is indeed a metric on Fn.
We denote the metric space (Fn, d) by the same symbol �n

p as for p ≥ 1.
The following two properties of the metric dp are essential in the proof of

Theorem 3.2:

dp(x + z, y + z) = dp(x, y) and dp(λx, λy) = |λ|pdp(x, y),

for all x, y, z ∈ �n
p and λ ∈ F. The first property is known as translation

invariance of the distance function.

Theorem 3.2. For p ∈ (0,∞] and every n ∈ N, the space �n
p is a metric

vector space.

Proof. It suffices to consider the case p ∈ (0, 1), because for p ∈ [1,∞] the
space �n

p is a normed space, and the result follows from Theorem 3.1.
Suppose that 0 < p < 1 and x(k) → x, y(k) → y in �n

p as k → ∞. By the
translation-invariance property,

dp(x(k) − x, 0) = dp(x(k), x) → 0

and
dp(y(k) − y, 0) = dp(y(k), y) → 0.

By applying the same property and the triangle inequality, we obtain
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0 ≤ dp(x(k) + y(k), x + y) = dp(x(k) − x, y − y(k))

≤ dp(x(k) − x, 0) + dp(0, y − y(k)) → 0.

Therefore, (x(k)+y(k)) → (x+y), so vector addition is a continuous function.
Now we prove that scalar multiplication is a continuous function. Let

λ(k) → λ in F and x(k) → x in �n
p as k → ∞. We have

0 ≤ dp(λ(k)x(k), λx) ≤ dp(λ(k)x(k), λ(k)x) + dp(λ(k)x, λx)

= dp(0, λ(k)(x − x(k))) + dp((λ(k) − λ)x, 0)

= |λ(k)|pdp(0, x − x(k)) + |λ(k) − λ|pdp(x, 0) → 0.

(Note that (λ(k)) is a bounded sequence, since it is convergent.) Hence
λ(k)x(k) → λx. �

Theorem 3.3. All spaces �n
p , n ∈ N and p ∈ (0,∞], are complete and sepa-

rable.

Proof. We establish the assertion of the theorem for p = 2, leaving the
remaining cases for the reader (cf. Exercise 3.9). Let

x(k) = (x(k)
1 , . . . , x(k)

n ), k = 1, 2, . . . ,

be a Cauchy sequence in �n
2 . Then for every ε > 0, there exists N ∈ N such

that

‖x(k) − x(m)‖2 =
( n∑

i=1

|x(k)
i − x

(m)
i |2

)1/2

< ε, for k,m > N.

It follows that for i = 1, . . . , n,

|x(k)
i − x

(m)
i | < ε for k,m > N.

Hence for a fixed 1 ≤ i ≤ n, the sequence (x(k)
i ) is a Cauchy sequence in F

and therefore converges to some xi ∈ F. Let x = (x1, . . . , xn). We have

‖x − x(k)‖2 =
( n∑

i=1

|xi − x
(k)
i |2

)1/2

.

Inasmuch as x
(k)
i → xi as k → ∞, the right-hand side of the above equality

converges to zero. Hence x(k) → x in �n
2 , so the space �n

2 is complete.
To show that �n

2 is a separable metric space, we consider the set M consist-
ing of the sequences in �n

2 with rational coordinates. (A complex number is
said to be rational if its real and imaginary parts are rational numbers.) Let
x = (x1, . . . , xn) be a vector in �n

2 . Because the rational numbers are dense
in F, for every ε > 0 there exists y = (y1, . . . , yn) ∈ M such that
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|xi − yi| < ε/
√

n, for i = 1, . . . , n.

Then

‖x − y‖2 =
( n∑

i=1

|xi − yi|2
)1/2

< ε.

It follows that the countable set M is dense in �p
2. Hence �p

2 is separable. �

Definition 3.4. Topological vector spaces X and Y are said to be isomorphic
if there is a bijection T : X → Y such that

(a) T is an isomorphism of vector spaces X and Y .
(b) T is a homeomorphism of topological spaces X and Y .

Note that the relation of being isomorphic is transitive: if X is isomorphic
to Y and Y is isomorphic to Z, then X is isomorphic to Z. This follows from
the transitivity property of vector space isomorphisms and topological space
homeomorphisms.

Theorem 3.4. For every n ∈ N, the spaces �n
p (p ∈ (0,∞]) are isomorphic.

Proof. By the transitivity property, it suffices to show that every space �n
p

for 0 < p < ∞ is isomorphic to �n
∞. Let T be the identity mapping of the

space Fn onto itself. Clearly, T is a vector space isomorphism. To prove that
T is an isomorphism of �n

p onto �n
∞, we show that for every given r > 0, the

ball Bp(0, r) in the space �n
p contains an open ball B∞(0, r′) in the space �n

∞
and conversely (cf. Exercise 3.10).

Let Bp(0, r) be an open ball in �n
p . We consider two cases.

Case 0 < p < 1. We set r′ = (r/n)1/p and show that B∞(0, r′) ⊆ Bp(0, r).
If x ∈ B∞(0, r′), then max{|xi| : 1 ≤ i ≤ n} < (r/n)1/p, so |xi| < (r/n)1/p

for all 1 ≤ i ≤ n. It follows that

n∑
i=1

|xi|p <

n∑
i=1

r

n
= r.

Hence x ∈ Bp(0, r).
Case 1 ≤ p < ∞. We set r′ = r/n1/p and show that B∞(0, r′) ⊆ Bp(0, r).

If x ∈ B∞(0, r′), then max{|xi| : 1 ≤ i ≤ n} < r/n1/p, so |xi| < r/n1/p for
all 1 ≤ i ≤ n. It follows that

( n∑
i=1

|xi|p
)1/p

<

( n∑
i=1

rp

n

)1/p

= r.

Hence x ∈ Bp(0, r).
Now let B∞(0, r) be an open ball in �n

∞.
For 1 ≤ p < ∞, we have Bp(0, r) ⊆ B∞(0, r), because
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( n∑
i=1

|xi|p
)1/p

< r implies |xi| < r, for all 1 ≤ i ≤ n.

Furthermore, for 0 < p < 1, we have Bp(0, rp) ⊆ B∞(0, r), because

( n∑
i=1

|xi|p
)

< rp implies |xi| < r, for all 1 ≤ i ≤ n.

The result follows. �
Later (cf. Theorem 4.12), we will prove that every two n-dimensional

normed spaces are isomorphic.

3.3 Sequence Spaces �p

The �p spaces are instances of sequence spaces, that is, vector spaces of F-
valued functions on the set of natural numbers N. As in the previous section,
these spaces are parameterized by the parameter p ∈ (0,∞].

For p ∈ (0,∞), vectors in �p are sequences (xn) for which the series

∞∑
i=1

|xi|p

converges. Clearly, �p is closed under scalar multiplication. By inequali-
ties (1.12) and (1.13), it is closed under vector addition. Hence �p is a vector
space.

For p ∈ [1,∞), we define

‖x‖p =
( ∞∑

i=1

|xi|p
)1/p

, for x = (x1, x2, . . .) ∈ �p, (3.3)

and for 0 < p < 1,

dp(x, y) =
∞∑

i=1

|xi − yi|p, (3.4)

for x = (x1, x2, . . .) and y = (y1, y2, . . .) in �p. As in the case of spaces �n
p , the

space �p is a normed space if p ≥ 1 and a metric vector space if 0 < p < 1.
The space �2 is a prototypical example of a separable Hilbert space

(cf. Chapter 7).
For p = ∞, the space �∞ is the vector space of all bounded sequences (xn)

endowed with the supremum norm (also called the sup-norm)

‖x‖∞ = sup{|xi| : i ∈ N}} (3.5)
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(cf. Exercise 3.12).
In the rest of this section, we establish the completeness and separability

properties of the normed spaces �p (p ∈ [1,∞]). The arguments employed in
the proofs are typical in analysis and can be used to establish these properties
for other normed and metric vector spaces (cf. Exercises 3.13 and 3.14).

Theorem 3.5. The space �p (p ∈ [1,∞)) is complete.

Proof. Let (x(n)) be a Cauchy sequence in �p, where x(n) = (x(n)
1 , x

(n)
2 , . . .).

Then for every ε > 0 there exists N ∈ N such that for all m,n > N ,

‖x(m) − x(n)‖p =
( ∞∑

i=1

∣∣x(m)
i − x

(n)
i

∣∣p)1/p

< ε. (3.6)

Hence for every i,
∣∣x(m)

i − x
(n)
i

∣∣ < ε, for all m,n > N.

It follows that for every i, the sequence (x(n)
i ) is a Cauchy sequence in F and

therefore converges to some limit xi as n → ∞. We define x = (x1, x2, . . .)
and show that x ∈ �p and x(m) → x as m → ∞.

For k ∈ N, we obtain from (3.6),

k∑
i=1

∣∣x(m)
i − x

(n)
i

∣∣p < εp, for all m,n > N.

By taking repeated limits as n → ∞ first and then k → ∞, we obtain

∞∑
i=1

∣∣x(m)
i − xi

∣∣p ≤ εp, for all m > N, (3.7)

which means that (x(m) − x) ∈ �p. Hence

x = x(m) + (x − x(m)) ∈ �p.

Finally, by (3.7), ‖x(m) − x‖p ≤ ε for m > N , so x(m) → x in �p. Hence �p is
a complete metric space. �

We use similar steps in the proof of the following theorem.

Theorem 3.6. The space �∞ is complete.

Proof. Let (x(n)) be a Cauchy sequence in �p, where x(n) = (x(n)
1 , x

(n)
2 , . . .).

Then for every ε > 0, there exists N ∈ N such that for all m,n > N ,

‖x(m) − x(n)‖∞ = sup
i∈N

|x(m)
i − x

(n)
i | < ε. (3.8)
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Hence for every i ∈ N,
∣∣x(m)

i − x
(n)
i

∣∣ < ε, for all m,n > N.

It follows that for every i, the sequence (x(n)
i ) is a Cauchy sequence in F and

therefore converges to some limit xi as n → ∞. We define x = (x1, x2, . . .)
and show that x ∈ �∞ and x(m) → x as m → ∞.

By taking n → ∞ in the previous displayed inequality, we obtain
∣∣x(m)

i − xi

∣∣ ≤ ε, for all m > N and i ∈ N. (3.9)

Hence for some m,

|xi| = |x(m)
i + (xi − x

(m)
i )| ≤ |x(m)

i | + ε for all i ∈ N.

Inasmuch as the sequence x(m) is bounded, so is the sequence x. Therefore,
x ∈ �∞. By (3.9), ‖x(m) − x‖∞ ≤ ε for all m > N . Hence x(m) → x in �∞, so
�∞ is complete. �

Theorems 3.5 and 3.6 claim that all normed (so p ∈ [1,∞]) spaces �p are
Banach spaces. Note that this also holds for finite-dimensional normed spaces
(cf. Exercise 3.13).

Now we show that �p is a separable space for p ∈ [1,∞) and that �∞ is
not separable. The proof for other values of p is similar (cf. Exercise 3.14).

Theorem 3.7. If p ∈ [1,∞), then the space �p is separable. The space �∞ is
not separable.

Proof. Let M be the set of all sequences in �p with rational coordinates.
Because M is a countable set, it suffices to show that M = �p, that is, for a
given ε > 0 and x ∈ �p, there exists y ∈ M such that ‖x − y‖p < ε.

Inasmuch as x = (x1, x2, . . .) ∈ �p, the series
∑∞

i=1 |xi|p converges. There-
fore, there exists n such that

∞∑
i=n+1

|xi|p <
1
2

εp.

Because rational numbers are dense in F, we can choose rational numbers yi

for 1 ≤ i ≤ n such that
n∑

i=1

|xi − yi|p <
1
2

εp.

Then for y = (y1, . . . , yn, 0, 0, . . .), we have

‖x − y‖p =
( n∑

i=1

|xi − yi|p +
∞∑

i=n+1

|xi|p
)1/p

< ε,
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which is the desired result.
Now we show that the space �∞ is not separable. Let

M = {x = (x1, x2, . . .) ∈ �∞ : xk ∈ {0, 1}, k ∈ N}.

The set is uncountable. Indeed, for x ∈ M let Nx = {k ∈ N : xk = 1}. Then
M is in one-to-one correspondence with the power set 2N of all subsets of
the set of natural numbers N. It is known that 2N is not a countable set.

For x �= y in M , we have ‖x − y‖∞ = 1, so open balls centered at vectors
in M and of radius 1/2 are disjoint. Because there are uncountably many of
these balls, every countable subset of �∞ is disjoint from one of these balls.
Hence a countable set cannot be dense in �∞, so the space is not separ-
able. �

We conclude this section by introducing a relation between spaces �p. The
proof of the following theorem is left as an exercise (cf. Exercise 3.22).

Theorem 3.8. If p < q, then the vector space �p is a proper subspace of the
space �q. Furthermore, every space �p is a proper subspace of the space �∞.

Note that in Theorem 3.8, all spaces are vector spaces. In fact, �p is not a
normed subspace (cf. Definition 3.3) of any �q (q �= p) (cf. Exercise 3.16).

3.4 Sequence Spaces c, c0, and c00

There are two normed subspaces of the normed space �∞ that are of impor-
tance in functional analysis. The space c is the space of all convergent
sequences, and c0 is the space of all sequences converging to zero. Note that
both spaces are endowed with the sup-norm inherited from the space �∞.

Theorem 3.9. The spaces c and c0 are complete.

Proof. We establish the claim of the theorem for the space c0 (cf. Exer-
cise 3.17). It suffices to prove that c0 is a closed subset of �∞ (cf. Theo-
rem 2.8).

Let x(n) be a sequence of vectors in c0 that converges to x ∈ �∞. We need
to show that x ∈ c0. For ε > 0, there exists N ∈ N such that

‖x(n) − x‖∞ = sup
i∈N

|x(n)
i − xi| < ε/2, for all n > N.

Hence ∣∣x(N+1)
i − xi

∣∣ < ε/2, for all i ∈ N.

Because the sequence
(
x
(N+1)
k

)
converges to 0 as k → ∞, there exists N1 ∈ N

such that
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∣∣x(N+1)
k

∣∣ < ε/2, for all k > N1.

Thus for all k > N1, we have

|xk| =
∣∣x(N+1)

k + (xk − x
(N+1)
k )

∣∣ ≤ ∣∣x(N+1)
k

∣∣ +
∣∣xk − x

(N+1)
k

∣∣ < ε.

It follows that xk → 0, so x ∈ c0. �
Because c and c0 are complete, they are Banach spaces.
The proof of the next theorem is left to the reader (cf. Exercise 3.18 and

the proof of Theorem 3.7).

Theorem 3.10. The spaces c and c0 are separable.

Let c00 be the set of sequences (xn) such that xn = 0 for all but finitely
many n ∈ N. (Elements of c00 are called final or finitely supported sequences.)
It is clear that c00 is a normed subspace of c0 endowed with the sup-norm.

Unlike the spaces c and c0, the space c00 is not a Banach space. Indeed,
the sequence of vectors

an =
(
1,

1
2
, . . . ,

1
n

, 0, 0, . . .
)
, n ∈ N,

in the space c00 is Cauchy, because for m < n and ε > 0,

‖an − am‖∞ =
1
m

< ε, for m,n > 1/ε.

Suppose that (an) converges to the vector a ∈ c00. Inasmuch as a belongs to
c00, there exists N ∈ N such that

a = (x1, . . . , xN , 0, 0, . . .),

so xn = 0 for n > N . Hence for n > N , we have

‖an − a‖∞ = ‖(1 − x1, . . . ,
1
N − xN , 1

N+1 , . . . , 1
n , 0, 0, . . .)‖∞ ≥ 1

N+1 ,

which contradicts our assumption that an → a in c00.

3.5 The Sequence Space s

The space s is the vector space of all sequences (xn) with terms in F. There
are different methods of making s into a topological vector space. We begin
with a rather general approach to these methods that is also useful in other
applications.

Let {pj}j∈J be a family of seminorms on a vector space X. Finite inter-
sections of open balls Bj(a, r) = {x ∈ X : pj(x − a) < r} form the basis of
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a topology on X (cf. Exercise 3.23). In what follows, we assume that semi-
norms in {pj}j∈J separate points in X, that is, for every two distinct vectors
x, y ∈ X, there exists j ∈ J such that pj(x) �= pj(y). Then the space X is
Hausdorff (cf. Exercise 3.24). If J is a countable set, then we call the space
X a polynormed space.

In a polynormed space X endowed with seminorms {pi}i∈N, we define

d(x, y) =
∞∑

i=1

1
2i

pi(x − y)
1 + pi(x − y)

. (3.10)

It is easy to verify that d is a metric (cf. inequality (1.14) in Section 1.2).
An important property of the metric d is its translation invariance (cf. the
distance dp in Section 3.2):

d(x + z, y + z) = d(x, y), for all x, y, z ∈ X.

Below, we use this property without referencing it explicitly. We also use the
monotonicity of the real function t/(1 + t), t ≥ 0 (cf. the proof of Theo-
rem 1.11), in some proofs in this section.

Theorem 3.11. The topology T1 on a polynormed space X defined by the
family of seminorms {pi}i∈N coincides with the metric topology T2 defined
by the metric d on X (cf. (3.10)).

Proof. We need to prove two claims: (1) for every open set U ∈ T1 and every
x ∈ U , there is an open ball B ∈ T2 that contains x and is contained in U ,
and (2) for every open ball B ∈ T2 and every point x in B, there is an open
set U ∈ T1 such that U ⊆ B and x ∈ U .

(1) It suffices to show that for every ball

Bk(a,R) = {x ∈ X : pk(x − a) < R}

in T1 and point x in this ball, there is a ball B(x, r) ∈ T2 that is contained
in Bk(a,R). Let δk = R − pk(x − a) > 0. Then for

r =
1
2k

δk

1 + δk

and every y ∈ B(x, r), we have

d(y, x) =
∞∑

i=1

1
2i

pi(y − x)
1 + pi(y − x)

< r =
1
2k

δk

1 + δk
,

so
1
2k

pk(y − x)
1 + pk(y − x)

<
1
2k

δk

1 + δk
,

which is equivalent to
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pk(y − x) < δk.

Then

pk(y − a) ≤ pk(y − x) + pk(x − a) < δk + pk(x − a) = R,

that is, y ∈ Bk(a,R). Hence gB(x, r) ⊆ Bk(a,R).
(2) For x ∈ B(a,R), we define δ = R − d(x, a) > 0 and choose n such that

n > max{1, δ} and
∞∑

i=n+1

1
2i

=
1
2n

<
δ

2
.

Let y ∈ U =
⋂n

i=1 Bi(x, δ/(n − δ)), which is an open set in the topology T1.
Then for every 1 ≤ i ≤ n,

pi(y − x) <
δ

n − δ
.

We have

d(y, x) =
∞∑

i=1

1
2i

pi(y − x)
1 + pi(y − x)

≤
n∑

i=1

1
2i

pi(y − x)
1 + pi(y − x)

+
∞∑

i=n+1

1
2i

<
n∑

i=1

1
2i

δ
n−δ

1 + δ
n−δ

+
∞∑

i=n+1

1
2i

<
n∑

i=1

1
2i

δ

n
+

δ

2
<

δ

2
+

δ

2
= δ.

It follows that

d(y, a) ≤ d(y, x) + d(x, a) < δ + d(x, a) = R,

so y ∈ B(x,R). Hence U =
⋂n

i=1 Bi(x, δ/(n − δ)) ⊆ B(x,R) and x ∈ U . �

Theorem 3.12. In a polynormed space X, a sequence (xn) converges to x,
that is, d(xn, x) → 0, if and only if pk(xn − x) → 0 for every k ∈ N.

Proof. (Necessity.) Suppose that xn → x. Because

1
2k

pk(xn − x)
1 + pk(xn − x)

≤ d(xn − x), k ∈ N,

we have pk(xn − x) → 0 for every k ∈ N. Indeed, because d(xn − x) → 0, for
a given ε > 0 there exists N such that

pk(xn − x)
1 + pk(xn − x)

≤ 2kd(xn − x) <
ε

1 + ε
, for all n > N.

Equivalently, pk(xn − x) < ε for n > N . Hence pk(xn − x) → 0 as n → ∞,
for every k ∈ N.
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(Sufficiency.) Let pk(xn − x) → 0, for every k ∈ N. For ε > 0, choose
M ∈ N such that

1
2M

<
ε

2
and N ∈ N such that

pk(xn − x) <
ε

2M
, for 1 ≤ k ≤ M and, n > N.

Then

d(xn, x) =
M∑
i=1

1
2i

pi(xn − x)
1 + pi(xn − x)

+
∞∑

i=M+1

1
2i

pi(xn − x)
1 + pi(xn − x)

≤
M∑
i=1

pi(xn − x) +
∞∑

i=M+1

1
2i

< M · ε

2M
+

1
2M

<
ε

2
+

ε

2
= ε,

for all n > N . Hence xn → x. �

Theorem 3.13. The polynormed space X is a metric vector space.

Proof. We need to show that (1) the operation of vector addition is continu-
ous, and (2) the operation of multiplication by scalars is continuous.

(1) Let xn → x, yn → y. For a given ε > 0, choose N ∈ N such that

d(xn, x) <
ε

2
and d(yn, y) <

ε

2
, for all n > N.

Then

d(xn + yn, x + y) = d(xn − x, y − yn) ≤ d(xn − x, 0) + d(0, y − yn)

= d(xn, x) + d(yn, y) <
ε

2
+

ε

2
= ε,

for all n > N . It follows that (xn + yn) → (x + y), as required.
(2) Let λn → λ in F and xn → x in X. By Theorem 3.12, pk(xn − x) → 0

for every k ∈ N. Then

pk(λnxn − λx) = pk(λnxn − λnx + λnx − λx)
≤ |λn| pk(xn − x) + |λn − λ| pk(x), for all k ∈ N.

Because λn → λ and pk(xn − x) → 0, the sequence on the right-hand side
tends to zero as n → ∞. Hence for every k, pk(λnxn − λx) → 0 as n → ∞.
By Theorem 3.12, λnxn → λx. �

We apply the above results to the vector space s of all sequences (xk) with
terms in the field F. For
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x = (x1, x2, . . . , xi, . . .) ∈ s,

we define pi(x) = |xi| for every i ∈ N. Clearly, each pi is a seminorm on s. It
is also clear that the family {pi}i∈N separates points in s. By Theorem 3.11,
the metric

d(x, y) =
∞∑

i=1

1
2i

|xi − yi|
1 + |xi − yi|

defines the same topology as the one defined by the family of seminorms
{pi}i∈N. By Theorem 3.12, convergence in the space (s, d) is coordinatewise,
that is, x(n) → x in this space if and only if x

(n)
i → xi for every i ∈ N, and

by Theorem 3.13, (s, d) is a metric vector space.
Now we discuss some features of the space s that are specific to this space.

First, we show that (s, d) is a complete metric space.

Theorem 3.14. The space (s, d) is a complete metric space.

Proof. Let (x(n)) be a Cauchy sequence in s and let ε > 0. Fix k ∈ N. There
exists N ∈ N such that

d(x(m), x(n)) <
ε

2k(1 + ε)
, for all m,n > N.

It follows that

1
2k

|x(m)
k − x

(n)
k |

1 + |x(m)
k − x

(n)
k |

<
ε

2k(1 + ε)
, for all m,n > N,

which is equivalent to

|x(m)
k − x

(n)
k | < ε, for all m,n > N.

By completeness of F, the sequence (x(n)
k ) converges for every k ∈ N. It

follows from Theorem 3.12 that the sequence (x(n)) converges in s. Hence s
is a complete space. �

The proof of the next theorem employs a rather standard argument (cf. the
proof of Theorem 3.7).

Theorem 3.15. The space s is separable.

Proof. Let M be the set of all sequences with rational coefficients that are
terminated with zeros (so they belong to the space c00). As the union of
countably many countable sets, this set is a countable subset of s. We show
that M = s.

For a given ε > 0, we first choose n such that n > max{1, ε} and

∞∑
i=n+1

1
2i

<
ε

2
.
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Let x = (xn) ∈ s. Now we choose rational numbers r1, . . . , rn such that

|xi − ri| <
ε

n − ε
, for 1 ≤ i ≤ n.

Then
∞∑

i=1

1
2i

|xi − ri|
1 + |xi − ri| =

n∑
i=1

1
2i

|xi − ri|
1 + |xi − ri| +

∞∑
i=n+1

1
2i

|xi − ri|
1 + |xi − ri|

<

n∑
i=1

1
2i

ε

n
+

∞∑
n+1

1
2i

<
ε

2
+

ε

2
= ε.

Hence M is dense in s. �
A topological vector space is said to be normable if its topology is equiv-

alent to the topology defined by a norm.

Theorem 3.16. The metric vector space s is not normable.

Proof. Suppose that ‖ · ‖ is a norm on s such that T = T′, where T is the
norm topology and T′ is the metric topology on s.

Let B(0, 1) = {x ∈ s : ‖x‖ < 1} be the unit open ball in T. Because
T = T′, there is an open ball B′(0, r) = {x ∈ s : d(x, 0) < r} in T′ that is
contained in B(0, 1). Choose n such that 1/2n < r and let en be a vector in
s with zeros everywhere but in the nth coordinate, where it is 1. We have

d(λen, 0) =
1
2n

|λ|
1 + |λ| ≤ 1

2n
< r, for all λ ∈ F.

Hence λen ∈ B′(0, r) ⊆ B(0, 1) for all λ ∈ F. This is a contradiction, because
‖λen‖ > 1 for |λ| > 1/‖en‖. �

For an alternative proof of this theorem, see Exercise 3.26.

3.6 Spaces of Continuous Functions

Let C[0, 1] be the vector space of continuous real or complex functions on
the unit interval [0, 1]. This vector space is a normed space with the norm
defined by

‖x‖ = max
t∈[0,1]

|x(t)|. (3.11)

It is clear that ‖x‖ = 0 if and only is x = 0, and ‖λx‖ = |λ|‖x‖ for all λ ∈ F
and x ∈ C[0, 1]. The triangle inequality

‖x + y‖ ≤ ‖x‖ + ‖y‖
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follows immediately from the triangle inequality

|x(t) + y(t)| ≤ |x(t)| + |y(t)|, for t ∈ [0, 1],

for real and complex numbers (cf. Exercise 3.11).
It is customary to denote the normed space (C[0, 1], ‖·‖) simply by C[0, 1],

although we will consider other norms on the vector space C[0, 1]. The norm
defined by (3.11) is known as the supremum norm and sometimes denoted
by ‖ · ‖∞ as in the case of the normed space �∞ (cf. (3.5)).

We begin by proving that C[0, 1] is a complete and separable normed
space.

Theorem 3.17. The normed space C[0, 1] is complete.

Proof. Let (xn) be a Cauchy sequence of functions in C[0, 1]. Then for a given
ε > 0, there exists N ∈ N such that

sup
t∈[0,1]

|xm(t) − xn(t)| <
1
2
ε, for all m,n > N.

Hence for every t ∈ [0, 1],

|xm(t) − xn(t)| <
1
2
ε, for all m,n > N. (3.12)

It follows that for every t ∈ [0, 1], the sequence of numbers (xn(t)) is Cauchy
and therefore converges to some number, which we denote by x(t):

xn(t) → x(t), for every t ∈ [0, 1].

By taking n → ∞ in (3.12), we obtain

|xm(t) − x(t)| ≤ 1
2
ε < ε, for all m > N and t ∈ [0, 1].

This shows that the sequence of continuous functions (xm) converges uni-
formly to the function x on [0, 1]. By a well-known theorem in analysis, x is
a continuous function and therefore belongs to C[0, 1]. �

To establish the separability of C[0, 1] (Theorem 3.18 below), we first prove
the following lemma.

Lemma 3.1. Let ε > 0 and suppose that f is a continuous function on a
closed interval [a, b] such that

|f(x) − f(y)| <
ε

5
, for all x, y ∈ [a, b].

Let h be a linear function on [a, b] such that
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|h(a) − f(a)| <
ε

5
and |h(b) − f(b)| <

ε

5
.

Then
|f(x) − h(x)| < ε, for all x ∈ [a, b].

Proof. We have

|h(a) − h(b)| = |h(a) − f(a) + f(a) − f(b) + f(b) − h(b)|
≤ |h(a) − f(a)| + |f(a) − f(b)| + |f(b) − h(b)| <

3
5

ε.

Because h is a linear function, it follows that

|h(x) − h(y)| <
3
5

ε, for all x, y ∈ [a, b].

Finally, we have

|f(x) − h(x)| = |f(x) − f(a) + f(a) − h(a) + h(a) − h(x)|
≤ |f(x) − f(a)| + |f(a) − h(a)| + |h(a) − h(x)|
<

1
5

ε +
1
5

ε +
3
5

ε = ε, for all x ∈ [a, b],

as required. �

Theorem 3.18. The normed space C[a, b] is separable.

Proof. The set M of all continuous piecewise linear functions on [0, 1]] with
nodes at rational points in the plane is countable. To prove that M is dense
in C[0, 1], it suffices to show that for every f ∈ C[0, 1] and ε > 0, there exists
h ∈ M such that

|f(x) − h(x)| < ε, for all x ∈ [0, 1].

Inasmuch as f is a uniformly continuous function on [0, 1], there is n ∈ N
such that

|f(x) − f(y)| <
1
5

ε, for all x, y ∈ [0, 1] such that |x − y| ≤ 1
n

.

Let {0, 1/n, . . . , k/n, . . . , 1} be a partition of [0, 1] into n equal subintervals.
For each point k/n, choose a rational number h(k/n) such that

|h(k/n) − f(k/n)| <
1
5

ε.

The points (k/n, h(k/n), k = 0, 1, . . . , n, are nodes of a continuous piecewise
linear function h on [0, 1]. By Lemma 3.1,
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|f(x) − h(x)| < ε, over each interval [k/n, (k + 1)/n].

The result follows. �
The normed space C[a, b] is defined as the vector space of continuous

functions on the closed interval [a, b] with the norm

‖x‖ = max
t∈[a,b]

|x(t)|.

It can be shown that this space is isomorphic to C[0, 1] (cf. Exercise 3.27).
In a more general setting, let C(K) be the vector space of continuous

functions on a compact topological space K. By Theorem 2.25, the function

‖x‖ = max
t∈K

|x(t)|, x ∈ C(K),

is well defined. It is a norm on C(K). The normed space C(K) is a Banach
space (cf. Exercise 3.29).

A real- or complex-valued function f on the interval [0, 1] is of the differ-
entiability class Cn if the derivative f (n) exists and is continuous on [0, 1].
The vector space of all functions of class Cn is denoted by Cn[0, 1]. It is a
normed space if the norm is defined by

‖x‖ =
n∑

k=1

sup
t∈[0,1]

|x(k)(t)|, x ∈ Cn[0, 1]

(cf. Exercises 3.28 and 3.29)).
Let C(0, 1) be the vector space of continuous real- or complex-valued func-

tions on the open interval (0, 1). We cannot use the supremum norm (3.11)
on this space, because there are unbounded continuous functions on (0, 1).
However, we can utilize the approach outlined at the beginning of Section 3.5
to introduce a polynormed structure on C(0, 1). For k ≥ 3, we define

pk(x) = sup
t∈Ik

|x(t)|, where Ik = [1/k, (k − 1)/k]. (3.13)

It is not difficult to show that each function pk is indeed a seminorm and
that the family {pk}k≥3 separates points in C(0, 1) (cf. Exercise 3.30). Hence
C(0, 1) endowed with the family of seminorms {pk}k≥3 is a polynormed space
that is also a metric vector space with the metric d defined by (3.10).

In a similar manner, the vector space C(R) of all continuous functions on
R is made into a polynormed space by the family of seminorms defined by

pk(x) = sup
|t|≤k

|x(t)|, k ∈ N.

When we say that C[0, 1], Cn[0, 1], and C(K) are Banach spaces, we
assume that they are endowed with respective versions of the supremum
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norm. However, there are other norms on, say, the space C[0, 1] that are of
importance in analysis.

In the rest of this section, we consider the vector space C[0, 1] and the
function

‖x‖ =
∫ 1

0

|x(t)| dt. (3.14)

This function is a norm. Indeed, because |x(t)| is a nonnegative continuous
real-valued function on [0, 1], it follows that

∫ 1

0
|x(t)| dt = 0 if and only if

x is the zero function on [0, 1] (cf. Exercise 3.31). It is clear that ‖λx‖ =
|λ|‖x‖. The triangle inequality for ‖ · ‖ follows immediately from the triangle
inequality for the modulus function on F. Hence (C[0, 1], ‖ · ‖) is a normed
space. However, it is not a Banach space, because it is not complete. To show
this, it suffices to produce a Cauchy sequence in (C[0, 1], ‖ · ‖) that does not
converge to a point in this space.

O

xn(t)

t0.5 an 1

1

Fig. 3.1 The function xn.

For n ≥ 2, we define a sequence (xn) of functions on the interval [0, 1] by

xn(t) =

⎧⎪⎨
⎪⎩

0, if 0 ≤ t < 0.5,

n(t − 0.5), if 0.5 ≤ t < an,where an = 0.5 + (1/n),
1, if an ≤ t ≤ 1

(cf. Fig. 3.1). It is easy to verify that

‖xm − xn‖ =
∫ 1

0

|xm(t) − xn(t)| dt =
∣∣∣∣ 1
2m

− 1
2n

∣∣∣∣,
so for ε > 0, we have

‖xm − xn‖ < ε

if m,n > 1/(2ε). Hence (xn) is a Cauchy sequence.
Suppose that the sequence (xn) converges to a continuous function x in

the normed space C[0, 1], that is, ‖xn − x‖ → 0. We have
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‖xn − x‖ =

∫ 1

0

|xn(t) − x(t)| d

=

∫ 0.5

0

|x(t)| dt+
∫ an

0.5

|xn(t) − x(t)| dt+
∫ 1

0.5

|x(t) − 1| dt −
∫ an

0.5

|x(t) − 1| dt.

Because an → 0.5, the second and the last integrals on the right-hand side
of the above equation converge to zero. Inasmuch as the left-hand side of the
equation converges to zero, we have

∫ 0.5

0

|x(t)| dt =
∫ 1

0.5

|x(t) − 1| dt = 0.

Because x is assumed to be a continuous function on [0, 1], it follows that
x(t) = 0 on [0, 0.5] and x(t) = 1 on [0.5, 1] (cf. Exercise 3.31), which is
impossible. Hence the Cauchy sequence (xn) does not converge in the normed
space C[0, 1] endowed with the norm defined by (3.14), that is, this space is
not a Banach space.

3.7 The BV [a, b] Spaces

Let x be a function on [a, b]. Observe that over a subinterval [c, d] of [a, b],
the values of the function x “change” or “vary” from x(c) to x(d), so the
“change” in values is |x(d) − x(c)|. This observation motivates the following
definition.

Definition 3.5. Let x be a real- or complex-valued function on the interval
[a, b] and let P = {t0, t1, . . . , tn} be a partition of this interval, that is,

a = t0 < t1 < · · · < tn = b.

The variation of x on [a, b] with respect to P is given by

V b
a (x, P ) =

n∑
k=1

|x(tk) − x(tk−1)|.

If there is a constant M such that V b
a (x, P ) < M for every partition P of

[a, b], then we say that x is a function of bounded variation, a BV-function
for short, on [a, b] and write

V b
a (x) = sup{V b

a (x, P ) : P is a partition of [a, b]}.

In this case, the quantity V b
a (x) is called the total variation of x over the

interval [a, b]. The set of all BV-functions on [a, b] is denoted by BV [a, b].
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If x and y are BV-functions on [a, b], then for every partition P of the
interval [a, b] we have

V b
a (x + y, P ) ≤ V b

a (x, P ) + V b
a (y, P ) ≤ V b

a (x) + V b
a (y),

because

|(x(tk) + y(tk)) − (x(tk−1) + y(tk−1))| ≤ |x(tk) − x(tk−1)| + |y(tk) − y(tk−1)|,

for P = {t0, t1, . . . , tn}. Therefore, by taking the supremum over partitions
P , we obtain

V b
a (x + y) ≤ V b

a (x) + V b
a (y), for x, y ∈ BV [a, b].

Furthermore, for every function x and every λ ∈ F, we have

V b
a (λx, P ) = |λ|V b

a (x, P ),

for every partition P of [a, b]. If x is a BV-function, then the above equation
yields

V b
a (λx) = |λ|V b

a (x), for λ ∈ F and x ∈ BV [a, b].

It follows that BV [a, b] is a vector space over the field F and V b
a (x) is a

seminorm on this space.
The following lemma shows that V b

a (x) is not a norm on the space BV [a, b].
The proof is left to the reader (cf. Exercise 3.32).

Lemma 3.2. V b
a (x) = 0 if and only if x is a constant function on [a, b].

We use the result of Lemma 3.2 to prove the following theorem.

Theorem 3.19. The function

‖x‖ = |x(a)| + V b
a (x) (3.15)

is a norm on the vector space BV [a, b].

Proof. Note that |x(a)| is a seminorm on BV [a, b]. Therefore, ‖x‖ defined
by (3.15) is also a seminorm on BV [a, b] (cf. Exercise 3.4).

By Lemma 3.2, ‖x‖ = 0 if and only if x is the zero function on [a, b]. Hence
‖ · ‖ is a norm on BV [a, b]. �

We denote by the same symbol BV [a, b] the normed space of functions of
bounded variation on the interval [a, b], where the norm is defined by (3.15),
and show that this normed space is a Banach space.

First, we prove that a function of bounded variation is bounded by its
norm.
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Lemma 3.3. Let x be a BV-function on [a, b]. Then for every t ∈ [a, b],

|x(t)| ≤ |x(a)| + V b
a (x).

Proof. The inequality is trivial for t = a. For t ∈ (a, b), let P = {a, t, b}, and
for t = b, let P = {a, b}. Then

|x(t) − x(a)| ≤ |x(t) − x(a)| + |x(b) − x(t)| = V b
a (x, P ) ≤ V b

a (x).

From this we deduce

|x(t)| = |x(a) + x(t) − x(a)| ≤ |x(a)| + |x(t) − x(a)| ≤ |x(a)| + V b
a (x),

which is the desired result. �

Theorem 3.20. The normed space BV [a, b] is complete.

Proof. Let (xn) be a Cauchy sequence in BV [a, b]. Then for ε > 0, there
exists N ∈ N such that

‖xm − xn‖ < ε/2, for all m,n > N.

By Lemma 3.3, for t ∈ [a, b],

|xm(t) − xn(t)| ≤ |xm(a) − xn(a)| + V b
a (xm − xn) = ‖xm − xn‖ < ε/2,

for all m,n > N . Thus (xn(t)) is a Cauchy sequence in F for every t ∈ [a, b].
Hence the sequence (xn) converges pointwise to some function x on [a, b]:

xn(t) → x(t), t ∈ [a, b].

In what follows, we show that x ∈ BV [a, b] and ‖x − xn‖ → 0.
For every partition P of [a, b], we have

lim
m→∞

[|xm(a) − xn(a)] + V b
a [(xm − xn, P )

]
= |x(a) − xn(a)| + V b

a (x − xn), P ),

because xm → x pointwise. Inasmuch as

|xm(a) − xn(a)] + V b
a [(xm − xn, P )] ≤ ‖xm − xn‖ < ε/2,

we have

|x(a) − xn(a)| + V b
a (x − xn), P ) ≤ ε/2 < ε for all n > N.

We conclude that x − xn is in the space BV [a, b] for all n > N . Because
xn ∈ BV [a, b], we have x = (x−xn)+xn ∈ BV [a, b]. From the last displayed
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inequality, we obtain

‖x − xn‖ = |x(a) − xn(a)| + V b
a (x − xn) < ε for all n > N,

so ‖x − xn‖ → 0. Hence BV [a, b] is a Banach space. �
All spaces BV [a, b] are inseparable. We prove this for the space BV [0, 1].

Theorem 3.21. The space BV [0, 1] is inseparable.

Proof. Let {xα}α∈(0,1) be the family of functions on [0, 1] defined by

xα(t) =

{
0, if t ∈ [0, α),
1, if t ∈ [α, 1].

It is not difficult to verify that all functions xα belong to the space BV [0, 1]
and

‖xα − xβ‖ = 2, if α �= β.

The family {B(xα, 1)}α∈[0,1] of disjoint open balls is uncountable. It follows
that BV [0, 1] cannot contain a dense countable set (cf. the proof of Theo-
rem 3.7). �

We conclude this section by introducing a subspace of the space BV [a, b]
that is of particular interest in functional analysis. Namely, we define

NBV [a, b] = {x ∈ BV [a, b] : x(a) = 0}.

It is clear that NBV [a, b] is a normed subspace of BV [a, b].
To show that NBV [a, b] is a Banach space, it suffices to prove that it is

closed in BV [a, b]. Let (xn) be a sequence in NBV [a, b] converging to some
x ∈ BV [a, b], that is, ‖xn − x‖ → 0. Then

|x(a)| + V b
a (xn − x) → 0,

implying that x(a) = 0. Hence x ∈ NBV [a, b], which is the desired result.

Notes

A topological vector space is not necessarily metrizable. An example is given
by the vector space X = RR of all real-valued function on R endowed with
the product topology, or equivalently, by the topology of pointwise conver-
gence (Munkres 2000, p. 133).

By Theorems 3.17 and 3.18, C[0, 1] is a separable Banach space. In some
sense this space is universal in the class of separable Banach spaces. Namely,
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every (real) separable Banach space is isomorphic to a closed subspace of the
(real) space C[0, 1] (Banach 1987, Ch. XI, §8).

The space �∞ can be considered the universal space in the class of separable
metric spaces (cf. Exercise 3.22).

The theory of normed sequence spaces is rich with very deep results (Lin-
denstrauss and Tzafriri 1977). In this chapter and Section 5.1 we just touch
the tip of the iceberg.

Exercises

3.1. Let X be a vector space and d a metric on X. Show that a pair (X, d)
is a metric vector space if for sequences (xn) and (yn) of vectors in X and
sequences (λn) of scalars in F, these conditions hold:

(a) xn → x, yn → y imply (xn + yn) → (x + y),
(b) λn → λ, xn → x imply λnxn → λx.

3.2. For a norm ‖ · ‖ on a vector space X, show that

(a) ‖0‖ = 0,
(b) ‖x‖ > 0 if x �= 0

(cf. Exercise 2.7).

3.3. Let d be the discrete metric on a nontrivial vector space X. Show that
(X, d) is not a metric vector space.

3.4. Show that the sum of two seminorms is a seminorm.

3.5. Let B = {xi}i∈J be a Hamel basis in a vector space X. Show that

‖x‖ = |λ1| + · · · + |λn|,

for x = λ1xi1 + · · · + λnxin , is a norm on X.

3.6. Show that the seminorm p on a seminormed space (X, p) is a continuous
function. Also show that the norm is a continuous function on a normed
space.

3.7. Prove the triangle inequality for the normed space �n
∞.

3.8. Show that for x = (x1, . . . , xn) ∈ Fn,

‖x‖∞ = lim
p→∞ ‖x‖p.

3.9. Complete the proof of Theorem 3.3.
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3.10. (a) Show that two metric spaces (X, d) and (X, d′) are homeomorphic
if and only if every open ball in (X, d) contains an open ball centered at the
same point in (X, d′) and conversely.

(b) Show that two metric vector spaces (X, d) and (X, d′) are isomorphic
if and only if every open ball centered at the zero vector in the first space
contains an open ball centered at the zero vector in the second space and
conversely.

3.11. Let A and B be bounded sets of real numbers. Prove that

sup(A + B) = supA + supB.

3.12. Prove that ‖ · ‖∞ defined by (3.5) is a norm (cf. Exercise 3.11).

3.13. Prove that the spaces �n
p for p ∈ (0,∞) ∪ {∞} and �p for 0 < p < 1 are

complete.

3.14. Prove that the spaces �n
p for p ∈ (0,∞) ∪ {∞} and �p for 0 < p < 1 are

separable.

3.15. Prove that for p < q,∑
k

|xk|p < ∞ implies
∑

k

|xk|q < ∞.

Deduce the result of Theorem 3.8. Prove the second claim of Theorem 3.8.

3.16. Show that �p is not a normed subspace of �q for p �= q.

3.17. Prove that the space c is complete (cf. Theorem 3.9).

3.18. Prove Theorem 3.10 (cf. the proof of Theorem 3.7).

3.19. Let B(S) be the vector space of all bounded F-valued functions on a
nonempty set S. Define

‖x‖ = sup{x(t) : t ∈ S}.

Prove that (B(S), ‖ · ‖) is a complete normed space (cf. Theorem 3.5).

3.20. (a) Let bv be the set of all sequences x = (xn) such that

‖x‖bv = |x1| +
∞∑

k=1

|xk+1 − xk| < ∞.

(A sequence in bv is said to be of bounded variation (cf. Sect. 3.7).) Show
that bv is a normed vector space with the norm ‖ · ‖bv.

(b) Let bv0 be the set of vectors x = (xn) ∈ bv such that lim xn = 0. Show
that bv is a normed vector space with the norm defined by

‖x‖bv0 =
∞∑

k=1

|xk+1 − xk|.
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3.21. Show that for 1 ≤ p < ∞,

c00 ⊆ �p ⊆ c0 ⊆ c ⊆ �∞,

and all inclusions are proper.
Also show that

(a) c00 is dense in the space c0,
(b) c00 is dense in �p,
(c) c00 is not dense in c,
(d) c00 is not dense in �∞,

in the topology defined by the sup-norm, ‖ · ‖∞.

3.22. Prove that every separable metric space M is isometric to a subspace
of the space �∞.

3.23. Prove that finite intersections of open balls in a polynormed space X
form a basis for a topology on X. (Hint: Use Theorem 2.22.)

3.24. If a family {pj}j∈J of seminorms on a vector space X separates distinct
points of X, show that the resulting topological vector space is Hausdorff.

3.25. If a metric vector space (X, d) is normable, show that

(a) d(x + z, y + z) = d(x, y),
(b) d(λx, λy) = |λ| d(x, y),

for all x, y, z ∈ X and λ ∈ F. Deduce that the metric vector space s is not
normable (cf. Theorem 3.16).

3.26. Show that every open ball in the space s centered at zero contains a
subspace of s that is isomorphic as a vector space to the space s itself. (Hint:
Modify the proof of Theorem 3.16.)

3.27. Show that the normed spaces C[a, b] and C[0, 1] are isomorphic.

3.28. Show that

‖x‖ =
n∑

k=1

sup
t∈[0,1]

|x(k)(t)|

is a norm on Cn[0, 1].

3.29. Let K be a compact topological space. Prove that the normed spaces
C(K) and Cn[0, 1] are Banach spaces.

3.30. Show that the functions defined in (3.13) are seminorms on C(0, 1)
separating points in this space.

3.31. Prove that a nonnegative continuous real-valued function f(x) on the
interval [a, b] is the zero function on [a, b] if

∫ b

a
f(x) dx = 0.

3.32. Prove Lemma 3.2.



Chapter 4

Normed Spaces

The first two sections of this chapter are concerned with basic properties of
normed spaces and linear operators on them. The concept of a Schauder basis
is central in Section 4.1. These bases are useful tools in investigating sequence
spaces and linear functionals on them. Section 4.2 is concerned mostly with
bounded operators and the space of bounded operators from a normed space
into another normed space. The central result of this section establishes the
equivalence of continuity and boundedness of a linear operator. Although the
concept of the dual space is introduced in Section 4.2, we postpone studies
of linear functionals and duality until Chapter 5. Several examples of linear
operators are also presented in Section 4.2.

Properties of finite-dimensional normed spaces are the subject of Sec-
tion 4.3. The central result of this section is the isomorphism of all n-
dimensional normed spaces. Finally, in Section 4.4, we prove Riesz’s lemma
and use it to characterize finite-dimensional normed spaces in terms of the
compactness property of the unit ball. A geometric application of Riesz’s
lemma is found at the end of this section.

4.1 Properties of Normed Spaces

Let X be a vector space with a norm ‖ · ‖ on it. Recall (cf. Section 3.1) that
convergence in (X, ‖ · ‖) is the convergence of sequences in the metric space
(X, d) with the distance function d(x, y) = ‖x − y‖, x, y ∈ X. Namely, a
sequence (xn) in a normed space X converges to x ∈ X if ‖xn − x‖ → 0 as
n → ∞. Then we write xn → x and call x the limit of (xn). A sequence (xn)
in X is Cauchy if for every ε > 0 there exists N ∈ N such that

‖xm − xn‖ < ε, for all m,n > N

(cf. Section 2.7).
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Inasmuch as a normed space X is a vector space, we can introduce series
in X as follows.

Let (xk) be a sequence in X. We define a sequence (sn) of partial sums

sn = x1 + · · · + xn, where n ∈ N.

If the sequence (sn) converges to some s ∈ X, then we say that the series

x1 + · · · + xk + · · · =
∞∑

k=1

xk

converges to s. In this case, we also say that the series
∑∞

k=1 xk is convergent,
and we call s the sum of the series and write

s =
∞∑

k=1

xk = x1 + · · · + xk + · · · .

A series
∑∞

k=1 xk in a normed space X is said to be absolutely convergent
if the series

∑∞
k=1 ‖xk‖ converges in R. A simple example from calculus of

the series
∑∞

k=1(−1)k+1/k in the 1-dimensional normed space X = R1 shows
that convergence does not imply absolute convergence. (The harmonic series∑∞

k=1 1/k diverges.) It is shown in calculus that absolute convergence of a
series with real terms implies its convergence. However, that is not true in
general normed spaces (cf. Exercises 4.1 and 4.2).

The term “basis” has a multitude of meanings in mathematics. The con-
cept of convergence in a normed space X is used to define a Schauder basis
in this space.

Definition 4.1. A sequence of vectors (en) in a normed space X is said to
be a Schauder basis (or basis) for X if for every x ∈ X, there is a unique
sequence of scalars (λn) such that the series

∑∞
k=1 λkek converges to x, that

is,

x =
∞∑

k=1

λkek.

The series on the right-hand side of the above identity is called the expansion
of x with respect to the basis (en).

Some sequence spaces, for instance �p for p ∈ [1,∞), have Schauder basis
(cf. Exercise 4.3). However, as the following theorem suggests, the space �∞
does not have a basis (cf. Theorem 3.7).

Theorem 4.1. If a normed space X has a Schauder basis, then X is sepa-
rable.

Proof. Let (en) be a basis in the normed space X. For an x ∈ X, let∑∞
k=1 λkek be its expansion. We define
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M =
{

y =
n∑

k=1

μkek : n ∈ N, μk is a rational number for all k ∈ N
}

.

It is clear that M is a countable set.
For ε > 0, there exists N ∈ N such that

∥∥∥∥x −
N∑

k=1

λkek

∥∥∥∥ <
ε

2
.

Because the rational numbers are dense in F, there are rational numbers μk,
1 ≤ k ≤ N , such that

|λk − μk| <
ε

2N max{‖ek‖ : 1 ≤ k ≤ N} .

Then for y =
∑N

k=1 μkek, we have

‖x − y‖ =
∥∥∥∥x −

N∑

k=1

λkek +
N∑

k=1

(λk − μk)ek

∥∥∥∥

≤
∥∥∥∥x −

N∑

k=1

λkek

∥∥∥∥ +
N∑

k=1

|λk − μk|‖ek‖ <
ε

2
+

N∑

k=1

1
2N

ε = ε.

Because y ∈ M , it follows that M is dense in X. �
Unlike most special spaces introduced in Chapter 3, the normed space c00

is not complete (cf. Section 3.4). However, this space is dense as a metric
space in the complete metric space c0 (cf. Exercise 3.21). Indeed, let x =
(x1, . . . , xn, . . .) be a vector in c0, so xn → 0 as n → ∞. Then for a given
ε > 0, there exists N ∈ N such that |xn| < ε/2 for all n > N . For y =
(x1, . . . , xN , 0, 0, . . .) ∈ c00,

‖x − y‖∞ = ‖(0, . . . , 0, xN+1, xN+2, . . .)‖∞ = sup
n>N

|xn| ≤ ε

2
< ε.

Hence c00 is dense in c0, that is, the normed space c0 is the metric completion
of its normed subspace c00. In this context, it is natural to say that c0 is a
Banach completion of the normed space c00.

The case of the space c00 is not unique. The next theorem shows that every
normed space is isometric to a dense normed subspace of a Banach space.

Theorem 4.2. Let (X, ‖ · ‖) be a normed space. Then there exist a Banach
space X̃ and an isometry T : X → X̃ such that T (X) is dense in X̃. The
space X̃ is unique up to isometry of normed spaces.
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The space X̃ in Theorem 4.2 is called the Banach completion of the normed
space X. The reader is invited to supply details for the following proof. We
use notation from Theorem 2.14.

Proof. By Theorem 2.14, there exist a complete metric space (X̃, d̃) and an
isometry T of the metric space X into the metric space X̃ such that T (X)
is dense in X̃. To prove Theorem 4.2 it suffices to extend the vector addition
and scalar multiplication operations from X to X̃ to make it a vector space,
and then introduce a norm on X̃ that makes it a Banach space.

The elements of the space X̃ are equivalence classes of Cauchy sequences
in X. Let [(xn)] and [(bn)] be points in X̃. The sequence (xn + yn) is Cauchy
(why?) and therefore defines a point [(xn + yn)] in X̃. We define the sum of
[(xn)] and [(yn)] in X̃ by

[(xn)] + [(yn)] = [(xn + yn)].

To show that this sum is well defined, we need to show that if (xn) ∼ (x′
n)

and (yn) ∼ (y′
n), then (xn + yn) ∼ (x′

n + y′
n). This follows immediately from

the inequality

‖(xn + yn) − (x′
n + y′

n)‖ ≤ ‖xn − x′
n‖ + ‖yn − y′

n‖.

Similarly, for λ ∈ F, the product λ[(xn)] is defined as the equivalence class
[λ(xn)]. Again, this operation is well defined (does not depend on the choice
of the representative of [(xn)]).

It is not difficult to verify that the operations of addition and scalar mul-
tiplication defined above make X̃ into a vector space. From these definitions,
it also follows that on T (X) ⊆ X̃ the operations of vector space induced from
X̃ coincide with those induced from X by means of the isometry T .

We define ‖[(xn)]‖1 = d̃(0, [(xn)]) for [(xn)] ∈ X̃. Using the isometry
property of T , one can show that ‖ · ‖1 is a norm on X̃.

Finally, the uniqueness of the Banach completion X̃ follows from the
uniqueness of the metric completion of X. �

At the end of Section 3.6, we proved that the vector space C[0, 1] endowed
with the norm

‖x‖ =
∫ 1

0

|x(t)| dt

(cf. 3.14) is not complete. The Banach completion of this normed space is
the Banach space L1[0, 1] of Lebesgue measurable functions x on [0, 1] such
that the Lebesgue integral of |x| is finite.

Similarly, using Minkowski’s inequality (1.17), one can show that the func-
tion

‖x‖ =
(∫ 1

0

|x(t)|p dt

)1/p
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defines a norm on C[0, 1] for p ≥ 1. The Banach completion of this (incom-
plete) normed space is the Banach space Lp[0, 1] of Lebesgue measurable
functions x on [0, 1] such that the Lebesgue integral of |x|p is finite.

The proofs of these assertions are beyond the scope of this book.

4.2 Linear Operators and Functionals

Let X and Y be normed spaces. It is customary to use the same notation
‖ · ‖ for norms in normed spaces unless it is necessary to distinguish between
different norms on the same vector space. In functional analysis, linear maps
T : X → Y are called linear operators (linear functionals if Y = F). We
adhere to the notation used in Section 2.4. Continuous linear operators are
of special interest in functional analysis.

Definition 4.2. A linear operator T from a normed space X into a normed
space Y is said to be continuous at the point x0 ∈ X if for every ε > 0, there
exists δ > 0 such that

‖x − x0‖ < δ implies ‖Tx − Tx0‖ < ε, for all x ∈ X.

The operator T : X → Y is continuous on X if it is continuous at every point
in X.

Because normed spaces are metric vector spaces, this definition is a special
case of Definition 2.9, and hence can be applied to arbitrary functions from
the space X into the space Y .

Definition 4.3. Let X and Y be normed spaces and T : X → Y a linear
operator. The operator T is said to be bounded if there exists C > 0 such
that

‖Tx‖ ≤ C‖x‖, for all x ∈ X. (4.1)

The following two theorems show that the concepts of continuity and
boundedness are closely related.

Theorem 4.3. If a linear operator T : X → Y is continuous at x = 0, then
it is bounded.

Proof. If T is continuous at 0, then for ε = 1 there exists δ > 0 such that

‖x‖ < δ implies ‖Tx‖ < 1, for x ∈ X.

Let y be a nonzero vector in X. We have
∥∥∥∥

δ

2‖y‖y

∥∥∥∥ =
δ

2
< δ.
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Then ∥∥∥∥T

(
δ

2‖y‖ y

)∥∥∥∥ =
δ

2‖y‖‖Ty‖ < 1.

Hence
‖Ty‖ ≤ 2

δ
‖y‖, for y ∈ X, including y = 0.

The result follows by setting C = 2/δ in Definition 4.3. �

Theorem 4.4. A bounded linear operator T : X → Y is uniformly continu-
ous.

Proof. If T is bounded, then by Definition 4.3, there exists C > 0 such that

‖Tx − Ty‖ = ‖T (x − y)‖ ≤ C‖x − y‖, for all x, y ∈ X.

For a given ε > 0, we set δ = ε/C. Then for x, y ∈ X,

‖x − y‖ < δ implies ‖Tx − Ty‖ ≤ C‖x − y‖ < ε.

It follows that T is a uniformly continuous operator. �
The results of Theorems 4.3 and 4.4 are often presented as the statement

of the next theorem. The proof is left as an exercise (cf. Exercise 4.6).

Theorem 4.5. A linear operator is bounded if and only if it is continuous.

Corollary 4.1. The null space N(T ) of a bounded operator T : X → Y is
closed.

Proof. The set {0} in Y is closed. Inasmuch as N(T ) = T−1({0}) and T is
continuous, the result follows from Theorem 2.11 (cf. Exercise 4.4). �

The converse of Corollary 4.1 does not hold in general, as the following
example demonstrates.

Example 4.1. Let T : c00 → c00 be a linear operator defined by

T : (x1, x2, . . . , xn, . . .) 
→ (x1, 2x2, . . . , nxn, . . .) .

The null space of T is the trivial subspace {0}, which is closed. For the vectors
in the Schauder basis (en) of c00 (cf. Exercise 4.3), we have

‖en‖ = 1 and ‖Ten‖ = n, for all n ∈ N.

Hence T is an unbounded operator.

For linear functionals (so Y = F) we have a stronger result than that of
Corollary 4.1.
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Theorem 4.6. A linear functional on the normed space X is bounded if and
only if its null space is closed.

Proof. (Necessity.) This is a special case of Corollary 4.1.
(Sufficiency.) Let f be a linear functional on X such that N(f) is a closed

subspace of X. Suppose that f is unbounded. Then for every n ∈ N, there
exists xn ∈ X such that ‖xn‖ = 1 and |f(xn)| > n. Note that N(f) �= X. Let
x ∈ X \ N(f), so f(x) �= 0, and define

yn = x − f(x)
f(xn)

xn n ∈ N.

For every n ∈ N we have

f(yn) = f(x) − f(x)
f(xn)

f(xn) = 0.

Hence yn ∈ N(f) for all n ∈ N. Furthermore,

‖yn − x‖ =
∥∥∥∥

f(x)
f(xn)

xn

∥∥∥∥ =
|f(x)|
|f(xn)| ‖x‖ <

|f(x)|‖x‖
n

→ 0,

as n → ∞. Therefore, the sequence (yn) converges to x. Because N(f) is
closed, we have x ∈ N(f), a contradiction. �

The operator T in Example 4.1 is unbounded. Here is another example of
an unbounded operator.

Example 4.2. Let X be the normed space of the polynomials on [0, 1] with
the sup-norm. A differentiation operator T is defined on X by

Tx(t) =
d

dt
x(t), for x(t) ∈ X.

For xn(t) = tn, n > 1, we have Txn(t) = ntn−1. It is clear that ‖xn‖ = 1 and
‖Txn‖ = n. It follows that T is an unbounded operator.

Unlike the differentiation operator, the integral operator in the next exam-
ple is bounded.

Example 4.3. Here X = C[0, 1] is the normed space of continuous functions
on [0, 1] with the sup-norm (cf. Section 3.6). For x ∈ X, the integral operator
T is defined by

(Tx)(t) =
∫ 1

0

k(t, u)x(u) du,

where k is a continuous function on the closed square [0, 1] × [0, 1]. The
function k is called the kernel of T . The operator T is a linear operator
mapping C[0, 1] to C[0, 1] (cf. Exercise 4.7).
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Because k is a continuous function on the closed square [0, 1]2, there is a
constant C > 0 such that |k(t, u)| ≤ C for all (t, u) ∈ [0, 1]2. Since |x(u)| ≤
‖x‖ for all u ∈ [0, 1], we have

‖Tx‖ = sup
t∈[0,1]

∣∣∣∣
∫ 1

0

k(t, u)x(u) du

∣∣∣∣ ≤ sup
t∈[0,1]

∫ 1

0

|k(t, u)| |x(u)| du ≤ C‖x‖.

Hence T is bounded.

If T : X → Y is a bounded operator, then the set
{‖Tx‖

‖x‖ : x �= 0, x ∈ X

}

is bounded (cf. (4.1)). The supremum of this set is called the operator norm
of T and is denoted by ‖T‖. Thus,

‖T‖ = sup
x∈X
x�=0

‖Tx‖
‖x‖ .

It follows that
‖Tx‖ ≤ ‖T‖‖x‖, for all x ∈ X.

This inequality will be used frequently without explicit reference to it.
Because

‖Tx‖
‖x‖ =

∥∥∥∥T

(
x

‖x‖
)∥∥∥∥ and

∥∥∥∥
x

‖x‖
∥∥∥∥ = 1, for x �= 0,

we have an alternative definition of the operator norm:

‖T‖ = sup
x∈X

‖x‖=1

‖Tx‖.

The choice of the term “operator norm” can be justified as follows. Sup-
pose that X and Y are normed spaces. We denote by B(X,Y ) the set of all
bounded operators from X into Y . Clearly, it is a subset of the vector space
L(X,Y ) of all linear maps from X to Y .

Theorem 4.7. The set B(X,Y ) is a vector subspace of L(X,Y ). The func-
tion T 
→ ‖T‖ is a norm on B(X,Y ).

Proof. For S, T ∈ B(X,Y ) we have

‖(S + T )(x)‖ = ‖Sx + Tx‖ ≤ ‖Sx‖ + ‖Tx‖ ≤ ‖S‖‖x‖ + ‖T‖‖x‖
= (‖S‖ + ‖T‖)‖x‖, for all x ∈ X.

It follows that S + T belongs to B(X,Y ). Moreover (cf. Exercise 4.8),
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‖S + T‖ = sup
x∈X

‖x‖=1

‖(S + T )(x)‖ = sup
x∈X

‖x‖=1

‖Sx + Tx‖

≤ sup
x∈X

‖x‖=1

(‖Sx‖ + ‖Tx‖) ≤ sup
x∈X

‖x‖=1

‖Sx‖ + sup
x∈X

‖x‖=1

‖Tx‖ = ‖S‖ + ‖T‖.

We verify now that for a bounded T and λ ∈ F, the operator λT is also
bounded and ‖λT‖ = |λ|‖T‖. Indeed,

‖(λT )(x)‖ = ‖λ(Tx)‖ = |λ|‖Tx‖ ≤ |λ|‖T‖‖x‖,

so λT is bounded. Furthermore,

‖λT‖ = sup
x∈X

‖x‖=1

‖(λT )(x)‖ = |λ| sup
x∈X

‖x‖=1

‖Tx‖ = |λ|‖T‖.

Finally, if ‖T‖ = 0, then Tx = 0 for all x ∈ X. Hence T = 0. �
In what follows, the space B(X,Y ) is a normed space with the operator

norm on it.
An important property of the normed space B(X,Y ) is the result of the

following theorem.

Theorem 4.8. If Y is a Banach space, then B(X,Y ) is a Banach space.

Proof. Let (Tn) be a Cauchy sequence in B(X,Y ). We need to show that this
sequence converges to some operator T ∈ B(X,Y ).

First, we define the limit T (cf. the proof of Theorem 3.5). For every x ∈ X,

‖Tnx − Tmx‖ = ‖(Tn − Tm)x‖ ≤ ‖Tn − Tm‖‖x‖.

Because (Tn) is Cauchy, it follows that (Tnx) is a Cauchy sequence in the
Banach space Y . Hence it is convergent. We define

Tx = lim Tnx, x ∈ X.

The operator T is linear, because

T (λu + μv) = lim(Tn(λu + μv)) = lim(λTnu + μTnv) = λTu + μTv,

for all λ, μ ∈ F and u, v ∈ X.
It remains to show that T ∈ B(X,Y ) and Tn → T .
By Theorem 2.7, the Cauchy sequence (Tn) is bounded, so there exists

C > 0 such that ‖Tn‖ < C for all n ∈ N. Therefore,

‖Tnx‖ ≤ ‖Tn‖‖x‖ ≤ C‖x‖, for all x ∈ X.

By the continuity of the norm (cf. Exercise 3.6), we have
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‖Tx‖ = lim ‖Tnx‖ ≤ C‖x‖, for all x ∈ X.

Hence T is bounded, so T ∈ B(X,Y ).
Because (Tn) is Cauchy, for a given ε > 0 there exists N ∈ N such that

‖Tn − Tm‖ < ε/2, for all n > N.

Then for every x ∈ X, we have

‖Tnx − Tmx‖ = ‖(Tn − Tm)x‖ ≤ ‖Tn − Tm‖‖x‖ ≤ ε

2
‖x‖.

Again by the continuity of the norm, for every x ∈ X and n > N , we have

‖Tnx − Tx‖ = lim
m→∞ ‖Tnx − Tmx‖ ≤ ε

2
‖x‖,

that is,

‖Tn − T‖ = sup
x∈X
x�=0

‖Tnx − Tx‖
‖x‖ ≤ ε

2
< ε.

Hence Tn → T in B(X,Y ). �
If Y = F, then the space B(X,F) is a normed space of bounded linear

functionals on the normed space X. It is denoted by X∗ and called the dual
space of X. The norm of a functional f : X → F is given by

‖f‖ = sup
x∈X
x�=0

|f(x)|
‖x‖ ,

or equivalently,
‖f‖ = sup

x∈X
‖x‖=1

|f(x)|.

By Theorem 4.8, the dual space X∗ of a normed space X is a Banach space.
We conclude this section with more examples of bounded linear operators.

Example 4.4. The shift operators. The mappings

Tl : (x1, . . . , xn, . . .) 
→ (x2, . . . , xn+1, . . .)

and
Tr : (x1, . . . , xn, . . .) 
→ (0, x1, . . . , xn−1, . . .)

on the space �p, p ≥ 1, are called the left shift operator and the right shift
operator, respectively. These operators are bounded, and the norm of each
operator is 1 (cf. Exercise 4.9).

Example 4.5. For d = (dn) ∈ �∞, the diagonal operator Td : �p → �p is defined
by
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Td : (x1, . . . , xn, . . .) 
→ (d1x1, . . . , dnxn, . . .).

For x = (xn) ∈ �p, we have

‖Tdx‖p =
( ∞∑

k=1

|dkxk|p
)1/p

≤ sup
k∈N

|dk|
( ∞∑

k=1

|xk|p
)1/p

= ‖d‖∞‖x‖p.

Hence, Td is well defined and ‖Td‖ ≤ ‖d‖∞. Let (en) be the Schauder basis
in �p (cf. Exercise 4.3). Clearly, Tden = dn for n ∈ N. We have

‖Td‖ = sup
‖x‖=1

‖Tdx‖p ≥ sup
n∈N

‖Tden‖ = ‖d‖∞.

It follows that ‖Td‖ = ‖d‖∞.

Example 4.6. On the space C[0, 1], the operator of indefinite integration is
defined by

(Tx)(t) =
∫ t

0

x(u) du, 0 ≤ t ≤ 1, x ∈ C[0, 1].

The integral on the right-hand side is a continuous function of the upper
limit. Hence T indeed maps the space C[0, 1] into itself. For x ∈ C[0, 1], we
have

‖Tx‖ = sup
t∈[0,1]

∣∣∣
∫ t

0

x(u) du
∣∣∣ ≤ sup

t∈[0,1]

∫ t

0

|x(u)| du ≤
∫ 1

0

|x(u)| du

≤ sup
u∈[0,1]

|x(u)| = ‖x‖.

For the constant function x = 1 on [0, 1], we have

‖Tx‖ = sup
t∈[0,1]

∣∣∣
∫ t

0

1 du
∣∣∣ = sup

t∈[0,1]

t = 1 = ‖x‖.

It follows that ‖T‖ = 1.

Example 4.7. For a given function k ∈ C[0, 1], we define a multiplication
operator Tk on C[0, 1] as follows:

(Tkx)(t) = k(t) · x(t), 0 ≤ t ≤ 1, x ∈ C[0, 1]

(cf. Example 4.5). We have

‖Tkx‖∞ = sup
t∈[0,1]

|k(t)||x(t)| ≤ sup
t∈[0,1]

|k(t)| · sup
t∈[0,1]

|x(t)| = ‖k‖∞‖x‖∞.

On the other hand, for the constant function x = 1 on [0, 1], we have
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‖Tkx‖∞ = sup
t∈[0,1]

|k(t)| = ‖k‖∞.

Hence ‖Tk‖ = ‖k‖∞.

4.3 Finite-Dimensional Normed Spaces

We begin with a motivating example. Let ‖x‖ and ‖x‖′ be norms on the
vector space R2 = {(x1, x2) : x1 , x2 ∈ R} defined by

‖x‖ =
√

x2
1 + x2

2 and ‖x‖′ =
√

x2
1/a2 + x2

2/b2,

respectively, where a > b > 0. The first norm is the usual �2-norm, and it is
not difficult to verify that ‖ · ‖′ is indeed a norm on R2 (cf. Exercise 4.13).
It is a simple algebraic exercise (cf. Exercise 4.14) to show that

1
a
‖x‖ ≤ ‖x‖′ ≤ 1

b
‖x‖, for all x ∈ R2.

Fig. 4.1 Three balls in R2.

The reader is invited to verify that the drawing in Figure 4.1 illustrates
the relation between the norms ‖ · ‖ and ‖ · ‖′ for a = 3 and b = 2 by showing
that

2B(0, 1) ⊆ B′(0, 1) ⊆ 3B(0, 1),

where B(0, 1) and B′(0, 1) are the unit balls defined by ‖ · ‖ and ‖ · ‖′, respec-
tively.
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An important property of a finite-dimensional vector space X is that simi-
lar inequalities can be established for every two norms on X, implying that all
norms on X define the same topology on X. In what follows, we investigate
these and other properties of finite-dimensional normed spaces.

Let {x1, . . . , xn} be a linearly independent set of vectors in a normed
space X. Obviously, the norm of a linear combination x = c1x1 + · · · + cnxn

is determined by the coefficients (“coordinates” of x) c1, . . . , cn of this linear
combination. Although there is no “formula” expressing ‖c1x1 + · · · + cnxn‖
in terms of c1, . . . , cn, one can use the triangle inequality to establish a simple
relation between these quantities.

Let d = maxk ‖xk‖. Clearly, d > 0 and

‖c1x1 + · · · + cnxn‖ ≤
n∑

k=1

|ck|‖xk‖ ≤ d

n∑

k=1

|ck|,

for ck ∈ F, 1 ≤ k ≤ n. In words, there is no “large” vector that is a linear
combination of linearly independent vectors with “small” coefficients.

A more difficult task is to show that we cannot find a linear combination
with “large” coefficients that represents a “small” vector. For this we have
the following result:

Lemma 4.1. For a linearly independent set of vectors {x1, . . . , xn} in X
there exists a real number c > 0 such that

c

n∑

k=1

|ck| ≤ ‖c1x1 + · · · + cnxn‖,

for all (c1, . . . , cn).

To prove Lemma 4.1, we need the result of the following lemma.

Lemma 4.2. Let {x1, . . . , xn} be a finite subset of X. Then the function

f(c1, . . . , cn) = ‖c1x1 + · · · + cnxn‖

is uniformly continuous on �n
2 .

Proof. We have (cf. Exercise 1.6)
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|f(c1, . . . , cn) − f(c′
1, . . . , c

′
n)| =

∣∣∣
∥∥

n∑

k=1

ckxk

∥∥ −
∥∥

n∑

k=1

c′
kxk

∥∥
∣∣∣

≤
∥∥

n∑

k=1

ckxk −
n∑

k=1

c′
kxk

∥∥ =
∥∥

n∑

k=1

(ck − c′
k)xk

∥∥

≤
n∑

k=1

|ck − c′
k|‖xk‖ ≤ max

1≤k≤n
{‖xk‖}

n∑

k=1

|ck − c′
k|

≤ max
1≤k≤n

{‖xk‖}√
n

√√√√
n∑

k=1

|ck − c′
k|2

= max
1≤k≤n

{‖xk‖}√
n ‖(c1, . . . , cn) − (c′

1, . . . , c
′
n)‖2 .

We may assume that maxk{‖xk‖} �= 0. For ε > 0, if

‖(c1, . . . , cn) − (c′
1, . . . , c

′
n)‖2 ≤ ε

max1≤k≤n{‖xk‖}√n
,

then
|f(c1, . . . , cn) − f(c′

1, . . . , c
′
n)| < ε.

Hence f is a uniformly continuous function on �n
2 . �

Now we proceed with the proof of Lemma 4.1.

Proof. Clearly, we may assume that
∑n

k=1 |ck| �= 0. Then it suffices to prove
that there exists a real number c such that

∥∥
n∑

k=1

ckxk

∥∥ ≥ c > 0,

for all (c1, . . . , cn) such that
∑n

k=1 |ck| = 1. The set

S = {(c1, . . . , cn) :
n∑

k=1

|ck| = 1}

is closed and bounded in �n
2 (cf. Exercise 4.15). Hence by the Bolzano–

Weierstrass theorem (cf. Example 2.17), it is compact. By Lemma 4.2, the
function

f(c1, . . . , cn) =
∥∥

n∑

k=1

ckxk

∥∥

is continuous on �n
2 . Therefore, (cf. Theorem 2.21), it attains its minimum on

the compact set S, that is, there exists (c′
1, . . . , c

′
n) ∈ S such that

f(c1, . . . , cn) ≥ f(c′
1, . . . , c

′
n) = c ≥ 0,
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for all (c1, . . . , cn) ∈ S. Suppose that c = 0. Then
∑n

k=1 c′
kxk = 0, which

implies that all the c′
k are zero, because the set {x1, . . . , xn} is linearly inde-

pendent. This contradicts the fact that (c′
1, . . . , c

′
n) ∈ S. Hence c > 0, which

is the desired result. �
The inequality in Lemma 4.2 is instrumental in establishing the result of

Theorem 4.9. First, we define a concept motivated by an opening example in
this section.

Definition 4.4. Two norms ‖ · ‖ and ‖ · ‖′ on a vector space X are said to
be equivalent if there are positive real numbers a and b such that

b‖x‖ ≤ ‖x‖′ ≤ a‖x‖,

for all x ∈ X.

Theorem 4.9. Let X be a finite-dimensional vector space. Then every two
norms ‖ · ‖ and ‖ · ‖′ on X are equivalent.

Proof. Let {e1, . . . , en} be a basis of X, and c > 0 the number from
Lemma 4.1 for the norm ‖ · ‖. For x =

∑n
k=1 ckek, we have

‖x‖′ =
∥∥

n∑

k=1

ckek

∥∥′ ≤ max
1≤k≤n

{‖ek‖′}
n∑

k=1

|ck|

≤ max
1≤k≤n

{‖ek‖′} 1
c

∥∥∥∥
n∑

k=1

ckek

∥∥∥∥ = max
1≤k≤n

{‖ek‖′} 1
c

‖x‖.

Hence for a = maxk{‖xk‖}/c > 0, we have ‖x‖′ ≤ a‖x‖. By symmetry, there
exists a positive b such that ‖x‖ ≤ (1/b)‖x‖′. �

Corollary 4.2. Every two norms on a finite-dimensional vector space X
define the same topology on X.

Proof. It can be easily seen that an open set in a metric space is a union of
open balls centered at the points of the set. Hence two topologies on X are
equal if (and only if) every open ball in the first topology contains an open
ball of the second topology, and conversely. The claim of the corollary follows
immediately from this observation and Theorem 4.9. �

The assumption that X is a finite-dimensional vector space in Theorem 4.9
is essential, as the following example demonstrates.

Example 4.8. Let X = c00 be the vector space of real sequences x = (xn)
terminating with zeros, and let ‖ · ‖1 and ‖ · ‖∞ be norms defined by



90 4 Normed Spaces

‖x‖1 =
n∑

k=1

|xk| and ‖x‖∞ = sup
k

|xk|,

respectively. Suppose that there exists a > 0 such that ‖x‖1 ≤ a‖x‖∞ for all
x ∈ X. For N ∈ N, let xN = (x1, x2, . . .) be the vector defined by xk = 1 for
1 ≤ k ≤ N , and xk = 0 otherwise. We have

N = ‖xN‖1 ≤ a‖xN‖∞ = a, for all N ∈ N,

which is clearly impossible. It follows that the norms ‖ · ‖1 and ‖ · ‖∞ are not
equivalent on the space X.

The result of the following theorem is also based on Lemma 4.1.

Theorem 4.10. If a normed space X is finite-dimensional, then every linear
operator T : X → Y is bounded.

Proof. Let {e1, . . . , en} be a basis for the n-dimensional normed vector space
X, and let T be a linear operator from X to some normed space Y . By the
linearity of T and Lemma 4.1, for every x =

∑n
k=1 ckek in X, we have

‖Tx‖ =
∥∥∥∥

n∑

k=1

ckTek

∥∥∥∥ ≤
n∑

k=1

|ck|‖Tek‖ ≤ max
1≤k≤n

‖Tek‖
n∑

k=1

|ck|

≤ max
1≤k≤n

‖Tek‖ 1
c

∥∥∥∥
n∑

k=1

ckek

∥∥∥∥ = max
1≤k≤n

‖Tek‖ 1
c

‖x‖,

where c > 0 is the number from Lemma 4.1 for the norm ‖ · ‖. It follows that
T is bounded. �

Recall that two topological vector spaces are isomorphic if they are isomor-
phic as vector spaces and homeomorphic as topological spaces under a linear
map (cf. Definition 3.4). The relation “X is isomorphic to Y ” is an equivalence
relation between normed spaces. If T is an isomorphism of normed spaces X
and Y , then both T and T−1 are bounded operators (cf. Exercise 4.16).

Isomorphic normed spaces enjoy the following property.

Theorem 4.11. If X and Y are isomorphic normed spaces, then X is com-
plete if and only if Y is complete.

Proof. Suppose that X is a complete normed space and the space Y is isomor-
phic to X. Let T : X → Y be an isomorphism and (yn) a Cauchy sequence
in Y . Because T−1 is bounded, we have

‖T−1ym − T−1yn‖ = ‖T−1(ym − yn)‖ ≤ ‖T−1‖ · ‖ym − yn‖.

Hence, (T−1yn) is a Cauchy sequence in X. Inasmuch as X is complete,
T−1yn → T−1y for some y ∈ Y . Then
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yn = T (T−1yn) → T (T−1y) = y,

because T is a continuous mapping. Hence Y is a complete space. The result
follows by symmetry. �

As a consequence of Corollary 4.2, we obtain the following result.

Theorem 4.12. Every two n-dimensional normed spaces are isomorphic.

Proof. It suffices to show that an n-dimensional normed space X with a norm
‖ · ‖ is isomorphic to the space �n

1 . Let {e1, . . . , en} be a basis of X and define

‖x‖′ =
n∑

k=1

|ck|

for x =
∑n

k=1 ckek ∈ X. It can be readily verified that ‖ · ‖′ is a norm on X.
By Corollary 4.2, the normed spaces (X, ‖ · ‖) and (X, ‖ · ‖′) are isomorphic.
Furthermore, the mapping �n

1 → X defined by

(c1, . . . , cn) 
→ c1e1 + · · · + cnen

is an isomorphism of normed spaces (�n
1 , ‖ · ‖1) and (X, ‖ · ‖′). Indeed, it is

clearly an isomorphism of vector spaces and also an isometry, and therefore
a homeomorphism. �

Theorem 4.13. Every finite-dimensional subspace Y of a normed space X
is complete and therefore closed.

Proof. It suffices to note that by Theorem 4.12, an n-dimensional subspace
Y is isomorphic to the complete space �n

2 and then use Theorem 4.11. �

Theorem 4.14. A subset of a finite-dimensional normed space X is compact
if and only if it is closed and bounded.

Proof. By Theorem 2.18, it suffices to show that a closed and bounded sub-
set M of X is compact. Let T : X → �n

2 (n is the dimension of X) be an
isomorphism (cf. Theorem 4.12). Then the set T (M) is a closed and bounded
subset of �n

2 , which is compact by the Bolzano–Weierstrass theorem. By The-
orem 2.20, the set M = T−1(T (M)) is compact. �

In conclusion of this section, we give an application of Theorem 4.13. First
we prove a lemma.

Lemma 4.3. Every proper finite-dimensional subspace Y of a normed space
X is nowhere dense in the space X.
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Proof. By Theorem 4.13, Y is closed. Suppose that an open ball B(x, r) is
contained in Y . Let y be a vector in X \ Y and let

z = x + (y − x)
r

2‖y − x‖ .

Because Y is a subspace and x ∈ Y , it follows that z /∈ Y . On the other hand,

‖z − x‖ = r/2 < r,

so z ∈ B(x, r) ⊆ Y , whence the required result. �
Note that the assumption that Y is finite-dimensional is essential in the

above lemma. For instance, the space c00 is a dense subspace of the space c0,
as was shown in Section 4.1.

Let X be an infinite-dimensional normed space with a countable Hamel
basis e1, e2, . . .. Each of the spaces

Xn = span{e1, . . . , en}, n = 1, 2, . . . ,

is finite-dimensional and therefore is nowhere dense in X (cf. Lemma 4.3). It
is clear that

X =
∞⋃

k=1

Xk.

By Baire’s theorem (cf. Theorem 2.17), X is not complete. Hence we have
the following result.

Theorem 4.15. A Hamel basis of a Banach space is either finite or uncount-
able.

4.4 Compactness in Normed Spaces

By the Bolzano–Weierstrass theorem, the closed unit ball

B(0, 1) = {x ∈ �n
2 : ‖x‖ ≤ 1}

in the Euclidean space �n
2 is a compact set (cf. Section 2.7). This is no longer

true for the space �2, which is the closest infinite-dimensional analogue of �n
2 .

Indeed, consider the Schauder basis (en) in �2 defined by en = (δnk), where

δnk =

{
0, if k �= n,

1, if k = n,

is the Kronecker delta (cf. Exercise 4.3). It is clear that for k �= n, we have
d(ek, en) =

√
2. It follows that (en) has no Cauchy subsequences and therefore
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no convergent subsequences. Hence the closed unit ball B(0, 1) in �2 is not
compact.

It turns out that the closed unit ball B(0, 1) of every infinite-dimensional
normed space X is a noncompact set. Following the idea used in the case
of �2, we want to construct a sequence (en) of unit vectors in X such that
d(ek, en) > a for all k �= n, where a is a positive number.

For this we need the result known as Riesz’s lemma.

Theorem 4.16. Let X0 be a proper closed subspace of a normed space X.
Then for each δ ∈ (0, 1), there existts xδ ∈ X such that ‖xδ‖ = 1 and

‖xδ − y‖ ≥ δ, for all y ∈ X0.

Proof. Select x1 ∈ X \ X0 with ‖x1‖ = 1, and let

d = inf
y∈X0

‖x1 − y‖

be the distance from x1 to the subspace X0. Note that d > 0, because X0 is
a closed subspace of X. Because d/δ > d, we can choose x0 ∈ X0 such that
‖x1 − x0‖ < d/δ. We define

xδ =
x1 − x0

‖x1 − x0‖ ,

so ‖xδ‖ = 1 (cf. Figure 4.2). Then for every y ∈ X0, we have

‖xδ − y‖ =

∥
∥
∥
∥

x1 − x0

‖x1 − x0‖ − y

∥
∥
∥
∥
=

1

‖x1 − x0‖
∥
∥
∥
∥
x1 − (x0 + ‖x1 − x0‖y)

∥
∥
∥
∥

≥ δ

d
d = δ,

because x0 + ‖x1 − x0‖y ∈ X0. �

Fig. 4.2 A hint for the proof of Riesz’s lemma.

We apply Riesz’s lemma to establish the desired result.

Theorem 4.17. The closed unit ball in a normed space X is compact if and
only if X is finite-dimensional.
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Proof. (Necessity.) Suppose that the closed unit ball B(0, 1) is compact but
the space is not finite-dimensional. Let x1 be a unit vector in X. The 1-
dimensional subspace of X generated by x1 is closed (cf. Theorem 4.13). By
Riesz’s lemma, there is a unit vector x2 such that

‖x2 − x1‖ ≥ δ =
1
2
.

Suppose we constructed a set {x1, . . . , xn} of unit vectors in X such that

‖xp − xq‖ ≥ 1
2
, for p, q ≤ n, p �= q.

The subspace of X generated by these vectors is finite-dimensional and there-
fore closed (cf. Theorem 4.13). Hence by Riesz’s lemma, there exists a unit
vector xn+1 such that

‖xp − xn+1‖ ≥ 1
2
, for all p ≤ n.

By induction, we obtain an infinite sequence (xn) of unit vectors in X with
the property

‖xp − xq‖ ≥ 1
2
, for all p �= q.

Clearly, this sequence cannot have a convergent subsequence, which contra-
dicts compactness of the unit ball. Therefore, X is finite-dimensional.

(Sufficiency.) Let B = B(0, 1) be the closed unit ball in an n-dimensional
normed space X, and T : X → �n

2 an isomorphism (cf. Theorem 4.12). The set
T (B) is bounded because T is bounded, and closed because T−1 is continuous
(T (B) = (T−1)−1(B)). Hence by the Bolzano–Weierstrass theorem, T (B) is
compact. By Theorem 2.20, the image of a compact set under a continuous
mapping is compact. Because B = T−1(T (B)) and T−1 is continuous, B is
compact. �

The next theorem is another application of Riesz’s lemma. We proved
(cf. Theorem 4.6) that a linear functional on a normed space X is bounded
if and only if its null space is closed. Here is an alternative proof of the same
theorem.

Theorem 4.18. A linear functional f on a normed space X is bounded if
and only if its null space X0 = N(f) is a closed subspace of X.

Proof. (Necessity.) The theorem is a special case of Theorem 4.1 (for bounded
operators).

(Sufficiency.) We may assume that f is a nonzero functional on X. Suppose
that X0 = N(f) is a proper closed subspace of X. By Riesz’s lemma, there
exists x ∈ X \ X0 such that ‖x − y‖ ≥ 1/2 for all y ∈ X0. Every vector
z ∈ X \ X0 can be written in the form
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z = α(x − y), where α �= 0 and y ∈ X0

(cf. Exercise 4.19). We have

|f(z)|
‖z‖ =

|α||f(x)|
|α|‖x − y‖ ≤ 2|f(x)|.

This inequality also holds for every nonzero vector z ∈ X0. Hence f is a
bounded functional on X. �

Riesz’s lemma states that if X0 is a proper closed subspace of X, then
there exist points on the surface of the unit ball whose distance d from X0 is
as close to 1 as desired. Note that the distance d cannot be greater than 1,
because for a unit vector x, one has

d = inf
y∈X0

‖x − y‖ ≤ ‖x − 0‖ = 1.

However, it need not be true that there are points on the unit sphere that
are at distance 1 from X0. To support this statement, we introduce geo-
metric concepts motivated by properties of perpendicular lines in Euclidean
geometry.

x
y

o

{ky}

Fig. 4.3 x is orthogonal to y.

Let x and y be nonzero vectors in a normed space X. We say that x is
orthogonal to y, and write x ⊥ y, if ‖x − ky‖ ≥ ‖x‖ for all scalars k. In
geometry, x is orthogonal to y if ‖x‖ is the shortest distance from x to the
1-dimensional subspace {ky : k ∈ F} of the space X (cf. Fig. 4.3).

Let M be a subspace of X. We say that a vector x ∈ X \ M is orthogonal
to M , and write x ⊥ M , if x ⊥ y for all y ∈ M . It is clear that x ⊥ M if and
only if ‖x − y‖ ≥ ‖x‖ for all y ∈ M . If such a vector x ∈ X \ M exists and
‖x‖ = 1, then we say that x is a perpendicular to M .

The next theorem characterizes perpendiculars to null spaces of bounded
linear functionals.

Theorem 4.19. Let X be a normed space, f a bounded nonzero linear func-
tional on X, and X0 the “hyperplane”
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X0 = N(f) = {y ∈ X : f(y) = 0}.

A vector x1 ∈ X \ X0 is orthogonal to X0 if and only if |f(x1)|/‖x1‖ = ‖f‖.
Proof. (Necessity.) Let x1 be a vector in X \ X0. Every vector x ∈ X \ X0

can be written in the form

x = α(x1 − y), where α �= 0 and y ∈ X0

(cf. Exercise 4.19). We have

|f(x)|
‖x‖ =

|α||f(x1)|
|α|‖x1 − y‖ =

|f(x1)|
‖x1 − y‖ . (4.2)

If x1 ⊥ X0, that is, ‖x1 − y‖ ≥ ‖x1‖ for all y ∈ X0, then by (4.2), we have

|f(x)|
‖x‖ =

|f(x1)|
‖x1 − y‖ ≤ |f(x1)|

‖x1‖ ,

so ‖f‖ = supx∈X\X0
{|f(x)|/‖x‖} = |f(x1)|/‖x1‖.

(Sufficiency.) If ‖f‖ = |f(x1)|/‖x1‖, then again by (4.2), we have

|f(x1)|
‖x1 − y‖ =

|f(x)|
‖x‖ ≤ ‖f‖ =

|f(x1)|
‖x1‖ , for y ∈ X0 and x = x1 − y.

Hence ‖x1 − y‖ ≥ ‖x1‖ for all y ∈ X0, so x1 ⊥ X0. �
We apply the result of Theorem 4.19 to construct an example of a closed

subspace that does not have a perpendicular to it.

Example 4.9. Let X = {x ∈ C[0, 1]) : x(0) = 0} with the norm inherited from
the space C[0, 1], and let f be a linear functional on X defined by

f(x) =
∫ 1

0

x(t) dt.

The norm of this functional is 1 (cf. Exercise 4.20). Let x1 be a unit vector
in X \ X0, where X0 is defined as in Theorem 4.19. We have

|f(x1)| =
∣∣∣∣
∫ 1

0

x1(t) dt

∣∣∣∣ ≤
∫ 1

0

|x1(t)| dt < 1,

because ‖x1‖ = maxt∈[0,1] |x1(t)| = 1 and x1(0) = 0 (cf. Exercise 4.21). By
Theorem 4.19, the properties ‖f‖ = 1 and |f(x1)| < 1 imply that x1 is not a
perpendicular to X0.
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Notes

As they are in real and complex analysis, convergent and absolutely conver-
gent series are important tools in functional analysis. For instance, in this
book, we use series to prove the famous open mapping theorem in Chapter 6.

There are critical differences between the concepts of Hamel and Schauder
basis. An obvious one is clearly that a Schauder basis is a sequence of vectors,
whereas a Hamel basis is just a set of vectors in the space.

According to Theorem 4.1, a normed space with a Schauder basis is sepa-
rable. However, as was shown in 1973 by Per Enflo (Acta Mathematica 130,
pp. 309–317), there are separable spaces without Schauder basis. Of course,
these spaces have Hamel bases.

The operator of indefinite integration introduced in Example 4.6 on the
space C[0, 1] can be defined by the same formula on the normed space L2[0, 1]
(the space of Lebesgue measurable functions x on [0, 1] such that the Lebesgue

integral
∫ 1

0
|x(t)|2 dt is bounded and with the norm ‖x‖ =

√∫ 1

0
|x(t)|2 dt). In

this case, this operator is known as the Volterra operator. The norm of the
Volterra operator is 2/π (cf. Example 7.3 in Chapter 7 and Problem 148
in Halmos 1967).

By Theorem 4.12, every two n-dimensional normed spaces are isomor-
phic. In fact, every two n-dimensional metric vector spaces are isomorphic,
that is, they are isomorphic as vector spaces and homeomorphic as metric
spaces. Specifically, all spaces �n

p , p ∈ (0,∞] (cf. Section 3.3), are isomorphic
(cf. Exercise 4.17). Moreover, every two Hausdorff topological vector spaces
of the same finite dimension are isomorphic (Rudin 1973, Theorem 1.21).

The multiplication operators from Example 4.7 are, in a natural sense, the
canonical examples of normal operators. This is established in the spectral
theory in Hilbert spaces, which is beyond the scope of this book.

Exercises

4.1. Give an example of an absolutely convergent series in a normed space
X that is not convergent. (Hint: Try X = c00.)

4.2. (a) If in a normed space X, the absolute convergence of every series
always implies convergence of the series, show that X is a Banach space.

(b) Show that in a Banach space, an absolutely convergent series is con-
vergent.

4.3. Show that vectors (en), where en is the sequence whose nth term is 1
and all other terms are zero,
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e1 = (1, 0, 0, . . .),
e2 = (0, 1, 0, . . .),

· · ·

form a Schauder basis in �p for every p ∈ [1,∞), and in the spaces c0 and
c00.

4.4. Prove that a mapping from a metric space X to a metric space Y is
continuous if and only if the inverse image of every closed subset of Y is
closed in X (cf. Theorem 2.11).

4.5. Show that a linear operator is bounded if and only if it maps bounded
sets in X into bounded subsets of Y .

4.6. Prove Theorem 4.5.

4.7. Show that the integral operator T in Example 4.3 is linear and maps
C[0, 1] to C[0, 1].

4.8. Let f and g be two bounded real-valued functions on the set A ⊆ R.
Show that

sup
x∈A

(f(x) + g(x)) ≤ sup
x∈A

f(x) + sup
x∈A

g(x).

4.9. Prove that operators of the left and right shift on �p (cf. Example 4.4)
are bounded and ‖Tl‖ = ‖Tr‖ = 1.

4.10. (Bounded linear extension theorem) Let X be a normed space and
X̃ its Banach completion. If f is a bounded linear functional on X, then there
exists a unique linear functional f̃ on X̃ such that f̃ |X = f and ‖f̃‖ = ‖f‖.

4.11. Let X, Y , and Z be normed spaces and S : X → Y and T : Y → Z
bounded operators. Prove that

‖TS‖ ≤ ‖T‖‖S‖.

4.12. Let T be a bounded operator from a normed space X to a normed
space Y . Prove that for every x ∈ X and r > 0,

sup
y∈B(x,r)

‖Ty‖ ≥ ‖T‖ r.

4.13. Show that for nonzero a and b, the function
√

x2
1/a2 + x2

2/b2 defines a
norm on the 2-dimensional real vector space.

4.14. Show that the norms on R2 defined by

‖x‖ =
√

x2
1 + x2

2 and ‖x‖′ =
√

x2
1/a2 + x2

2/b2,



4.4 Compactness in Normed Spaces 99

for a > b > 0, satisfy the inequalities

1
a
‖x‖ ≤ ‖x‖′ ≤ 1

b
‖x‖, for all x ∈ R2.

4.15. Prove that the set

S = {(c1, . . . , cn) :
∑

k

|ck| = 1}

is closed and bounded in �n
2 .

4.16. Show that if T is an isomorphism of normed spaces X and Y , then
both T and T−1 are bounded operators.

4.17. Show that every space �n
p for 0 < p < 1 is isomorphic to �n

∞. Conclude
that all spaces �n

p , p ∈ (0,∞], are isomorphic.

4.18. Show that two equivalent norms (cf. Definition 4.4) on a vector space
define equivalent operator norms.

4.19. Let X0 be a proper subspace of the vector space X over the field F and
x ∈ X \ X0. Show that every vector z ∈ X \ X0 can be written in the form

z = α(x − y), where α �= 0 and y ∈ X0.

4.20. Show that ‖f‖ = 1 for the functional f from Example 4.9.

4.21. Let x be a continuous nonnegative function on [0, 1] such that x(0) = 0
and x(t) ≤ 1 for all t ∈ [0, 1]. Show that

∫ 1

0
x(t) dt < 1.



Chapter 5

Linear Functionals

The concept of a linear functional is one of the main concepts in linear algebra
and one that plays a significant role in functional analysis. In this chapter,
we present basic facts of the theory of linear functionals on topological vector
spaces. First, in Section 5.1, we describe bounded the linear functionals on
sequence spaces introduced in Chapter 3. These results show that the dual
spaces of these normed spaces are very rich. The natural question about the
mere existence of nontrivial linear functionals is addressed by various Hahn–
Banach theorems, which are found in Sections 5.2 and 5.3. An application of
Hahn–Banach theorems is presented in Section 5.4, where all bounded linear
functionals on the space C[a, b] are described. Finally, reflexive spaces and
their elementary properties are introduced in Section 5.5.

5.1 Dual Spaces of Sequence Spaces

In this section, we determine the dual spaces of the sequence spaces intro-
duced in Chapter 3.

Let (en) be a Schauder basis in a normed space (X, ‖ · ‖). Every vector
x ∈ X admits a unique expansion

x =
∞∑

k=1

xkek,

where each xk is a (linear) function of x, that is, xk = xk(x) (cf. Exercise 5.2).
The correspondence

x �→ (x1(x), . . . , xn(x), . . .)

defines an isomorphism from the vector space X onto a sequence vector space
consisting of all sequences (x1(x), . . . , xn(x), . . .) for x ∈ X. If we define
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‖(x1(x), . . . , xn(x), . . .)‖ = ‖x‖, for x ∈ X,

then the normed space X is isomorphic to a normed sequence space.
Let f be a bounded linear functional on X, so f ∈ X∗, and bk = f(ek) for

k ∈ N. Because f is a continuous function, we have, for x =
∑∞

k=1 xkek,

f(x) =
∞∑

k=1

xkf(ek) =
∞∑

k=1

xkbk, for x ∈ X. (5.1)

Hence f is completely determined by the sequence (b1, . . . , bn, . . .). In other
words, the dual vector space X∗ can be identified with a vector sequence
space

{(b1, . . . , bn, . . .)}, for f ∈ X∗.

These observations justify our interest in normed sequence spaces in the
context of the duality problem. For this, we use formula (5.1) frequently.

We begin with the relatively simple case of the space �1. Let (en) be the
standard Schauder basis in �1 (cf. Exercise 4.3) and x =

∑∞
k=1 xkek the

expansion of x ∈ �1, so x = (x1, . . . , xn, . . .) with ‖x‖1 =
∑∞

k=1 |xk|.
For a bounded linear functional f on �1, let bn = f(en) for n ∈ N. Then

|bn| = |f(en)| ≤ ‖f‖||en‖ = ‖f‖,

so (bn) is a bounded sequence. Hence (bn) ∈ �∞ with

‖(bn)‖∞ = sup
n∈N

|bn| ≤ ‖f‖. (5.2)

On the other hand, for every (bn) ∈ �∞, we may define a bounded linear
functional f on �1 by (5.1) as follows:

f(x) =
∞∑

k=1

xkbk, for x = (x1, . . . , xn, . . .) ∈ �1.

Clearly, f is linear and

|f(x)| =
∣∣∣

∞∑

k=1

xkbk

∣∣∣ ≤ sup
k∈N

|bk|‖x‖1 = ‖(bn)‖∞‖x‖1, (5.3)

so f is indeed a bounded linear functional on �1, that is, f ∈ �∗
1.

The correspondence T : f �→ (bn) is an isomorphism of vector spaces �∗
1

and �∞. By (5.3), ‖f‖ ≤ ‖(bn)‖∞, which implies together with (5.2) that
‖f‖ = ‖(bn)‖∞. Hence T is an isomorphism of �∗

1 onto �∞, so we can write
�∗
1 = �∞. We have proved the following theorem.

Theorem 5.1. The dual of the space �1 is the space �∞.
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Consider now the space c0 of all sequences converging to zero. Let (en) be
the standard Schauder basis in c0 (cf. Exercise 4.3) and f a bounded linear
functional on c0. Let x =

∑∞
k=1 xkek be the expansion of x ∈ c0, so again

by (5.1),

f(x) =
∞∑

k=1

xkbk.

For n ∈ N, we define a sequence x(n) ∈ c0 by

x(n) = (x1, . . . , xk, . . . , xn, 0, 0, . . .),

where for 1 ≤ k ≤ n,

xk =

{
1, if bk = 0,

|bk|/bk, otherwise.

Note that xkbk = |bk| for 1 ≤ k ≤ n. We have

‖f‖‖x(n)‖∞ ≥ |f(x(n))| =
∣∣∣

n∑

k=1

xkbk

∣∣∣ =
n∑

k=1

|bk|,

for every n ∈ N. Hence
∑∞

k=1 |bk| < ∞, that is, (bn) ∈ �1. Moreover, it
follows that

‖(bn)‖1 ≤ ‖f‖, (5.4)

because ‖x(n)‖∞ = 1.
For (bn) ∈ �1 and x =

∑∞
k=1 xkek ∈ c0, we have |xkbk| ≤ ‖x‖∞|bk| for all

k ∈ N. Then

∞∑

k=1

|xkbk| ≤ ‖x‖∞
∞∑

k=1

|bk| = ‖x‖∞‖(bn)‖1.

Hence the series
∑∞

k=1 xkbk converges absolutely, and therefore the function

f(x) =
∞∑

k=1

xkbk

is well defined. Clearly, f is a linear functional on (c0). Furthermore,

|f(x)| ≤
∞∑

k=1

|xk||bk| ≤ ‖x‖∞‖(bn)‖1,

so ‖f‖ ≤ ‖(bn)‖1. By (5.4), ‖f‖ = ‖(bn)‖1. Therefore, the correspondence
T : f �→ (bn) is an isomorphism of the normed spaces c∗

0 and �1.

Theorem 5.2. The dual of the space c0 is the space �1.
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We leave the proof of the next theorem as an exercise (cf. Exercise 5.3).

Theorem 5.3. The dual of the space c is the space �1.

Note that the two different spaces c0 and c have the same duals. Inciden-
tally, the dual space of c00 is also �1. Indeed, by Exercise 3.21(a), c00 is dense
in c0. Hence by the “bounded linear extension theorem” (cf. Exercise 4.10), a
bounded linear functional on c00 has a unique extension to a bounded linear
functional on c0 with the same norm.

Now we determine the dual space of the space �p for p ∈ (0,∞). In what
follows, q is the conjugate exponent of p, that is,

1
p

+
1
q

= 1.

We will need the obvious identity p(q − 1) = q.
As before, let f be a bounded linear functional on �p. For x =

∑∞
k=1 xkek

in �p (here (en) is the Schauder basis in �p as in Exercise 4.3), we have,
by (5.1),

f(x) =
∞∑

k=1

xkbk, (5.5)

where bk = f(ek) for k ∈ N. We need to describe the sequence (bk) that
completely determines f . For n ∈ N, define a sequence x(n) ∈ �p by

x(n) = (x1, . . . , xk, . . . , xn, 0, 0, . . .),

where for 1 ≤ k ≤ n, xk is chosen to satisfy |xkbk| = |bk|q. For this, we define

xk =

{
0, if bk = 0,

|bk|q/bk, otherwise.

Then

f(x(n)) =
n∑

k=1

|bk|q.

On the other hand, because |xk| = |bk|q−1, we have

n∑

k=1

|bk|q = f(x(n)) = |f(x(n))| ≤ ‖f‖‖x(n)‖p = ‖f‖
( n∑

k=1

|xk|p
)1/p

= ‖f‖
( n∑

k=1

|bk|p(q−1)

)1/p

= ‖f‖
( n∑

k=1

|bk|q
)1/p

.

From this we immediately obtain (assuming that not all the bk are zero)
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( n∑

k=1

|bk|q
)1−1/p

=
( n∑

k=1

|bk|q
)1/q

≤ ‖f‖.

This inequality holds trivially if bk = 0 for 1 ≤ k ≤ n. Hence

‖(bn)‖q =
( ∞∑

k=1

|bk|q
)1/q

≤ ‖f‖, (5.6)

so (bn) ∈ �q.
On the other hand, for an arbitrary sequence (bn) ∈ �q, formula (5.5)

defines a bounded linear functional on the space �p. Indeed, the linearity of
f is obvious, and by Hölder’s inequality,

|f(x)| =
∣∣∣∣

∞∑

k=1

xkbk

∣∣∣∣ ≤
∞∑

k=1

|xkbk| ≤ ‖x‖p‖(bk)‖q, (5.7)

so f is bounded.
We have shown that formula (5.5) is the general form of a bounded linear

functional on �p. It is clear that T : f �→ (bn) is an isomorphism of the
vector space �∗

p onto the vector space �q. It follows from (5.6) and (5.7) that
‖f‖ = ‖(bn)‖q, so in fact, T is an isomorphism of the normed spaces �∗

p and
�q.

Theorem 5.4. The dual of the space �p is the space �q, where p and q are
conjugate exponents.

Corollary 5.1. The dual space of �2 is the space �2 itself.

We extend the concept of a dual space to arbitrary topological vector
spaces by defining the dual space X∗ of a topological vector space X as the
set of all continuous linear functionals on X. It is clear that X∗ is a vector
space over the field F.

In the rest of this section, we describe the dual of the metric vector space
s of all sequences with the distance function defined by (cf. Section 3.5)

d(x, y) =
∞∑

k=1

1
2k

|xk − yk|
1 + |xk − yk| , for (xn), (yn) ∈ s.

For x = (x1, x2, . . .) we define x(n) = (x1, . . . , xn, 0, 0, . . .). Then

d(x(n), x) =
∞∑

k=n+1

1
2k

|xk|
1 + |xk| ≤

∞∑

k=n+1

1
2k

=
1
2n

→ 0, as n → ∞.

Hence x(n) → x in s.
Let f be a continuous linear functional on s. As before, for n ∈ N we

denote by en the vector (x1, . . . , xn, . . .) ∈ s such that xn = 1 and xm = 0
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for m 	= n, and set bn = f(en). It is clear that x(n) =
∑n

k=1 xkek. Because f
is continuous, we have

f(x) = lim
n→∞ f(x(n)) = lim

n→∞

n∑

k=1

xkf(ek) =
∞∑

k=1

xkbk, (5.8)

so the series on the right-hand side converges for every sequence (xn), and
the functional f is completely determined by the sequence (bn). For every
bn 	= 0, we choose xn = 1/bn. Because

∑∞
k=1 xkbk converges, it follows that

(bn) contains only a finite number of nonzero terms. Hence (bn) ∈ c00. On the
other hand, every sequence (bn) ∈ c00 defines, by (5.8), a continuous linear
functional on s (cf. Exercise 5.4).

Theorem 5.5. The dual of the metric vector space s is the vector space c00.

Note that the space c00 endowed with the sup-norm is not a Banach space,
unlike the duals of normed spaces. Also note that the sequence (en) may be
considered an analogue of the Schauder basis for the (unnormable) sequence
space s.

5.2 Hahn–Banach Theorems

As we already know (cf. Section 5.1), there are plenty of continuous linear
functionals on some normed spaces. One can wonder whether that is true for
an arbitrary topological vector space.

First we address this issue from a purely algebraic standpoint. On a finite-
dimensional vector space over the field F, all linear functionals are effectively
described. For an infinite-dimensional vector space, it is natural to consider
an extension problem. Namely, if f is a nontrivial linear functional on a
proper subspace V0 of a vector space V , determine whether there is a linear
functional f̃ on V such that its restriction to V0 is f . If such a functional f̃
exists, it is called an extension of f from V0 onto V . It is not difficult to see
that f̃ always exists. For this, note that every z ∈ V can be uniquely written
as z = x + y, where x ∈ V0 and y ∈ V1, the algebraic complement of V0 in V .
Then one defines f̃(z) = f(x).

Suppose that X is a topological vector space over F. Is there a nontrivial
continuous linear functional on X? In general, the answer is negative, as
we will see later (cf. Example 5.4). However, the answer is affirmative in
the case of seminormed (and therefore normed) spaces, as the Hahn–Banach
Theorems 5.6 and 5.7 assert.

Let X be a vector space endowed with a seminorm p. A linear functional
f on X is said to be dominated by p if

|f(x)| ≤ p(x), for all x ∈ X.
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If f is dominated by a seminorm p, then it is necessarily continuous in the
topology defined by p. Indeed, for x0 ∈ X and ε > 0, if

x ∈ B(x0, ε) = {x ∈ X : p(x − x0) < ε},

then
|f(x) − f(x0)| = |f(x − x0)| ≤ p(x − x0) < ε.

The following is a version of the Hahn–Banach theorem in the case of the
field of real numbers, F = R. A more general version will be established later
(Theorem 5.8).

Theorem 5.6. Suppose (X, p) is a real seminormed space and Y a subspace
of X. If f is a real linear functional on Y dominated by p, so that

|f(x)| ≤ p(x), for all x ∈ Y,

then there is a linear functional f̃ on X that is an extension of f and is
dominated by p, that is,

f̃(x) = f(x), for all x ∈ Y,

and
|f̃(x)| ≤ p(x), for all x ∈ X.

Before proving Theorem 5.6, we prove a special case of it.

Lemma 5.1. Suppose X is a seminormed space with the seminorm p, Y a
proper subspace of X, x0 a vector in X \ Y , and Z = span(x0, Y ).

If f is a linear functional on Y dominated by p, so that

|f(x)| ≤ p(x), for all x ∈ Y,

then there is a linear functional f̃ on Z that is an extension of f and domi-
nated by p, that is,

f̃(x) = f(x), for all x ∈ Y,

and
|f̃(x)| ≤ p(x), for all x ∈ Z.

Proof. Inasmuch as Z = span(x0, Y ), for every vector x ∈ Z there exist
λ ∈ R and y ∈ Y such that

x = λx0 + y.

Let f̃ be a linear functional on Z. Then

f̃(x) = λf̃(x0) + f̃(y).
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We want f̃ to be an extension of f , so f̃(y) = f(y) for all y ∈ Y , and f̃ should
be dominated by p on Z, so

|f̃(x)| = |λf̃(x0) + f(y)| ≤ p(x) = p(λx0 + y), for all λ ∈ R and y ∈ Y.

Because f is dominated by p on Y , the above inequality holds for λ = 0;
hence we assume that λ 	= 0. By setting y = −λy1 and c = f̃(x0), we may
write the desired inequality as

|λc − λf(y1)| ≤ p(λx0 − λy1),

or dividing by |λ| and expanding, as

−p(x0 − y1) + f(y1) ≤ c ≤ p(x0 − y1) + f(y1),

which we want to hold for all y1 ∈ Y . To show that there exists c satisfying
all these inequalities, it suffices to show that

−p(x0 − y′) + f(y′) ≤ p(x0 − y′′) + f(y′′), for all y′, y′′ ∈ Y.

This follows immediately from

f(y′) − f(y′′) = f(y′ − y′′) ≤ p(y′ − y′′) = p((y′ − x0) + (x0 − y′′))
≤ p(y′ − x0) + p(x0 − y′′) = p(x0 − y′) + p(x0 − y′′),

for all y′, y′′ ∈ Y . �
Now we proceed with the proof of Theorem 5.6.

Proof. Let Y be the collection of all pairs (Y1, f1), where Y1 is a subspace
of X containing Y and f1 is a linear functional on Y1 dominated by p and
coinciding with f on Y . The set Y is not empty, because it contains the pair
(Y, f). We define a partial order 
 on Y by

(Y1, f1) 
 (Y2, f2) if and only if Y1 ⊆ Y2 and f2 is an extension of f1.

Every chain {(Yj , fj)}j∈J in Y has an upper bound, for instance
( ⋃

j∈J

Yj , f
′
)

,

where by definition, f ′ = fj on Yj . By Zorn’s lemma, Y has a maximal element
(Ŷ , f̂). By Lemma 5.1, Ŷ = X. Therefore, f̃ = f̂ is the desired extension of
f . �

Suppose that X is a seminormed space with a nonzero seminorm p. Let
x0 be a vector in X such that p(x0) 	= 0, and let X0 be a one-dimensional
subspace generated by x0. We define f(tx0) = kt, t ∈ R, where |k| ≤ p(x0).
Then



5.2 Hahn–Banach Theorems 109

|f(tx0)| = |k||t| ≤ |t|p(x0) = p(tx0), on X0.

Clearly, f is a linear functional on X0 dominated by p. By Theorem 5.6, f
admits an extension f̃ dominated by p onto the entire space X. It follows
that there are nontrivial continuous functionals on every seminormed space
X.

The above argument can be used in the case of seminormed complex spaces
(cf. Corollary 5.2). For this we need a complex version of the Hahn–Banach
theorem.

Theorem 5.7. Suppose (X, p) is a complex seminormed space and Y a sub-
space of X. If f is a complex linear functional on Y dominated by p, so
that

|f(x)| ≤ p(x), for all x ∈ Y,

then there is a linear functional f̃ on X that is an extension of f and domi-
nated by p, that is,

f̃(x) = f(x), for all x ∈ Y,

and
|f̃(x)| ≤ p(x), for all x ∈ X.

Proof. We have
f(x) = f1(x) + if2(x), x ∈ Y,

where f1 and f2 are the real and imaginary parts of f respectively. Because

f1(ix) + if2(ix) = f(ix) = if(x) = if1(x) − f2(x),

we have f2(x) = −f1(ix), so

f(x) = f1(x) − if1(ix), for x ∈ Y.

Consider X as a vector space over R. Because

|f1(x)| = |Ref(x)| ≤ |f(x)| ≤ p(x),

f1 is dominated on Y by p. By Theorem 5.6, f1 has a real extension f̃1 on X
dominated by p. Assuming that X is a complex space, we define

f̃(x) = f̃1(x) − if̃1(ix), for x ∈ X.

First, we verify that f̃ , so defined, is a complex linear functional on the
complex space X. Indeed,

f̃(x + y) = f̃1(x + y) − if̃1(x + y) = f̃1(x) + f̃1(y) − i[f̃1(ix) + f̃1(iy)]

= [f̃1(x) − if̃1(ix)] + [f̃1(y) − if̃1(iy)] = f̃(x) + f̃(y),
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and

f̃((a + ib)x) = f̃1(ax + ibx) − if̃1(iax − bx)

= af̃1(x) + bf̃1(ix) − i[af̃1(ix) − bf̃1(x)]

= (a + ib)[f̃1(x) − if̃1(ix)] = (a + ib)f̃(x).

It is clear that f̃ is an extension of f . It remains to show that |f̃(x)| ≤ p(x)
for all x ∈ X. We may assume that f̃(x) 	= 0. Then for μ = |f̃(x)|/f̃(x), we
have

|f̃(x)| = μf̃(x) = f̃(μx) = f̃1(μx) ≤ p(μx) = |μ|p(x) = p(x),

because all quantities in the above chain of equalities and inequalities are
real, f̃1 is dominated by p, and |μ| = 1. �

Corollary 5.2. Let X be a seminormed space with a nontrivial seminorm p.
If x0 is a vector in X such that p(x0) > 0, then there exists a linear functional
f on X dominated by p such that f(x0) = p(x0).

In particular, if (X, ‖ · ‖) is a normed space and x0 a nonzero vector in X,
then there exists a bounded linear functional f on X such that ‖f‖ = 1 and
f(x0) = ‖x0‖.
Proof. Let X0 = {tx0 : t ∈ F} be a 1-dimensional subspace of X generated
by x0. Define a functional g on X0 by g(tx0) = tp(x0) for t ∈ F. Then g is
a linear functional on X0 dominated by p. Theorems 5.6 and 5.7 imply that
there is an extension f of g to the space X. Hence f(x0) = g(x0) = p(x0).

If X is a normed space, we define g(tx0) = t‖x0‖ on X0 = {tx0 : t ∈ F}.
Clearly,

|g(tx0)| = |t|‖x0‖ = ‖tx0‖, t ∈ F,

so g is dominated by the norm ‖ ·‖ and ‖g‖ = 1 on X0. By the Hahn–Banach
theorems, there exists an extension f of g dominated by ‖ · ‖, that is,

f(tx0) = t‖x0‖ and |f(x)| ≤ ‖x‖,

for all t ∈ F and x ∈ X. Then f(x0) = ‖x0‖, and the above inequality implies
‖f‖ = 1. The desired result follows. �

The proof of the following corollary is left as an exercise.

Corollary 5.3. Let X be a normed space, and let x and y be two different
vectors in X. Then there exists a bounded linear functional f on X such that
f(x) 	= f(y).

Corollary 5.4. Let Y be a closed proper subspace of a seminormed space X
and x0 ∈ X \ Y . Then there exists a bounded linear functional f on X such
that f |Y = 0 and f(x0) 	= 0.
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Proof. Let X0 = {λx0 + y : λ ∈ F, y ∈ Y } be the span of the subspace Y
and vector x0. Because x0 /∈ Y and Y is closed, there exists δ > 0 such that
‖x0 + y‖ > δ for all y ∈ Y . We define g(λx0 + y) = λ. Clearly, g is a linear
functional on X0 such that g|Y = 0. For λ 	= 0, we have

‖λx0 + y‖ = |λ|‖x0 + (1/λ)y‖ ≥ |λ|δ.

The above inequality also holds for λ = 0. It follows that

|g(λx0 + y| = |λ| ≤ (1/δ)‖λx0 + y‖.

Thus, g is a bounded linear functional on Y . By the Hahn–Banach theorems,
it can be extended to a bounded linear functional f on X. Furthermore,
f(x0) = g(x0) = 1. �

The Hahn–Banach theorems claim that a bounded linear functional on a
subspace Y of a seminormed space X can be extended to the entire space
X. Here we address the following question: Is this extension unique? The
following three examples illustrate different possibilities.

Example 5.1. Let X = �22, so p(x, y) = ‖(x, y)‖ =
√|x|2 + |y|2 (the Euclidean

plane), Y = {(x, 0) : x ∈ R}, and f(x) = x on Y . Clearly, |f | ≤ p on Y

(in fact, |f | = p on Y ). Every linear extension f̃ of f to X is of the form
f̃(x, y) = x + βy. The function f̃ is dominated by p if

|x + βy| ≤
√

|x|2 + |y|2, for all (x, y) ∈ R2.

It is not difficult to show (cf. Exercise 5.8) that the above inequality holds
for all x, y ∈ R only if β = 0. Hence f̃(x, y) = x is the unique extension of
the functional f onto the space X.

The linear functional f on a proper subspace in the next example has
infinitely many bounded extensions to the entire space.

Example 5.2. Let X = �21, so p(x, y) = ‖(x, y)‖ = |x| + |y|, and let Y , f , and
f̃ be the same as in Example 5.1. For |β| ≤ 1 we have

|f̃(x, y)| = |x + βy| ≤ |x| + |β||y| ≤ |x| + |y| = p(x, y).

Hence all functions f̃(x, y) = |x + βy| with |β| ≤ 1 are extensions of f that
are dominated by p on X.

For an infinite-dimensional space we give the following example.

Example 5.3. Let X be the space �∞ endowed with the sup-norm, Y = c the
subspace of X consisting of all convergent sequences, and f a linear functional
on Y defined by f(x) = lim xn. Clearly, |f(x)| ≤ ‖x‖ = supn∈N |xn| for all
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x ∈ Y . Define subspaces Y1 and Y2 of X as sets of sequences (xn) such that
(x2n) and (x2n−1) are convergent, respectively. It is clear that Y ⊆ Y1

⋂
Y2.

We define linear functionals f1 and f2 on the spaces Y1 and Y2 by

f1(x) = lim x2n and f2(x) = lim x2n−1,

respectively. Both functions are dominated by the norm. By the Hahn–
Banach theorem, these functions can be extended to linear functionals f̃1
and f̃2 on X. These functionals are also extensions of f . They are different
extensions because for the sequence x = ((−1)n) we have

f̃1(x) = f1(x) = 1 	= −1 = f2(x) = f̃2(x).

We now prove a more general version of Theorem 5.6. A real-valued func-
tion p on a real vector space X is said to be a sublinear functional if it is
subadditive, that is,

p(x + y) ≤ p(x) + p(y), for all x, y ∈ X,

and positive homogeneous, that is,

p(αx) = αp(x), for all α ≥ 0 in R and x ∈ X.

Note that every seminorm is a sublinear functional.

Theorem 5.8. Suppose X is a real vector space and p a sublinear functional
on X. Let Y be a subspace of X. If f is a real linear functional on Y domi-
nated by p, so that

f(x) ≤ p(x), for all x ∈ Y,

then there exists a linear functional f̃ on X that is an extension of f and
dominated by p, that is,

f̃(x) = f(x), for all x ∈ Y,

and
f̃(x) ≤ p(x), for all x ∈ X.

Proof. First, we employ observations made in the proof of Lemma 5.1.
We assume Y 	= X. For x0 ∈ X \ Y , we have

f(x) + f(y) = f(x + y) ≤ p(x + y) ≤ p(x − x0) + p(y + x0), for all x, y ∈ Y.

Hence
f(x) − p(x − x0) ≤ p(y + x0) − f(y), for all x, y ∈ Y.

It follows that sup{f(x)−p(x−x0) : x ∈ Y } ≤ inf{p(y +x0)−f(y) : y ∈ Y }.
Let c = sup{f(x) − p(x − x0) : x ∈ Y }. Then
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f(x) − c ≤ p(x − x0) and f(y) + c ≤ p(y + x0)

for all x, y ∈ Y .
Let us define f̃(x+λx0) = f(x)+λc for x ∈ Y . For λ = 0, we have f̃(x) =

f(x), so f̃ is an extension of f . By multiplying the inequalities displayed
above by λ > 0 and substituting x1 = λx and y1 = λy, we obtain

f̃(x1 − λx0) = f(x1) − λc ≤ p(x1 − λx0)

and
f̃(y1 + λx0) = f(y1) + λc ≤ p(y1 + λx0)

for all x1, y1 ∈ Y . Hence f̃(z) ≤ p(z) for all z ∈ span(Y, {x0}).
An application of Zorn’s lemma similar to that used in the proof of The-

orem 5.6 completes the proof. �
In the rest of this section, we give an example of a metric vector space X

such that X∗ = {0}. That is, the only continuous linear functional on X is
the zero function.

Definition 5.1. A function x on the interval [0, 1] is called a step function if
there is a sequence of points 0 = a0 < a1 < · · · < an−1 < an = 1 such that x
is constant on the intervals [a0, a1), [a1, a2), . . ., [an−2, an−1), [an−1, an].

Theorem 5.9. The set Xs of all step functions on [0, 1] is a vector space
over the field F.

Proof. Clearly, it suffices to show that Xs is closed under addition. Let x and
y be step functions on [0, 1] and let

0 = a0 < a1 < · · · < an−1 < an = 1, 0 = b0 < b1 < · · · < bm−1 < bm = 1

be the corresponding sequence of points in [0, 1]. The set

{a0, a1, . . . , an} ∪ {b0, b1, . . . , bm}

is finite and contains the points 0 and 1. This set can be ordered as follows:

0 = c0 < c1 < · · · < ck−1 < ck = 1.

The function x + y is constant over the intervals defined by this sequence.
Hence x + y is a step function. �

Example 5.4. For 0 < p < 1, let Lp
s be the vector space of all step functions

on the interval [0, 1] with the function d defined by

d(x, y) =
∫ 1

0

|x(t) − y(t)|p dt, for all x, y ∈ Lp
s .
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The resulting space (Lp
s , d) is a metric vector space (cf. Exercise 5.10).

We show that the only continuous linear functional on Lp
s is the zero

functional. For this we first show that the empty set and the entire space X
are the only convex open sets in the space X.

Lemma 5.2. Let Y be a nonempty open convex subset of the space Lp
s. Then

Y = Lp
s.

Proof. First, we assume that Y contains the zero vector. Then there is a real
number r > 0 such that

B(0, r) = {x ∈ Lp
s :

∫ 1

0

|x(t)|p dt < r} ⊆ Y.

For n ∈ N and x ∈ Lp
s , we partition [0, 1] into n equal subintervals by

points x0 = 0 < x1 < · · · < xn = 1 and define

x(k)(t) =

{
nx(t), if t ∈ [xk−1, xk),
0, otherwise,

x(n)(t) =

{
nx(t), if t ∈ [xn−1, xn],
0, otherwise,

for k = 1, . . . , n − 1.
The function x is a convex combination of these functions,

x(t) =
1
n

n∑

k=1

x(k)(t), for t ∈ [0, 1].

Let M = max{|x(t)| : t ∈ [0, 1]}. We have

∫ 1

0

|x(k)(t)|p dt =
∫ xk

xk−1

|x(k)(t)|p dt ≤ 1
n

· np · Mp =
Mp

n1−p
.

One can choose n such that
Mp

n1−p
< r (note that 1 − p > 0). Then

x(k) ∈ B(0, r) ⊆ Y, for all 1 ≤ k ≤ n.

Since x is a convex combination of the functions x(k) and the set Y is convex,
it follows that x ∈ Y . Inasmuch as x is an arbitrary point in Lp

s , we have
proved that Y = Lp

s .
Because every subset of Lp

s is a translation of a set containing the zero
vector (cf. Exercise 5.11), the only nonempty open convex subset of Lp

s is Lp
s .
�

Theorem 5.10. The zero functional is the only continuous linear functional
on the metric vector space (Lp

s , d).
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Proof. Let f be a continuous linear functional on Lp
s . For ε > 0, let

Dε = {λ ∈ F : |λ| < ε}

be an open disk in F. (It is an open interval if F = R.) It is easy to see that
f−1(Dε) is an open convex subset of Lp

s . By Lemma 5.2, f−1(Dε) = Lp
s . It

follows that |f | < ε for all ε > 0. Hence f is the zero functional on Lp
s . �

By the Hahn–Banach theorem, we have the following result.

Theorem 5.11. The space (Lp
s , d) is not normable.

5.3 Geometric Hahn–Banach Theorems

First, we recall some notions and facts from linear algebra. In this section,
the field of scalars is R.

Let X be a vector space over the field R, Y a subspace of X, and a a
vector in X. The set S = a + Y is called an affine set in X. Thus, an affine
set is a translation of a subspace (or the subspace Y itself if a ∈ Y ).

A subspace Y of a vector space X is of codimension 1 if X is the span of X
and some vector a ∈ X \ Y . Affine sets that are translations of subspaces of
codimension 1 are called hyperplanes. A subset H of X is a hyperplane if and
only if H = {x ∈ X : f(x) = c, c ∈ R} for some nonzero linear functional f
(cf. Exercise 5.20).

A subset A of a vector space X is said to be convex if for every x, y ∈
A and λ ∈ [0, 1], one has λx + (1 − λ)y ∈ A. There are many geometric
assertions concerning convex sets in topological vector spaces that follow from
the Hahn–Banach theorems. To give the reader a taste of these assertions,
we prove two of them. For this, we need some auxiliary results.

A subset S of a topological vector space X is said to be absorbing if for
every x ∈ X there exists r > 0 such that x ∈ μS for all |μ| ≥ r (cf. Exer-
cise 5.21).

Lemma 5.3. Every neighborhood U of zero in a topological vector space X
is absorbing.

Proof. Let x ∈ X. Because λ �→ λx is continuous at λ = 0 (cf. Exercise 5.23),
there exists εx > 0 such that λx ∈ U for all |λ| < εx. It follows that x ∈ μU ,
for |μ| ≥ 2/εx. �

Lemma 5.4. Let f be a nonzero linear functional on a topological vector
space X. Then the image f(V ) of an open convex subset V of X is an open
interval in R.
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Proof. Inasmuch as V convex, the set f(V ) is an interval in R (cf. Exer-
cise 5.24).

Because f is not zero, there is x0 ∈ X such that f(x0) = c 	= 0. We set
x∗ = (1/c)x0, so f(x∗) = 1. Take y ∈ f(V ). There exists x ∈ V such that
y = f(x). Because scalar multiplication is continuous, there exists δ > 0 such
that x + rx∗ ∈ V for all −δ < r < δ. Then y + r ∈ f(V ) for all −δ < r < δ,
that is, (y − δ, y + δ) ⊆ f(V ). The result follows. �

Let X be a topological real vector space and U an open convex subset of
X containing 0. We define the Minkowski functional p on X by

p(x) = inf{t : t > 0, x ∈ tU}.

Because U is an absorbing set (cf. Lemma 5.3), the set {t : t > 0, x ∈ tU} is
not empty. Note that p(0) = 0. Therefore, p(x) ∈ [0,∞), x ∈ X.

Lemma 5.5. The function p is sublinear.

Proof. (a) For α > 0, we have

p(αx) = inf{t : t > 0, αx ∈ tU} = inf{αs : s > 0, x ∈ sU} = αp(x),

for every x ∈ X. Hence p is positive and homogeneous.
(b) Inasmuch as U is an absorbing set, for every given vectors x and y in

X, there are positive numbers s and t such that s−1x ∈ U and t−1y ∈ U .
Because U is a convex set, the vector

(s + t)−1(x + y) =
s

s + t
(s−1x) +

t

s + t
(t−1y)

belongs to U , so x + y ∈ (s + t)U . It follows that

p(x + y) ≤ s + t.

By taking the infimum over all such s and t, we obtain

p(x + y) ≤ p(x) + p(y),

so p is subadditive. �

Theorem 5.12. Let U be an open convex set in a topological vector space X,
and x0 a vector in X that does not belong to U . Then there exists a hyperplane
H containing x0 that does not intersect U .

Proof. We may assume that 0 ∈ U (cf. Exercise 5.22), so x0 	= 0. Let Y be
the subspace {λx0 : λ ∈ R} generated by x0, and f the linear functional on
Y defined by f(λx0) = λ. Because x0 /∈ U , we have p(x0) ≥ 1. Hence for
λ > 0,
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f(λx0) = λ ≤ λp(x0) = p(λx0).

The inequality f(λx0) ≤ p(λx0) trivially holds for λ ≤ 0. Hence the functional
f is dominated by p on Y . By Theorem 5.8, the functional f can be extended
to a linear functional f̃ on X dominated by p. The hyperplane H defined by
f̃(x) = 1 contains x0 because f̃(x0) = f(x0) = 1. For all x ∈ U , we have

f̃(x) ≤ p(x) ≤ 1.

Because f̃ is a linear functional and U is an open set, we must have f̃(x) < 1
on U (cf. Lemma 5.4). It follows that U ∩ H = ∅. �

Example 5.5. The assertion of Theorem 5.12 may not hold if U is not an open
set. Consider the convex set

U = {(x, y) ∈ �22 : −1 ≤ x ≤ 1, y ≥ −
√

1 − x2} \ {(1, 0)}.

(This is the epigraph of the function y =
√

1 − x2 with a deleted boundary
point; cf. Fig. 5.1.) There is no straight line (hyperplane) containing (1, 0)
and not intersecting U .

Fig. 5.1 Example 5.5.

Let V and W be subsets of a topological vector space X. A hyperplane
H = {x ∈ X : f(x) = c} defined by a nonzero linear functional f separates
sets V and W if f(x) ≤ c for all x ∈ V and f(x) ≥ c for all x ∈ W , or
conversely, f(x) ≥ c for all x ∈ V and f(x) ≤ c for all x ∈ W .

Theorem 5.13. Let V and W be disjoint open convex subsets of a topological
vector space X. Then there is a hyperplane H in X that separates V and W .

Proof. Choose vectors v0 ∈ V , w0 ∈ W , and let x0 = v0 − w0. The set

U = V − W + x0

is open, convex, and contains the zero vector (cf. Exercise 5.28). Because
V ∩W = ∅, it follows that x0 /∈ U . Let f̃ be as in the proof of Theorem 5.12.
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Because f̃(x) < 1 on U and f̃(x0) = 1, we have

f̃(v − w + x0) = f̃(v) − f̃(w) + f̃(x0) < 1,

for every v ∈ V and w ∈ W . Hence

f̃(v) < f̃(w), for every v ∈ V and w ∈ W.

Since V and W are open sets, the open interval f̃(V ) lies strictly to the left
of the open interval f̃(W ) (cf. Lemma 5.4). Therefore, there is a number c
such that

f̃(v) < c < f̃(w), for every v ∈ V and w ∈ W.

Hence the hyperplane H = {x ∈ X : f̃(x) = c} separates sets U and W . �

5.4 Linear Functionals on C[a, b]

We begin by recalling the concept of the Riemann–Stieltjes integral in anal-
ysis. In this section, we assume that F = R.

Let x and y be bounded functions on the closed interval [a, b], and

P = {a = t0 < t1 < · · · < tn = b}

a partition of [a, b]. The norm of P is defined by

‖P‖ = max
1≤k≤n

(tk − tk−1).

We arbitrarily select points uk ∈ [tk−1, tk], 1 ≤ k ≤ n, and define a Riemann–
Stieltjes sum by

S(x, y, P, U) =
n∑

k=1

x(uk)[y(tk) − y(tk−1].

If there is a real number J such that for each ε > 0, there exists δ > 0 such
that |J − S(x, y, P, U)| < ε for every P satisfying ‖P‖ < δ, then J is called
the Riemann–Stieltjes integral of x with respect to y on [a, b], and is denoted
by

J =
∫ b

a

x(t) dy(t) =
∫ b

a

x dy. (5.9)
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As in the case of the Riemann integral, there are functions that are not
Riemann–Stieltjes integrable. However, there is a special case of particular
interest in real analysis.

Theorem 5.14. If x ∈ C[a, b] (so x is a continuous function on [a, b]) and
w ∈ BV [a, b] (so w is a function of bounded variation on [a, b]), then the
Riemann–Stieltjes integral

∫ b

a
x dw exists.

This theorem is proved in real analysis, where the following properties
of Riemann–Stieltjes integrals are established. We assume that all integrals
below exist.

1. The integral in (5.9) depends linearly on functions in C[a, b],

∫ b

a

(λx + μy) dw = λ

∫ b

a

x dw + μ

∫ b

a

y dw,

so for every w ∈ BV [a, b], formula (5.9) defines a linear functional on the
space C[a, b].

2. For x ∈ C[a, b] and w ∈ B[a, b],
∣∣∣∣
∫ b

a

x dw

∣∣∣∣ ≤ max
t∈[a,b]

|x(t)|V b
a (w). (5.10)

The above properties show that the Riemann–Stieltjes integral is a bounded
linear functional on C[a, b].

By the definition of the Riemann–Stieltjes integral, it can be approximated
by Riemann–Stieltjes sums. Therefore, when x is a continuous function and
w of bounded variation (cf. Theorem 5.14), one can use partitions P of [a, b]
into equal subintervals and choose endpoints of the intervals in P as points
in the set U to approximate

∫ b

a
x dw. Thus for n ∈ N, we define the points

tk of the partition Pn by

tk = a +
b − a

n
k, for 0 ≤ k ≤ n, (5.11)

and choose uk = tk−1, 0 < k ≤ n. The corresponding Riemann–Stieltjes sum
for x and w depends only on n, so we can write

Sn =
n∑

k=1

x(tk−1)(w(tk) − w(tk−1)).

By Theorem 5.14,

lim
n→∞ Sn =

∫ b

a

x dw.

We use these observations in the proof of the following theorem, which is
known as Riesz’s theorem for functionals on C[a, b].
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Theorem 5.15. Every bounded linear functional f on C[a, b] can be repre-
sented by a Riemann–Stieltjes integral

f(x) =
∫ b

a

x dw, (5.12)

where w is of bounded variation. The norm of f is the total variation of w:

‖f‖ = V b
a (w). (5.13)

Proof. Let B[a, b] be the vector space of all bounded functions on [a, b]
endowed with the sup-norm and f a bounded linear functional on C[a, b].
Clearly, C[a, b] is a subspace of B[a, b]. By the Hahn–Banach theorem, f has
an extension f̃ from C[a, b] to B[a, b]. Furthermore, ‖f̃‖ = ‖f‖.

We need to define the function w in (5.12). Consider the family of functions
in B[a, b] defined by

xt(τ) =

{
1, if a ≤ τ ≤ t,

0, if t < τ ≤ b,

and define w by

w(a) = 0 and w(t) = f̃(xt), for t ∈ (a, b].

We want to show that w is of bounded variation. Let us define

εk = sgn(w(tk) − w(tk−1)), 1 ≤ k ≤ n,

where a = t0 < t1 < · · · < tn = b is a partition of [a, b] and sgn is the signum
function defined by

sgn(τ) =

{
0, if τ = 0,

|τ |/τ, if τ 	= 0.

Note that the signum function assumes only the values 0, 1, and −1, and

|τ | = sgn(τ)τ, for all τ ∈ R.

We have
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n∑

k=1

|w(tk) − w(tk−1)| =
n∑

k=1

εk[w(tk) − w(tk−1)]

= ε1f̃(xt1) +
n∑

k=2

εk[f̃(xtk) − f̃(xtk−1)]

= f̃

(
ε1x1 +

n∑

k=2

εk(xtk − xtk−1)
)

≤ ‖f̃‖
∥∥∥∥ε1xt1 +

n∑

k=2

εk(xtk − xtk−1)
∥∥∥∥.

For each τ ∈ [a, b], only one of the terms xt1 and (xtk − xtk−1), 2 ≤ k ≤ n, is
nonzero, and its norm is 1. Note that ‖f̃‖ = ‖f‖. Therefore,

n∑

k=1

|w(tk) − w(tk−1)| ≤ ‖f‖,

for every partition of [a, b]. Therefore, w is of bounded variation. Moreover,
it follows that

V b
a (w) ≤ ‖f‖. (5.14)

Now we prove (5.12), where x ∈ C[a, b]. For the partition Pn defined
by (5.11), we define a function zn by the formula

zn = x(t0)xt1 +
n∑

k=2

x(tk−1)[xtk − xtk−1 ].

Clearly, zn ∈ B[a, b]. By the definition of w, we obtain

f̃(zn) = x(t0)f̃(xt1) +
n∑

k=2

x(tk−1)[f̃(xtk) − f̃(xtk−1 ]

= x(t0)w(t1) +
n∑

k=2

x(tk−1)[w(tk) − w(tk−1)]

=
n∑

k=1

x(tk−1)[w(tk) − w(tk−1)],

because w(t0) = w(a) = 0. The right-hand side of this chain of equalities is
the Riemann–Stieltjes sum Sn for the integral

∫ b

a
x dw. Therefore,

∫ b

a

x dw = lim
n→∞ f̃(zn).

Note that
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xtk(t) − xtk−1(t) =

{
1, if t ∈ (tk−1, tk],
0, otherwise,

and zn(a) = x(a). Hence zn(t) = x(tk−1) for t ∈ (tk−1, tk], so

|zn(t) − x(t)| = |x(tk−1) − x(t)|, for t ∈ (tk−1, tk].

Inasmuch as x is uniformly continuous on [a, b], we have ‖zn − x‖ → 0 as
n → ∞, so zn → x in B[a, b]. Because f̃ is a continuous functional on B[a, b],
and f̃ is an extension of f , we obtain

∫ b

a

x dw = lim
n→∞ f̃(zn) = f̃(x) = f(x),

which proves (5.12).
To prove (5.13), we evaluate the norm of f from (5.12). By (5.10), we have

|f(x)| ≤ max
t∈[a,b]

|x(t)|V b
a (w) = ‖x‖V b

a (w).

Therefore, ‖f‖ ≤ V b
a (w). Together with (5.14), this yields the desired result,

‖f‖ = V b
a (w). �

According to the proof of Theorem 5.15, w(a) = 0, so w ∈ NBV [a, b]
(cf. Section 3.7). However, the space NBV [a, b] is not the dual of C[a, b],
because w in Theorem 5.15 is not unique.

Example 5.6. The zero function and the function w such that w(b) = 1, and
w(t) = 0 otherwise, are of bounded variation, and both define the zero func-
tional on C[a, b].

5.5 Reflexivity

We begin with a simple example motivating our presentation in this section.

Example 5.7. It is known from linear algebra that every linear functional on
the vector space �n

2 is uniquely defined by a vector λ = (λ1, . . . , λn) ∈ Fn

and is of the form

fλ(x) = λ1x1 + · · · + λnxn, for x = (x1, . . . , xn) ∈ �n
2 . (5.15)

By the Cauchy–Schwarz inequality, we have

|fλ(x)| =
∣∣∣

n∑

k=1

λkxk

∣∣∣ ≤
n∑

k=1

|λkxk| ≤
√√√√

n∑

k=1

|λk|2
√√√√

n∑

k=1

|xk|2,
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that is, |fλ(x)| ≤ ‖λ‖2‖x‖2. It follows that ‖fλ‖ ≤ ‖λ‖2. By substituting
x = λ into (5.15), we obtain

|fλ(λ)| =
n∑

k=1

|λk|2 = ‖λ‖22,

which implies ‖fλ‖ ≥ ‖λ‖2. It follows that ‖fλ‖ = ‖λ‖2. Therefore, the dual
(�n

2 )∗ of the space �n
2 is isomorphic to the space �n

2 itself (cf. Corollary 5.1).
One can consider the right-hand side of the Eq. (5.15) a function of λ ∈

(�n
2 )∗ for a given x ∈ �n

2 :

gx(λ) = λ1x1 + · · · + λnxn.

It is clear that gx is a linear functional on (�n
2 )∗. By repeating the argument

used for fλ(x), it is easy to show that ‖gx‖ = ‖x‖2. It follows that the
mapping x �→ gx (which is clearly onto) is an isomorphism between spaces
�n
2 and ((�n

2 )∗)∗.

The dual space X∗ of a normed space X is a normed space itself. Thus
we may consider the dual space of the space X∗. This space is called the
second dual space of X and is denoted by X∗∗ (so X∗∗ = (X∗)∗). The usual
interpretation of the expression f(x) is that f is a given function and x is
a variable. However, we can interpret f(x) in a “dual” way by fixing x and
considering f a variable (cf. Example 5.7). This interpretation leads to the
following definition:

Definition 5.2. The mapping J : X → X∗∗ defined by x �→ gx, where

gx(f) = f(x), f ∈ X∗,

is called the canonical mapping of X into X∗∗.

To justify this definition, we note that for every x ∈ X, the function gx is
a linear functional on X∗, because

gλx+μy(f) = f(λx + μy) = λf(x) + μf(y) = λgx(f) + μgy(f),

for all λ, μ ∈ F. Furthermore, by Exercise 5.9,

‖gx‖ = sup
f∈X∗
f �=0

|gx(f)|
‖f‖ = sup

f∈X∗
f �=0

|f(x)|
‖f‖ = ‖x‖,

so gx is bounded.
It follows from the last displayed formula that the canonical mapping J is

an isomorphism of the normed space X onto its image J(X) in the second
dual space X∗∗. In general, J(X) is a proper subspace of X∗∗. The case
J(X) = X∗∗ is of particular importance in functional analysis.
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Definition 5.3. A normed space is said to be reflexive if

J(X) = X∗∗,

where J is the canonical mapping.

Note that a reflexive space is a Banach space, because the dual space of
every space is a Banach space (cf. Theorem 4.8).

A prototypical example of a reflexive space is the sequence space �p with
p ∈ (1,∞). By Theorem 5.4, the dual �∗

p of �p is isomorphic to the space �q,
where q and p are conjugate exponents. By exchanging the roles of p and q,
we conclude (by the same theorem) that the second dual �∗∗

p is isomorphic
to the space �p itself. However, this argument shows only that the spaces �∗∗

p

and �p are isomorphic but does not prove that the canonical mapping is the
required isomorphism. For this, we prove the following theorem.

Theorem 5.16. The space �p is reflexive.

Proof. Because the canonical mapping J is an isomorphism of the space X
onto its image J(X), it suffices to show that J is surjective. Thus we need
to show that for every h ∈ �∗∗

p there exists x = (xn) ∈ �p such that h = gx.
We may consider h a bounded linear functional on the space �q, which is
isomorphic to �∗

p. By the proof of Theorem 5.4 (exchanging p and q and
using (5.5)), we have

h(f) =
∞∑

k=1

xkfk, for x = (xn) ∈ �p and f = (fn) ∈ �q.

By the same theorem (cf. (5.5)),

∞∑

k=1

xkfk = f(x), for x = (xn) ∈ �p and f = (fn) ∈ �q.

Inasmuch as gx(f) = f(x), we have h(f) = gx(f) for all f ∈ �∗
p. Hence h = gx,

and the result follows. �
It is not difficult to prove that the spaces c0 and c are not reflexive. By

Theorems 5.2 and 5.3, c∗
0 = c∗ = �1, and by Theorem 5.1, �∗

1 = �∞. Therefore,

c∗∗
0 = c∗∗ = �∞.

The space c0 (and c) is separable (cf. Exercise 3.18), whereas the space �∞ is
not (cf. Theorem 3.7). Hence c∗∗

0 and �∞ are not isomorphic. It follows that
c0 (and c) is not reflexive.

In the conclusion of this section, we establish some results concerning the
relation between the separability and reflexivity properties of a normed space.
First, we prove a lemma.
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Lemma 5.6. Let Y be a closed proper subspace of a normed space X. Then
there exists f ∈ X∗ such that

‖f‖ = 1 and f(x) = 0, for x ∈ Y.

Proof. For x0 ∈ X \ Y , we define Z = span{Y, x0} and

g(x + λx0) = λ for all x ∈ Y and λ ∈ F.

The linear functional g is bounded on Z. Indeed, because X \ Y is an open
set, there exists r > 0 such that ‖y − x0‖ ≥ r for all y ∈ Y . Therefore,

‖x + λx0‖ = |λ|‖(−1/λ)x − x0‖ ≥ |λ|r on Z.

From this we have

|g(x + λx0)| = |λ| ≤ 1
r
‖x + λx0‖ on Z.

Hence ‖g‖ ≤ 1/r, so g is a bounded linear functional on Z. Clearly, g vanishes
on Y . By the Hahn–Banach theorem, g has an extension to a bounded linear
functional g̃ on X such that g̃(x) = 0 on Y . Because g̃(x0) = 1, the norm ‖g̃‖
is nonzero. We obtain the desired result by setting f = (1/‖g̃‖)g̃. �

Theorem 5.17. If the dual space X∗ of a normed space X is separable, then
X is also separable.

Proof. Because X∗ is separable, the unit sphere S = {f ∈ X∗ : ‖f‖ = 1} is
separable (cf. Exercise 2.26). Let {fn}n∈N be a countable dense subset of S.
Because fn ∈ S, we have sup{|fn(x)| : ‖x‖ = 1} = 1. Therefore, for each n,
we can find xn ∈ X such that

‖xn‖ = 1 and |fn(xn)| ≥ 1
2
.

Let Y be the closure of span{xn}n∈N. The set of all linear combinations of
the xn with rational coefficients is a countable dense subset of Y . So it suffices
to show that Y = X. Indeed, otherwise, by Lemma 5.6, there exists f ∈ X∗

such that
‖f‖ = 1 and f(x) = 0 for all x ∈ Y.

Clearly, f(xn) = 0 for all n ∈ N. Furthermore,

1
2

≤ |fn(xn)| = |fn(xn) − f(xn)| = |(fn − f)(xn)|
≤ ‖fn − f‖‖xn‖ = ‖fn − f‖,
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contradicting our assumption that {fn}n∈N is a dense subset of S. Thus X
is separable. �

Suppose that X is a reflexive and separable space. Because the second dual
X∗∗ = (X∗)∗ is isomorphic to X, it is also separable. Then by Theorem 5.17,
the space X∗ is separable. From this it follows that a separable normed space
with an inseparable dual cannot be reflexive. In particular, the separable
space �1 is not reflexive, because its dual, �∞, is not separable.

To conclude this section, we show that the space C[0, 1] with the sup-norm
is not reflexive.

First, we introduce a “triangular” function on [0, 1]. For 0 < α < β < 1,
we define a piecewise linear function �{α,β} that has nodes at points (0, 0),
(α, 0), ((α + β)/2, 1), (β, 0), and (1, 0) (cf. Fig. 5.2).

Fig. 5.2 Graph of the function �{α,β}.

Consider the decreasing sequence

1 > β1 > α1 > β2 > α2 > · · · > βn > αn > · · ·

converging to zero. For each n ∈ N, we define fn(t) = �{αn,βn}(t) on [0, 1].
Let x = (xn) ∈ c0, so xn → 0. It is not difficult to show that the function

fx(t) =
∑∞

k=1 xkfk(t) is a continuous function on [0, 1] and that ‖fx‖ = ‖x‖.
Hence the correspondence T : x �→ fx is an isomorphism of the normed space
c0 into the normed space C[0, 1]. Because c0 is a complete space, the image
T (c0) is a closed subspace of C[0, 1] (cf. Theorem 4.11), which is not reflexive,
because c0 is not reflexive. By Exercise 5.32, C[0, 1] is not a reflexive space.

Notes

On a finite-dimensional normed space, every linear functional is bounded
(cf. Exercise 5.1).

The Hahn–Banach theorems have many applications. One of them is
Riesz’s theorem (Theorem 5.15 in Section 5.4), providing the representation
of bounded linear functionals on the normed space C[a, b] by the Riemann–
Stieltjes integral.

Corollary 5.2 guarantees the existence of sufficiently many continuous lin-
ear functionals on a seminormed vector space with a nontrivial seminorm.
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Example 5.4 shows that there are topological vector spaces with no non-
trivial continuous linear functionals on them. It is not difficult to show that
the metric space (X, d) in this example is not complete. This can be remedied
as follows. We omit the details.

For 0 < p < 1, let Lp be the vector space of all Lebesgue measurable
functions f on [0, 1] for which

∫ 1

0

|f |p < ∞,

with the usual identification of functions that coincide almost everywhere.
The space Lp can be made into a complete metric vector space by defining

d(x, y) =
∫ 1

0

|x − y|p, for all x, y ∈ Lp.

It can be shown that the metric space (X, d) in Example 5.4 is dense in
(Lp, d).

Theorem. (Rudin 1973 p. 36) The zero functional is the only continuous
linear functional on the metric vector space (Lp, d) (cf. Exercise 5.12).

If a normed space X is reflexive, it is isomorphic to X∗∗ under the canon-
ical mapping. The converse does not hold in general. In 1951, Robert C.
James published a paper entitled “A non-reflexive Banach space isometric
with its second conjugate space” in the Proceedings of the National Academy
of Sciences, USA, in which a counterexample was constructed.

Exercises

5.1. Prove that every linear functional on a finite-dimensional normed space
is bounded. (Hint: Use Lemma 4.1.)

5.2. Let x =
∑∞

k=1 xkek be the expansion of a vector x with respect to
a Schauder basis (en) in a normed space X. Show that for every k ∈ N,
the mapping x �→ xk is a linear functional on X. (These functionals are
called coordinate or biorthogonal functionals. They are all bounded (cf. The-
orem 6.4)).

5.3. Prove Theorem 5.3.

5.4. Show that every sequence (bn) ∈ c00 defines a continuous linear func-
tional on the space s by (5.8).

5.5. In the proof of Lemma 5.1, show that one can choose

c = sup
y′∈Y

[−p(x0 − y′) + f(y′)]
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or
c = inf

y′′∈Y
[p(x0 − y′′) + f(y′′)].

5.6. Prove Corollary 5.3.

5.7. Give an example of a normed space and a proper subspace of that space
for which the assertion of Corollary 5.4 does not hold.

5.8. Show that β = 0 in Example 5.1.

5.9. Prove that for every x in a normed space X, the following identity holds:

‖x‖ = sup
{ |f(x)|

‖f‖ : f ∈ X∗ f 	= 0
}

.

5.10. For 0 < p < 1, let X be the vector space of all step functions on the
interval [0, 1] with the function d defined by

d(x, y) =
∫ 1

0

|x(t) − y(t)|p dt, for all x, y ∈ X.

Show that (X, d) is a metric vector space.

5.11. Let Y be a convex subset of a vector space X. Show that for every
x ∈ X, the set Y + x = {y + x : y ∈ Y } is convex.

5.12. Let (bn) be a bounded sequence in F and (xk) ∈ �p, where p ∈ (0, 1).
Show that

f(x) =
∞∑

k=1

bkxk

is a continuous linear functional on the metric vector space (�p, d) (cf. Sec-
tion 3.3).

5.13. Show that p(x) = lim supxn, where x = (xn) ∈ �∞, xn ∈ R, defines a
sublinear functional on �∞.

5.14. Show that a sublinear functional p on a real vector space X satisfies
p(0) = 0 and p(−x) ≥ −p(x), for every x ∈ X.

5.15. Let p be a subadditive functional on a normed space X. Show that
continuity of p at x = 0 implies continuity of p on X.

5.16. Prove that a linear combination of sublinear functionals is a sublinear
functional.

5.17. Show that x = y if f(x) = f(y) for every bounded linear functional on
a normed space X.
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5.18. Prove that a subset S of a vector space is affine if and only if it is closed
under linear combinations

λ1x1 + λ2x2 + · · · + λkxk ∈ S

for all vectors x1, . . . , xk ∈ S and scalars λ1, . . . , λk ∈ F with
∑k

i=1 λi = 0.

5.19. Prove that a nonempty subset S of a vector space X is an affine set if
and only if it is the inverse image of a singleton under a linear map of X into
some vector space Y .

5.20. Show that a subset S of a vector space X is a hyperplane if and only
if there exist a linear functional f : X → F and c ∈ F such that

S = {x ∈ X : f(x) = c}.

In particular, the subspaces of codimension 1 of a vector space X are exactly
the null spaces of linear functionals on X.

5.21. Give an example of a nonabsorbing set in a topological vector space.

5.22. Show that 0 ∈ U is a valid assumption in the proof of Theorem 5.12.

5.23. Suppose X is a topological vector space. Prove that for every x0 ∈ X,
the mapping F → X defined by λ �→ λx0 is continuous.

5.24. (a) Prove that the image of a convex set under linear mappings of
vector spaces is convex.

(b) Prove that intervals are the only convex subsets of R.

5.25. (a) Let p be the Minkowski functional for a convex set U ⊆ X. Show
that for x 	= 0, p(x) = 0 if and only if x ∈ t U for every t > 0, so U is
“unbounded in the direction of the vector x.”

(b) Show that p(x) ≤ 1 if x ∈ U , and p(x) ≥ 1 if x /∈ U .

5.26. If f is a real linear functional on a real vector space X, then the image
of a convex subset of X is an interval in R.

5.27. If V and W are open convex subsets of a vector space, then so is their
difference

V − W = {v − w : v ∈ V, w ∈ W}.

5.28. Let V and W be open convex subsets of a topological vector space X.
For v0 ∈ V and w0 ∈ W , define x0 = v0 − w0 and show that the set

U = V − W + x0

is open and convex, and that x0 ∈ U .
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5.29. Let M be the set of sequences in the real space c00 for which the leading
nonzero term is positive. Show that the sets M and −M are convex and
disjoint, but they cannot be separated by a hyperplane (cf. Theorem 5.13).
(Recall that c∗

00 = �1.)

5.30. Let C[0, 1] be the vector space of continuous functions on [0, 1]. Define
δ(x) = x(0) for x ∈ C[0, 1].

(a) Show that δ is a bounded linear functional if C[0, 1] is endowed with the
sup-norm. Find the norm of δ.

(b) Show that δ is an unbounded linear functional if C[0, 1] is endowed with
the norm

‖x‖ =
∫ 1

0

|x(t)| dt.

5.31. Show that the dual of a reflexive normed space is also reflexive.

5.32. Prove that a closed subspace of a reflexive Banach space is reflexive.

5.33. Prove that a Banach space is reflexive if and only if its dual space is
reflexive.

5.34. Show that if a normed space has n linearly independent vectors, then
so does its dual space.



Chapter 6

Fundamental Theorems

In this chapter we present three theorems that are known as the “funda-
mental theorems” of functional analysis (together with the Hahn–Banach
theorems presented in Chapter 5). These are the uniform boundedness the-
orem (cf. Section 6.1), the open mapping theorem (cf. Section 6.2), and the
closed graph theorem (cf. Section 6.3). These theorems are the cornerstones
of the theory of Banach spaces and are ubiquitous in functional analysis.

The results of the fundamental theorems illustrate the power of the concept
of a Banach space as opposed to incomplete normed spaces. In Section 6.4,
we give several examples and counterexamples, showing that the results of
the first three sections do not hold in some incomplete normed spaces.

6.1 Uniform Boundedness Theorem

Theorem 6.1. Uniform boundedness theorem. If F = {Tj}j∈J is a fam-
ily of bounded operators from a Banach space X to a normed space Y such
that supj∈J ‖Tjx‖ < ∞ for every x ∈ X, then supj∈J ‖Tj‖ < ∞.

In words: If a family of bounded operators from a Banach space to a
normed space is pointwise bounded, then it is norm bounded.

There are several proofs of this important theorem. A proof utilizing the
Baire category theorem (cf. Section 2.6) is presented below.

Proof. For j ∈ J and n ∈ N, we define

Aj,n = {x ∈ X : ‖Tjx‖ ≤ n}.

Because bounded operators are continuous functions and the norm is also a
continuous function, each set Aj,n is a closed subset of X, hence so are the
sets

An =
⋂

j∈J

Aj,n, for n ∈ N.
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Inasmuch as the family {Tj}j∈J is pointwise bounded, we have

X =
∞⋃

n=1

An.

By the Baire category theorem (note that X is a complete metric space),
there is a natural number m such that the set Am contains an open ball, say

B(x0, r) ⊆ Am, where x0 ∈ Am and r > 0.

It is clear that for every vector y ∈ B(x0, r), we have ‖Tjy‖ ≤ m for all j ∈ J .
To show that the family {Tj}j∈J is norm bounded, it suffices to find a

constant C such that for all x ∈ X with ‖x‖ = 1 and all j ∈ J , ‖Tjx‖ ≤ C.
For this we use the “scale and translate” technique. We scale the vector x by
the factor r/2 and translate the resulting vector by x0 to obtain the vector

y =
r

2
x + x0,

which clearly belongs to the ball B(x0, r). Hence ‖Tjy‖ ≤ m for all j ∈ J .
Finally, we have

‖Tjx‖ =
∥∥∥

2
r
Tj(y − x0)

∥∥∥ ≤ 2
r
‖Tjy‖ +

2
r
‖Tjx0‖ ≤ 4m

r
, for all j ∈ J.

Thus we can choose C = (4m)/r. �
There are many applications of the uniform boundedness theorem. Below

we present two examples.

Example 6.1. Let p and q be conjugate exponents (cf. Section 1.2). Suppose
that (an) is a sequence of complex numbers such that

∑∞
k=1 akxk < ∞ for

every (xk) ∈ lp. We show that then
∑∞

k=1 |ak|q < ∞, so (ak) ∈ �q.
We may assume that (an) has no zero terms (cf. Exercise 6.1). Let

fn(x) =
n∑

k=1

akxk.

Clearly, each fn is a linear functional on �p. For a given x = (xn) ∈ �p,

sup
n∈N

‖fn(x)‖ = sup
n∈N

∣∣∣
n∑

k=1

akxk

∣∣∣ < ∞,

because
∑∞

k=1 akxk < ∞. (A convergent sequence is bounded.) Therefore,
the family {fn}n∈N is pointwise bounded.

By Hölder’s inequality, we have
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|fn(x)| =
∣∣∣

n∑

k=1

akxk

∣∣∣ ≤
n∑

k=1

|akxk| ≤
( n∑

k=1

|ak|q
)1/q( n∑

k=1

|xk|p
)1/p

≤
( n∑

k=1

|ak|q
)1/q

‖x‖.

Hence ‖fn‖ ≤
( ∑n

k=1 |ak|q
)1/q

.
On the other hand, for

xk =
ak|ak|q−2

(∑n
k=1 |ak|q

)1−1/q
,

where 1 ≤ k ≤ n and xk = 0 for k > n, we have

|fn(x)| =
∑n

k=1 |ak|q
( ∑n

k=1 |ak|q
)1−1/q

=
( n∑

k=1

|ak|q
)1/q

.

Hence ‖fn‖ =
(∑n

k=1 |ak|q
)1/q

for n ∈ N. By the uniform boundedness

theorem, the series
∑∞

k=1 |ak|q converges.

Example 6.2. Suppose that (an) is a sequence of complex numbers such that∑∞
k=1 |akxk| < ∞ for every (xk) ∈ c0. We show that this implies

∞∑

k=1

|ak| < ∞.

We may assume that (an) has no zero terms (cf. Exercise 6.1). Let

fn(x) =
n∑

k=1

akxk.

Clearly, each fn is a linear functional on c0. For a given x = (xn) ∈ c0,

sup
n∈N

‖fn(x)‖ = sup
n∈N

∣∣∣
n∑

k=1

akxk

∣∣∣ ≤ sup
n∈N

n∑

k=1

|akxk| < ∞,

because
∑∞

k=1 |akxk| < ∞. (A convergent sequence is bounded.) Therefore,
the family {fn}n∈N is pointwise bounded.

We have

‖fn‖ = sup
‖x‖=1

∣∣∣
n∑

k=1

akxk

∣∣∣ ≤ sup
‖x‖=1

n∑

k=1

|ak||xk| ≤
n∑

k=1

|ak|.
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On the other hand, for the sequence x = (xn) ∈ c0 defined by

xk =

{
|ak|/ak, for 1 ≤ k ≤ n,

0, for k > n,

we have ‖x‖ = 1 and ‖fn(x)‖ =
∑n

k=1 |ak|. Hence ‖fn‖ =
∑n

k=1 |ak|. By the
uniform boundedness theorem,

∑∞
k=1 |ak| < ∞.

6.2 Open Mapping Theorem

We recall some definitions from linear algebra. If X is a vector space over a
field F and A,B are subsets of X, then:

1. For k ∈ F, kA = {kx : x ∈ X}.
2. A + B = {a + b : a ∈ A, b ∈ B}.
3. A − B = A + (−1)B = {a − b : a ∈ A, b ∈ B}.
4. For y ∈ X, A + y = A + {y} = {x + y : x ∈ X}.
5. A subset A ⊆ X is said to be symmetric if x ∈ A implies −x ∈ A for all

x ∈ A.

The following theorem establishes properties of the topological closure
with respect to algebraic operations on subsets of a topological vector space.

Theorem 6.2. Let A and B be subsets of a topological vector space. Then:

(a) kA = kA, k ∈ F.
(b) A + B ⊆ A + B.

Proof. (a) Let a ∈ A and let U be a neighborhood of ka. Because multi-
plication by a scalar is a continuous operation, there is a neighborhood U1

of a such that kU1 ⊆ U . Because a ∈ A, there exists x ∈ A ∩ U1. Then
kx ∈ kA ∩ kU1 ⊆ kA ∩ U . Hence kA ∩ U �= ∅, implying ka ∈ kA. We have
proved that kA ⊆ kA. For the opposite inclusion, we may assume k �= 0 and
apply the previous argument as follows:

1
k

kA ⊆ 1
k

kA = A,

so kA ⊆ kA. It follows that kA = kA.
(b) Let a ∈ A, b ∈ B, and let U be a neighborhood of a + b. We need

to show that the intersection (A + B) ∩ U is not empty. Inasmuch as vector
addition is a continuous operation, there are neighborhoods U1 and U2 of
vectors a and b, respectively, such that U1 + U2 ⊆ U . Because a ∈ A and
b ∈ B, there are vectors x ∈ U1∩A and y ∈ U2∩B. Then x+y ∈ (A+B)∩U .
Hence, (A + B) ∩ U �= ∅. �

The proof of the following corollary is left as an exercise (cf. Exercise 6.8).
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Corollary 6.1. A − B ⊆ A − B.

Definition 6.1. A mapping f : X → Y of a topological space X into a
topological space Y is said to be open if the image of every open set in X is
open in Y .

The goal of this section is to establish the following result.

Theorem 6.3. Open mapping theorem. Let T be a bounded operator from
a Banach space X onto a Banach space Y . Then T is an open mapping.
Accordingly, if T is a bijection, then it is a homeomorphism, that is, T−1 is
continuous.

Note that every open linear mapping T of a normed space X to a normed
space Y is necessarily onto. Indeed, the image T (X) is an open subspace of
Y and therefore contains a ball B(0, r) for some r > 0. Every vector y ∈ Y
belongs to the ball B(0, 2‖y‖) = (2‖y‖/r)B(0, r) ⊆ T (X). Hence T is onto.

Before proving Theorem 6.3, we prove two lemmas.

Lemma 6.1. Let U be a convex symmetric neighborhood of the origin in a
topological vector space X, and T a linear operator from X to a topological
vector space. Then

T (U) − T (U) ⊆ 2T (U).

Proof. Inasmuch as U is convex and symmetric, we have

x − y

2
=

1
2

x +
1
2

(−y) ∈ U,

for every x, y ∈ U . Hence T (U)−T (U) ⊆ 2T (U). Therefore, by Corollary 6.1
and Theorem 6.2 (a),

T (U) − T (U) ⊆ T (U) − T (U) ⊆ 2T (U),

which is the desired result. �
Note that open balls B(0, r) in a normed space are convex (cf. Exer-

cise 6.9 (a)) and obviously symmetric. In what follows, we use the notation
Br = B(0, r).

Lemma 6.2. Let T be a bounded operator from a Banach space X onto a
Banach space Y . Then the image T (Br) of a ball in X contains a ball about
the origin in Y .

Proof. Because

X =
∞⋃

k=1

kBr/2

and T is onto, we have
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Y =
∞⋃

k=1

kT (Br/2) =
∞⋃

k=1

kT (Br/2).

Note that by taking closures we do not add new points, because the union is
the entire space Y . Our choice of r/2 over r will become evident in the next
paragraph.

By the Baire category theorem (Y is a complete space), for some k ∈ N,
we have kT (Br/2), and hence T (Br/2) contains some ball B(x0, ρ). Then
T (Br/2) − x0 contains the ball Bρ. By Lemma 6.1,

T (Br/2) − x0 ⊆ T (Br/2) − T (Br/2) ⊆ 2T (Br/2) = T (Br).

It follows that T (Br) contains the open ball Bρ. Hence T (Br/2n) contains
the open ball Bρ/2n for n = 1, 2, . . .. We use this observation in the rest of
the proof.

Although we cannot claim that T (Br) contains the ball Bρ, we show below
that it contains the ball Bρ/2, therefore establishing the desired result.

Let y be an arbitrary element of Bρ/2. Because Bρ/2 ⊆ T (Br/2), there
exists x1 ∈ Br/2 such that

‖y − Tx1‖ <
ρ

4
.

Hence the vector y − Tx1 belongs to Bρ/4. Because Bρ/4 ⊆ T (Br/4), there
exists x2 ∈ Br/4 such that

‖(y − Tx1) − Tx2‖ <
ρ

8
.

By repeating this process, we construct a sequence of vectors (xn) such that

‖xn‖ <
r

2n
and

∥∥∥y −
n∑

k=1

Txn

∥∥∥ <
ρ

2n+1
, (6.1)

for n ∈ N. By the first property in (6.1), the sequence of sums (
∑n

k=1 xk) is
Cauchy. Indeed, we have for m < n,

∥∥∥
n∑

k=1

xk −
m∑

k=1

xk

∥∥∥ =
∥∥∥

n∑

k=m+1

xk

∥∥∥ ≤
n∑

k=m+1

‖xk‖ <
n∑

k=m+1

r

2k
=

r

2m
− r

2n
,

which can be made less than every prescribed positive number by choos-
ing sufficiently large m and n. Because the space X is a Banach space, the
sequence (

∑n
k=1 xk) converges to some x ∈ X. By the continuity of the norm

(cf. Exercise 3.6), we have

‖x‖ =
∥∥∥

∞∑

k=1

xk

∥∥∥ ≤
∞∑

k=1

‖xk‖ <

∞∑

k=1

r

2k
= r.
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Hence x ∈ Br. By the second property in (6.1), the sequence (
∑n

k=1 Txk)
converges to y. Inasmuch as T is continuous, we have y = Tx. Therefore,
y ∈ T (Br). It follows that Bρ/2 ⊆ T (Br), as desired. �

Now we proceed with the proof of the open mapping theorem.

Proof. Let U be a nonempty open set in X, and y a vector in T (U). There
exist x ∈ U such that y = Tx and a ball B(x, r) that is contained in U .
By Lemma 6.2, the image T (B(x, r) − x) of the ball Br = B(x, r) − x must
contain a ball Bs centered at the origin of Y . Because

T (B(x, r) − x) = T (B(x, r)) − Tx = T (B(x, r)) − y ⊆ T (U) − y,

the ball B(y, s) = Bs + y is contained in T (U). Hence T (U) is an open
set. �

As an application of the open mapping theorem, we prove the following
theorem:

Theorem 6.4. Let (X, ‖ · ‖) be a Banach space and (en) a Schauder basis in
X. For x =

∑∞
k=1 xkek and n ∈ N, let Pn(x) =

∑n
k=1 xkek be the canoni-

cal projections of the space X into itself. Then operators Pn as well as the
coordinate functionals x 
→ xk are bounded (cf. Exercise 5.2 ). Moreover, the
family {Pn}n∈N is norm bounded, that is, there exists a constant C > 0 such
that ‖Pn‖ < C for all n ∈ N.

Proof. Clearly, all operators Pn are linear. Let x ∈ X. For ε = 1, there exists
N ∈ N such that

∥∥∥x −
n∑

k=1

xkek

∥∥∥ = ‖x − Pnx‖ < 1,

for all n > N . We have, for such n,

‖Pnx‖ = ‖Pnx − x + x‖ ≤ ‖Pnx − x‖ + ‖x‖ < 1 + ‖x‖.

Hence the family of real numbers {‖Pnx‖}n∈N is bounded.
We define

‖x‖′ = sup
n∈N

‖Pnx‖ = sup
n∈N

∥∥∥
n∑

k=1

xkek

∥∥∥, x ∈ X.

The function ‖ · ‖′ is a norm on X. Indeed, it is easy to verify that ‖x‖′ = 0
implies x = 0 and ‖λx‖′ = |λ|‖x‖′ for every λ ∈ F. Furthermore,

‖x + y‖′ = sup
n∈N

{‖Pnx + Pny‖} ≤ sup
n∈N

{‖Pnx‖ + ‖Pny‖} = ‖x‖′ + ‖y‖′,

that is, the triangle inequality holds.
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The norm ‖ · ‖ is dominated by the norm ‖ · ‖′. Indeed, for every ε > 0,
there exists N ∈ N such that ‖x − Pnx‖ < ε, for all n > N . Thus

‖x‖ = ‖Pnx + x − Pnx‖ ≤ ‖Pnx‖ + ‖x − Pnx‖ < ‖Pnx‖ + ε,

for all n > N . Suppose that ‖x‖ > supn∈N{‖Pnx‖}. Then there exists ε > 0
such that for all n ∈ N, ‖x‖ > ‖Pnx‖ + ε, contradicting the last displayed
formula. Therefore, ‖x‖ ≤ ‖x‖′ for all x ∈ X.

Let (zn) be a Cauchy sequence in (X, ‖ · ‖′). Then for a given ε > 0, there
exists N ∈ N such that

‖zm − zn‖′ < ε, for all n > m > N.

Because ‖zm − zn‖ ≤ ‖zm − zn‖′, the sequence (zn) is Cauchy in (X, ‖ · ‖)
and therefore converges to some z ∈ X in the norm ‖ · ‖. Let z =

∑∞
k=1 zkek

in (X, ‖ · ‖). For every ε > 0, there exists N ∈ N such that

‖z − Pnz‖ < ε, for all n > N.

Because PkPn = Pk for k ≤ n and PkPn = Pn for k > n, we have

‖z − Pnz‖′ = sup
k∈N

{‖Pkz − PkPnz‖} = sup
k>n

{‖Pkz − Pnz‖}

=
∥∥∥

k∑

i=n+1

ziei

∥∥∥ → 0,

as n → ∞. Hence the series
∑∞

k=1 zkek converges to z in the norm ‖ · ‖′, that
is, (X, ‖ · ‖′) is a Banach space.

Let T : (X, ‖ · ‖′) → (X, ‖ · ‖) be the identity mapping. Clearly,

‖Tx‖ = ‖x‖ ≤ ‖x‖′.

Hence T is bounded. By the open mapping theorem, the inverse operator
T−1 is bounded, that is, there is a constant C > 0 such that

‖T−1x‖′ = ‖x‖′ ≤ C‖x‖, for all x ∈ X.

Therefore, for all x ∈ X, supn∈N{‖Pnx‖} ≤ C‖x‖, so all operators Pn are
bounded. Moreover, ‖Pn‖ ≤ C for all n ∈ N.

We define U1 = P1 and Un = Pn − Pn−1 for n > 1. It is clear that Un are
bounded operators and ‖Un‖ ≤ 2C. We have

|xk|‖ek‖ = ‖xkek‖ = ‖Ukx‖ ≤ 2C‖x‖, for all x ∈ X.

It follows that |xk| ≤ (2C/‖ek‖)‖x‖, that is, the coordinate functional x 
→ xk

is bounded (cf. Exercise 5.2). �
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6.3 Closed Graph Theorem

Let (X, ‖ · ‖1) and (Y, ‖ · ‖2) be normed spaces. We define a norm ‖ · ‖ on the
vector space X × Y by

‖(x, y)‖ = max{‖x‖1, ‖y‖2} (6.2)

(cf. Exercise 6.12 (a)).
If T : X → Y is a linear operator, then the graph

G(T ) = {(x, Tx) : x ∈ X}

of T is a subspace of the normed space X ×Y . (Note that from a set-theoretic
point of view, T and G(T ) are identical.) An operator T is said to be closed
if its graph is a closed subspace of X × Y . If X and Y are Banach spaces
and T : X → Y is closed, then the graph G(T ) of T is itself a Banach space
(cf. Exercise 6.12 (b), (c)).

The following is a version of the closed graph theorem.

Theorem 6.5. If X and Y are Banach spaces and T is a closed linear oper-
ator, then T is bounded.

Proof. We define a projection π : G(T ) → X by

π(x, Tx) = x, for all x ∈ X.

It is clear that π is a linear operator. We have

‖π(x, Tx)‖1 = ‖x‖1 ≤ max{‖x‖1, ‖Tx‖2} = ‖(x, Tx)‖.

Hence π is a bounded linear operator. Because T is a function, π is a bijection.
By the open mapping theorem, π−1 is a bounded linear operator. Therefore,
there exists a constant C > 0 such that

‖π−1x‖ = ‖(x, Tx)‖ = max{‖x‖1, ‖Tx‖2} ≤ C‖x‖1, for all x ∈ X.

Hence for all x ∈ X, ‖Tx‖2 ≤ C‖x‖1, which is the desired result. �
In applications of the closed graph theorem, the following equivalent ver-

sion of it is useful (cf. Exercise 6.13).

Theorem 6.6. Let T : X → Y be a mapping from a Banach space X to
a Banach space Y . Suppose that T has the property that for every sequence
(xn), if xn → x and Txn → y, then y = Tx. Then T is bounded.

The statement of the open mapping theorem follows from the closed graph
theorem. We prove the following weaker version of this assertion. Namely, we
use the closed graph theorem to establish the following result:



140 6 Fundamental Theorems

Theorem 6.7. If X and Y are Banach spaces and T : X → Y is a bounded
bijection, then T−1 is bounded.

We need two facts from general topology.

Lemma 6.3. Let X and Y be topological spaces. The mapping f : X × Y →
Y × X defined by

f(x, y) = (y, x), x ∈ X, y ∈ Y,

is a homeomorphism.

Proof. Clearly, f is a bijection. Let U and V be neighborhoods of x ∈ X and
y ∈ Y , respectively, so V × U is a neighborhood of (y, x) ∈ Y × X. Then

f−1(V × U) = U × V

is an open set in X × Y . Because sets of the form U × V form a basis of the
product topology (cf. Exercise 2.62), f is continuous. By applying the same
argument to f−1, we obtain the desired result. �

Lemma 6.4. Suppose that T : X → Y is a continuous mapping from a
topological space X into a Hausdorff space Y . Then the graph G(T ) of T is
a closed subset of X × Y .

Proof. Let (x, y) be a point in X × Y that does not belong to G(T ). Then
y �= Tx. Because Y is Hausdorff, there are neighborhoods U and V of Tx
and y such that U ∩ V = ∅. Since T is continuous, there is a neighborhood
W of x such that T (W ) ⊆ U . Hence (z, Tz) /∈ V , for every z ∈ W . It follows
that (W × V ) ∩ G(T ) = ∅. Because W × V is a neighborhood of (x, y), the
set (X × Y ) \ G(T ) is open. The result follows. �

We now proceed with the proof of Theorem 6.7.

Proof. By Lemma 6.4, the graph G(T ) is a closed subspace of X × Y . By
Lemma 6.3, the graph of T−1 is a homeomorphic image of G(T ) and therefore
closed. By the closed graph theorem, T−1 is bounded. �

6.4 Examples and Counterexamples

The uniform boundedness theorem assumes that the space X is Banach. The
next example demonstrates that this assumption is essential.
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Example 6.3. Let X = c00 be the space of all real sequences with finite sup-
port endowed with the sup-norm, and let (fn) be a sequence of linear func-
tionals on X defined by

fn(x) = nxn, for x = (x1, . . . , xn, . . .) ∈ c00.

We have
sup

‖x‖=1

|fn(x)| = sup
‖x‖=1

|nxn| = n,

so ‖fn‖ = n. Hence, the sequence (‖fn‖) is unbounded.
For a given x ∈ X,

‖fn(x)‖ = |nxn| < ∞, for all n ∈ N,

because x has finite support. Hence the sequence (‖fn(x)‖) is bounded for
every x ∈ X.

Example 6.3 shows that the result of Theorem 6.1 does not hold in general
for non-Banach spaces. The space c00 is not a Banach space, which can be
shown directly by proving that the sequence

x(n) =
(
1,

1
2
, . . . ,

1
n

, 0, 0, . . .
)

is Cauchy but diverges in c00 (cf. Exercise 6.2). We prefer to use an indirect
argument based on the observation that a proper dense subspace of a Banach
space is not a Banach space (cf. Exercise 6.7). The proof of the following
theorem is left as an exercise (cf. Exercise 3.21).

Theorem 6.8. The space c00 is a proper dense subspace of the space c0 and
therefore is not a Banach space.

One may have a proper inclusion in Theorem 6.2 (b), as the following
example illustrates.

Example 6.4. In the space �2, let

A = span{e1, e3, . . . , e2k−1, . . .}

and
B = span{f1, f2, . . . , fk, . . .},

where fk = e2k + (2k)e2k−1, k ∈ N. Inasmuch as

e2k = fk − (2k)e2k−1,

we have A + B = span{e1, . . . , ek, . . .}; hence A + B = �2.
Furthermore,
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A = {(x1, x2, . . .) : x2k = 0, k ∈ N,
∞∑

j=1

|xj |2 < ∞}

and

B = {(2x2, x2, 4x4, x4, . . . , (2k)x2k, x2k, . . .) :
∞∑

k=1

((2k)2 + 1)|x2k|2 < ∞}.

Now the vector

v =
(
0,

1
2
, 0,

1
4
, . . . , 0,

1
2k

, 0, . . .
)

is in A + B = �2 but does not belong to A + B. Indeed, suppose that it
belongs to A + B, so it is the sum of two vectors

(. . . , x2k−1, 0, . . .) ∈ A

and
(. . . , (2k)y2k, y2k, . . .) ∈ B.

We have
x2k−1 + (2k)y2k = 0 and y2k =

1
2k

.

It follows that x2k−1 = −1 for all k ∈ N, which is a contradiction. Hence
v /∈ A + B.

A surjective bounded mapping T : X → Y may be open if X is not a
Banach space, as the following example illustrates.

Example 6.5. In fact, a nonzero real-valued functional on every nontrivial
topological vector space is an open mapping. We use the argument from the
proof of Lemma 5.4. Let f be a nontrivial continuous real linear functional
on a topological vector space X (not necessarily Banach). To show that f is
open, it suffices to show that f(V ) is open for every open neighborhood V of
the origin. Because f is not zero, there exists x0 ∈ X such that f(x0) = c �= 0.
We set x∗ = (1/c)x0, so f(x∗) = 1. Take y ∈ f(V ). There exists x ∈ V such
that y = f(x). Because scalar multiplication is continuous, there exists δ > 0
such that x + rx∗ ∈ V for all −δ < r < δ. Then y + r ∈ f(V ) for all
−δ < r < δ, that is, (y − δ, y + δ) ⊆ f(V ). Hence f(V ) is open in R.

The assumptions that both spaces X and Y in the open mapping and
closed graph theorems are Banach spaces is essential. We begin with two
examples illustrating this claim in the case of the space Y in the open mapping
theorem.

Example 6.6. Let X = (�1, ‖ · ‖1), Y = (�1, ‖ · ‖∞), and let T be the identity
map from X onto Y . Clearly, for every x ∈ �1,
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‖x‖∞ = sup
k

|xk| ≤
∑

k

|xk| = ‖x‖1,

so T is bounded. On the other hand, for x(n) = e1 + · · · + en ({ek} is the
standard Schauder basis in �1),

‖x(n)‖1 = n and ‖x(n)‖∞ = 1,

so the inverse of T is not bounded. The space Y is not a Banach space.
Indeed, consider the sequence

x(n) =
(
1,

1
2
, . . . ,

1
n

, 0, 0, . . .
)

of vectors in Y . Suppose that x(n) → x = (x1, x2, . . .) in Y . Then

‖x(n) − x‖∞ = sup
n

{
sup

1≤k≤n

∣∣∣xk − 1
k

∣∣∣, |xn+1|, . . .
}

→ 0

as n → ∞. It follows that x = (1, 1/2, . . . , 1/n, . . .), which is not in �1.

Example 6.7. Let X = C[0, 1] and

Y = {x ∈ C1[0, 1] : x(0) = 0},

both equipped with the sup-norm. The space Y is not a Banach space
(cf. Exercise 6.15). We define T : X → Y by

(Tx)(t) =
∫ t

0

x(u) du.

Because

‖Tx‖ = sup
t∈[0,1]

∣∣∣
∫ t

0

x(u) du
∣∣∣ ≤ sup

u∈[0,1]

|x(u)| = ‖x‖,

T is bounded. The inverse operator T−1 : Y → X is the differentiation
operator d/dt, which is unbounded.

It is more difficult to construct a counterexample with a non-Banach space
X. For this we use the closed graph theorem (cf. Theorem 6.5).

Example 6.8. Let X be an infinite-dimensional real Banach space and B a
normalized Hamel basis in X. We choose a sequence (en) in B and define
f(en) = n for n ∈ N and f(e) = 0 for e ∈ B \ {en : n ∈ N}. By extending f
linearly to the entire space X, we obtain an unbounded real linear functional,
which we denote by the same symbol f .

By the closed graph theorem, the graph of f ,

G = {(x, f(x)) : x ∈ X},
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is not closed in X × R in the product topology defined by the norm

‖(x, t)‖ = max{‖x‖, |t|)} for x ∈ X and t ∈ R.

Hence G is not a Banach space. We define T : G → X by T (x, f(x)) = x for
x ∈ X. Clearly, T is a bijection. The operator T is bounded, because

‖x‖
‖(x, f(x))‖ ≤ 1, for all x ∈ X,x �= 0.

Inasmuch as

‖(x, f(x))‖
‖x‖ ≥ |f(x)|

‖x‖ , for all x ∈ X,x �= 0,

and f is unbounded, the operator T−1 : x 
→ (x, f(x)) is unbounded.

Now we proceed with counterexamples to the closed graph theorem. The
first example (Example 6.9) shows that there exist a non-Banach space X
and a map T : X → Y onto a Banach space Y such that the graph of T is
closed, whereas T is unbounded.

First, we prove two lemmas.

Lemma 6.5. The sequence

xn(t) =

√(
t − 1

2

)2

+
1
n

, t ∈ [0, 1],

converges uniformly to the function x(t) = |t − 0.5| on [0, 1]. Hence the space
C1[0, 1] is not complete in the sup-norm.

Proof. For ε > 0, we have a chain of equivalent inequalities (note that xn(t) >
x(t)):

√(
t − 1

2

)2

+
1
n

−
∣∣∣t − 1

2

∣∣∣ < ε,

√(
t − 1

2

)2

+
1
n

<
∣∣∣t − 1

2

∣∣∣ + ε,

1
n

< 2ε
∣∣∣t − 1

2

∣∣∣ + ε2.

Hence, the first inequality holds for n > 1/ε2 (and every t). �

Lemma 6.6. Let (xn) be a sequence of continuously differentiable functions
on [0, 1] such that

(1) xn → x uniformly, and
(2) x′

n → y uniformly.
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Then x is differentiable and x′ = y.

Proof. By (2), for a given ε > 0, there exists N such that

x′
n(t) − ε < y(t) < x′

n(t) + ε, t ∈ [0, 1], n > N.

Hence for u ∈ [0, 1],

xn(u) − xn(0) − εu ≤
∫ u

0

y(t) dt ≤ xn(u) − xn(0) + εu.

Let hn(u) = xn(u) − x(u) and h(u) = x(u) − x(0). From the last displayed
inequalities we obtain

∣∣∣∣

[ ∫ u

0

y(t) dt − h(u)
]

− [hn(u) − hn(0)]
∣∣∣∣ ≤ εu ≤ ε.

By taking n → ∞, we obtain
∣∣∣∣

[ ∫ u

0

y(t) dt − h(u)
]∣∣∣∣ ≤ ε.

It follows that
x(u) − x(0) =

∫ u

0

y(t) dt.

Hence x is differentiable and x′ = y. �

Example 6.9. Let X = C1[0, 1] and Y = C[0, 1] both with the sup-norm
‖x‖∞. The space Y is a Banach space, whereas X is not (cf. Lemma 6.5).

The differentiation operator T = d/dt maps X onto Y . This operator is
unbounded, because ‖tn‖∞ = 1 and ‖ntn−1‖∞ = n. Let G be the graph of T
in X × Y with the product topology induced by the norm

‖(x, y)‖ = max{ sup
t∈[0,1]

|x(t)|, sup
t∈[0,1]

|x′(t)|}.

Suppose that the sequence (xn, x′
n) of vectors in G converges to a vector

(x, y) in the space X × Y . Then xn → x and x′
n → y in the sup-norm, so

xn converges uniformly to x and x′
n converges uniformly to y. Hence y = x′

(cf. Lemma 6.6). Therefore, (xn, x′
n) → (x, x′) ∈ G. It follows that the graph

G is closed.

Example 6.10. Let X, f , G, and T be as defined in Example 6.8, and S = T−1

(S : x 
→ (x, f(x)). The space G is incomplete, and the operator S : X → G
is unbounded (cf. Example 6.8). Let (xn, (xn, f(xn))) be a sequence in the
graph of S converging to (x, (y, f(y)) ∈ X × G, so the sequence



146 6 Fundamental Theorems

‖(x, (y, f(y))) − (xn, (xn, f(xn)))‖ = ‖x − xn‖ + ‖(y − xn, f(y) − f(xn))‖
= ‖x − xn‖ + ‖y − xn‖ + |f(y) − f(xn)|

converges to zero. It follows that xn → x and xn → y in X. Hence y = x,
implying that the graph of S is closed.

Notes

The converse of the uniform boundedness theorem is clearly true: if a family of
bounded operators from a Banach space to a normed space is norm bounded,
then it is pointwise bounded.

The uniform boundedness theorem is often referred to as the “Banach–
Steinhaus” theorem. The original proofs of the uniform boundedness theorem
were based on a technique called the “gliding hump.” Later, it was replaced
by the Baire category argument. However, the “gliding hump” technique
continues to be useful in functional analysis. A short proof of the uniform
boundedness theorem that does not use the Baire category theorem was given
by Alan D. Sokal (American Mathematical Monthly, May 2011, pp. 450–452).

The open mapping theorem (Theorem 6.3) was first proved by Stefan
Banach in 1929 in the special case in which the operator T is one-to-one.
This result is known as the “bounded inverse theorem.” In 1930, Juliusz
Pawe�l Schauder found a significant simplification of Banach’s proof and
established the open mapping theorem in its present form. Theorem 6.4 first
appeared in Banach’s book (Banach 1987), originally published in Polish in
1931. This theorem plays a significant role in the theory of “classical Banach
spaces” (Lindenstrauss and Tzafriri 1977).

There are many results throughout mathematics that are known by the
name “closed graph theorem” (including closely related theorems). Our (func-
tional analysis) Theorem 6.5 appeared in Banach’s book (Banach 1987).

The result of Lemma 6.6 is a well-known theorem in real analysis; see, for
instance, Theorem 7.12 in Wade (2000).

Examples in Section 6.4 demonstrate the crucial role of the completeness
property in the proofs of the three “fundamental theorems.” A similar role is
played by the completeness of the field of real numbers R in real analysis in
establishing fundamental results such as, for instance, the intermediate value
theorem (cf. Ovchinnikov 2015, Section 3.7).



6.4 Examples and Counterexamples 147

Exercises

6.1. Explain why one can assume that the sequences (an) in Examples 6.1
and 6.2 do not have zero terms.

6.2. Show that the sequence

x(n) =
(
1,

1
2
, . . . ,

1
n

, 0, 0, . . .
)

of vectors in c00 is Cauchy but does not converge to a vector in c00.

6.3. Show that a proper dense subspace of a Banach space is not a Banach
space.

6.4. Let (Tn) be a sequence of bounded linear operators from a Banach space
X to a normed space Y such that for each x ∈ X, the limit

lim
n→∞ Tnx

exists in Y . Prove that the operator T : X → Y defined by

Tx = lim
n→∞ Tnx, for all x ∈ X,

is linear and bounded.

6.5. Let X be a Banach space, Y a normed space, and Tn : X → Y a sequence
of bounded operators such that sup{‖Tn‖ : n ∈ N} = ∞. Show that there
exists x0 ∈ X such that sup{‖Tnx0‖ : n ∈ N} = ∞.

6.6. Let X be a Banach space, Y a normed space, and Tn : X → Y a sequence
of bounded operators such that (Tnx) is Cauchy in Y for every x ∈ X. Show
that the sequence (‖Tn‖) is bounded.

6.7. If X and Y are Banach spaces and Tn : X → Y a sequence of bounded
operators, show that the following statements are equivalent:

(a) the sequence (‖Tn‖) is bounded,
(b) the sequence (‖Tnx‖) is bounded for every x ∈ X,
(c) the sequence (|f(Tnx)|) is bounded for every x ∈ X and every f ∈ Y ∗.

6.8. Prove Corollary 6.1.

6.9. Show that:

(a) Every ball B = B(x0, r) in a normed space is a convex set.
(b) r−1(B(x0, r) − x0) = B(0, 1).

6.10. Let X be a normed space. Prove that translation x 
→ x + x0 and
dilation x → λx (λ �= 0) are homeomorphisms of X onto itself.
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6.11. Let X and Y be Banach spaces and T : X → Y a one-to-one bounded
linear operator. Show that T−1 : T (X) → X is bounded if and only if T (X)
is closed in Y .

6.12. (a) Show that ‖ · ‖ defined by (6.2) is indeed a norm on X × Y and
the topology defined by this norm coincides with the product topology on
X × Y .

(b) Prove that the product of two Banach spaces is a Banach space.
(c) Show that if X and Y are Banach spaces and T : X → Y is closed, then

the graph G(T ) is a Banach space.

6.13. Prove Theorem 6.6.

6.14. Let X and Y be normed spaces and T : X → Y a closed linear operator.

(a) Show that the image of a compact subset of X is closed in Y .
(b) Show that the inverse image of a compact subset of Y is closed in X.

6.15. Show that the space

Y = {x ∈ C1[0, 1] : x(0) = 0}

equipped with the sup-norm is not a Banach space (cf. Lemma 6.5).



Chapter 7

Hilbert Spaces

Arguably, Hilbert spaces and operators on those spaces are the most popular
objects of study in functional analysis because they have been very useful in
many applications.

A Hilbert space is a complete inner product space, the latter being a
concept well known from linear algebra. This chapter begins by introduc-
ing inner product spaces and their basic properties (cf. Section 7.1). Then
we cover orthogonality of vectors and establish an important representa-
tion of a Hilbert space as a direct sum of mutually orthogonal subspaces
(cf. Section 7.2). Special instances of orthonormal families of vectors in a
Hilbert space are Hilbert bases, which allows for a convenient representa-
tion of vectors in the space (cf. Section 7.3). A Hilbert basis of a separable
Hilbert space can be effectively constructed using the Gram–Schmidt process
(cf. Theorem 7.14) for orthonormalizing a linearly independent set in an inner
product space.

Fundamental tools for studying linear functionals and operators on a
Hilbert space are the Riesz representation theorem for linear functionals and
sesquilinear forms. This material is presented in Sections 7.4 and 7.5.

In the rest of the chapter, several classes of operators on a Hilbert space are
introduced and their properties established. These are classes of normal, self-
adjoint, and unitary operators (cf. Section 7.7), and the projection operators
(cf. Section 7.8). The definitions of these operators use the concept of Hilbert-
adjoint operator, which is the subject of Section 7.6.

7.1 Inner Product Spaces

Definition 7.1. An inner product on a vector space X is a mapping of X×X
into the scalar field F of X that assigns to every pair (x, y) ∈ X ×X a scalar
〈x, y〉 such that for all vectors x, y, z ∈ X and scalars λ ∈ F we have the
following:
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1. 〈x + y, z〉 = 〈x, z〉 + 〈y, z〉.
2. 〈λx, y〉 = λ〈x, y〉.
3. 〈x, y〉 = 〈y, x〉.
4. 〈x, x〉 ≥ 0 and 〈x, x〉 = 0 if and only if x = 0.

A vector space together with an inner product on it is called an inner product
space.

The following properties of inner products follow immediately from Defi-
nition 7.1 (cf. Exercise 7.1) and will be used below without referring to them
explicitly.

1. 〈λx + μy, z〉 = λ〈x, z〉 + μ〈y, z〉,
2. 〈x, λy + μz〉 = λ〈x, y〉 + μ〈x, z〉,
for every x, y, z ∈ X and λ, μ ∈ F. Functions satisfying these properties are
known as “sesquilinear forms” (cf. Section 7.5).

Example 7.1. An archetypal example of an inner product space (in fact, a
Hilbert space) is the space �2 endowed with the inner product

〈x, y〉 =
∞∑

k=1

xkyk, x, y ∈ �2. (7.1)

By the Cauchy–Schwarz inequality (1.11), the series on the right-hand side
converges absolutely, so 〈x, y〉 is well defined on �2 × �2. The same inequality
yields

|〈x, y〉| =
∣∣∣∣

∞∑

k=1

xkyk

∣∣∣∣ ≤
∞∑

k=1

|xk||yk| ≤ ‖x‖‖y‖. (7.2)

It is not difficult to verify that properties 1–4 in Definition 7.1 hold for 〈x, y〉
defined by (7.1), so �2 is an inner product space (cf. Exercise 7.2). The inner
product and the norm in �2 are related by

‖x‖ =
√

〈x, x〉, x ∈ �2

(cf. (7.3) below).

Example 7.2. We define an inner product on the vector space C[a, b] of all
continuous F-valued functions on the interval [a, b] by

〈x, y〉 =
∫ b

a

x(t)y(t) dt for x, y ∈ C[a, b].

Properties 1 and 2 of Definition 7.1 are the usual properties of the integral.
For property 3, we have

〈x, y〉 =
∫ b

a

x(t)y(t) dt =
∫ b

a

y(t)x(t) dt =
∫ b

a

y(t)x(t) dt = 〈y, x〉.
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Finally,

〈x, x〉 =
∫ b

a

x(t)x(t) dt =
∫ b

a

|x(t)|2 dt ≥ 0,

and
∫ b

a
|x(t)|2dt = 0 if and only if x is the zero function on [a, b] (cf. Exer-

cise 7.3).

An inner product on a vector space X defines a norm on X by

‖x‖ =
√

〈x, x〉, x ∈ X. (7.3)

Before proving that (7.3) indeed defines a norm on X (cf. Theorem 7.2), we
prove the important Cauchy–Schwarz inequality (cf. (7.2) in Example 7.1).
This proof, as well as some other arguments below, stems from an analogue
of the “square of a binomial” formula:

‖x + y‖2 = ‖x‖2 + 2Re〈x, y〉 + ‖y‖2, (7.4)

which is also an abstract analogue of the “law of cosines” in geometry.
Indeed, we have

‖x + y‖2 = 〈x + y, x + y〉 = 〈x, x〉 + 〈x, y〉 + 〈y, x〉 + 〈y, y〉
= 〈x, x〉 + 〈x, y〉 + 〈x, y〉 + 〈y, y〉
= ‖x‖2 + 2Re〈x, y〉 + ‖y‖2.

Theorem 7.1. (Cauchy–Schwarz inequality.) If X is an inner product
space and ‖x‖ is defined by (7.3), then

|〈x, y〉| ≤ ‖x‖‖y‖. (7.5)

Moreover, equality holds in (7.5) if and only if one of x, y is a scalar multiple
of the other.

Proof. We may assume that x �= 0 and y �= 0, because otherwise (7.5) trivially
holds (cf. Exercise 7.5) and the vectors are linearly dependent. Note that
then (7.5) is equivalent to

∣∣∣∣

〈
x

‖x‖ ,
y

‖y‖
〉∣∣∣∣ ≤ 1.

We define u = x/‖x‖ and v = y/‖y‖. Then by (7.4),

0 ≤ ‖u − 〈u, v〉v‖2 (7.6)

= ‖u‖2 − 2Re〈u, 〈u, v〉v〉 + |〈v, u〉|2‖v‖2
= 1 − 2Re(〈u, v〉〈u, v〉) + |〈u, v〉|2
= 1 − 2|〈u, v〉|2 + |〈u, v〉|2 = 1 − |〈u, v〉|2.
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Hence
|〈u, v〉| ≤ 1,

or equivalently,
|〈x, y〉|
‖x‖‖y‖ ≤ 1,

which is the desired inequality. Equality (7.5) holds if and only if it holds
in (7.6), that is, if u − 〈u, v〉v = 0 (cf. (7.3)), so the vector u is a scalar
multiple of the vector v. From this, the second statement of the theorem
easily follows. �

Theorem 7.2. Formula (7.3) defines a norm on the inner product space X.

Proof. We need to verify that

(a) ‖λx‖ = |λ|‖x‖, homogeneity
(b) ‖x + y‖ ≤ ‖x‖ + ‖y‖, triangle inequality
(c) ‖x‖ = 0 implies x = 0

(cf. Definition 3.2). The homogeneity of ‖ · ‖ is the result of Exercise 7.6, and
part (c) follows immediately from the definition of the inner product.

It remains to establish the triangle inequality. By (7.4) and the Cauchy–
Schwarz inequality, we obtain

‖x + y‖2 = ‖x‖2 + 2Re〈x, y〉 + ‖y‖2
≤ ‖x‖2 + 2|〈x, y〉| + ‖y‖2
≤ ‖x‖2 + 2‖x‖‖y‖ + ‖y‖2 = (‖x‖ + ‖y‖)2,

because the real part of a complex number cannot exceed its absolute value.
�

The Cauchy–Schwarz inequality is a very useful inequality, and it is encoun-
tered in many different settings. It will be used several times later in this
chapter. An elegant use of this inequality is found in the following example.

Example 7.3. For 0 < t < 1, let C[0, t] be the real inner product space from
Example 7.2 and let T : C[0, 1] → C[0, 1] be the indefinite integration operator
(cf. Example 4.6)

(Tx)(t) =
∫ t

0

x(s) ds, t ∈ [0, 1].

Below, we use the Cauchy–Schwarz inequality (7.5) for C[0, t] in the second
line and Fubini’s theorem in the fourth and fifth lines:
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‖Tx‖2 =
∫ 1

0

∣∣∣
∫ t

0

x(s) ds
∣∣∣
2

dt =
∫ 1

0

∣∣∣∣
∫ t

0

√
cos

π

2
s · x(s)√

cos π
2 s

ds

∣∣∣∣
2

dt

≤
∫ 1

0

( ∫ t

0

cos
π

2
s ds ·

∫ t

0

|x(s)|2
cos π

2 s
ds

)
dt

=
2
π

∫ 1

0

(
sin

π

2
t ·

∫ t

0

|x(s)|2
cos π

2 s
ds

)
dt

=
2
π

∫ 1

0

∫ t

0

(
sin

π

2
t · |x(s)|2

cos π
2 s

)
ds dt

=
2
π

∫ 1

0

∫ 1

s

(
sin

π

2
t · |x(s)|2

cos π
2 s

)
dt ds

=
2
π

· 2
π

∫ 1

0

cos
π

2
s · |x(s)|2

cos π
2 s

ds =
(

2
π

)2

‖x‖2.

By Theorem 7.1, we have equality in the second line if x(s) = λ cos π
2 s (λ �= 0).

Hence ‖T‖ = 2/π.

We have proved (cf. Theorem 7.2) that every inner product space is also
a normed space if the norm is defined by (7.3). Here is a natural question:
Given a norm on a vector space, can we find an inner product on that space
that will determine this norm by means of (7.3)? To address this question,
we use the parallelogram equality:

‖x + y‖2 + ‖x − u‖2 = 2(‖x‖2 + ‖y‖2) (7.7)

for all vectors x and y in an inner product space X. The proof is very straight-
forward. Use the identity (7.4) with y replaced by −y to obtain the identity

‖x − y‖2 = ‖x‖2 − 2Re〈x, y〉 + ‖y‖2. (7.8)

Then add these identities to obtain (7.7).
In the following examples, we use the parallelogram equality to show that

there are normed spaces with norms not induced by inner products.

Example 7.4. Consider the Banach spaces c, c0, �∞, and �p for p �= 2. It is
clear that the vectors

x = (1, 1, 0, 0, . . .) and y = (1,−1, 0, 0, . . .)

belong to these spaces. We have

x + y = (2, 0, 0, 0, . . .) and x − y = (0, 2, 0, 0, . . .).

The supremum and p-norms of these vectors are

‖x‖∞ = ‖y‖∞ = 1 and ‖x + u‖∞ = ‖x − y‖∞ = 2
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and
‖x‖p = ‖y‖p = 21/p and ‖x + y‖p = ‖x − y‖p = 2,

respectively. We have

‖x + y‖2∞ + ‖x − y‖2∞ = 8 and 2(‖x‖2∞ + ‖y‖2∞) = 4 �= 8,

and

‖x + y‖2p + ‖x − y‖2p = 8 and 2(‖x‖2p + ‖y‖2p) = 4 · 21/p �= 8.

Because the parallelogram identity does not hold in the spaces c, c0, �∞,
and �p (p �= 2), these spaces are not inner product spaces.

Note that for p = 2, the space �2 is an inner product space (cf. Example 7.1).

Example 7.5. We show that the vector space C[0, 1] endowed with the sup-
norm ‖x‖∞ is not an inner product space. For functions x(t) = 1 and y(t) = t
on [0, 1], we have

‖x‖∞ = 1 and ‖y‖∞ = 1,

and

‖x + y‖∞ = sup
t∈[0,1]

(1 + t) = 2 and ‖x − y‖∞ = sup
t∈[0,1]

(1 − t) = 1.

Hence
‖x + y‖2∞ + ‖x − y‖2∞ = 5 �= 4 = 2(‖x‖2∞ + ‖y‖2∞),

so the parallelogram identity does not hold.

Suppose we know the norm on an inner product space. The next theorem
shows how the inner product can be “recaptured” from the norm.

Theorem 7.3. (Polarization identities.) If X is a real inner product
space, then

〈x, y〉 = 1
4

(‖x + y‖2 − ‖x − y‖2), x, y ∈ X.

For a complex inner product space X, we have

〈x, y〉 = 1
4

(‖x + y‖2 − ‖x − y‖2 + i‖x + iy‖2 − i‖x − iy‖2), x, y ∈ X.

Proof. By subtracting the identity (7.8) from the identity (7.4), we obtain

4Re〈x, y〉 = ‖x + y‖2 − ‖x − y‖2. (7.9)

This is the polarization identity in the case of a real space X, because
Re〈x, y〉 = 〈x, y〉.

Inasmuch as 〈x, y〉 = Re〈x, y〉 + i Im〈x, y〉 in the complex case, we have

〈x, y〉 = Re〈x, y〉 + iRe〈x, iy〉,
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because
Im〈x, y〉 = Re(−i〈x, y〉) = Re〈x, iy〉.

By applying (7.9), we obtain the polarization identity in the complex case:

4〈x, y〉 = 4Re〈x, y〉 + i4Re〈x, iy〉
= ‖x + y‖2 − ‖x − y‖2 + i‖x + iy‖2 − i‖x − iy‖2.

The result follows. �
An important consequence of Theorem 7.3 is the fact that norms determine

the inner product in inner product spaces.

Definition 7.2. Inner product spaces X and Y are said to be isomorphic if
there is a bijective linear map T : X → Y that preserves the inner products,
that is, 〈Tx, Tx′〉 = 〈x, x′〉 for all x, x′ ∈ X.

Theorem 7.3 tells us that it suffices to require that the bijective linear map
T : X → Y be an isometry of X onto Y to show that these inner product
spaces are isomorphic.

The continuity properties of the inner product are the subject of the next
theorem.

Theorem 7.4. If (xn) and (yn) are Cauchy sequences in an inner product
space X, then the sequence (〈xn, yn〉) converges.

Furthermore, if xn → x and yn → y in X, then 〈xn, yn〉 → 〈x, y〉.
Proof. Using the Cauchy–Schwarz inequality, we obtain

|〈xn, yn〉 − 〈xm, ym〉| = |〈xn, yn〉 − 〈xn, ym〉 + 〈xn, ym〉 − 〈xm, ym〉|
≤ |〈xn, yn〉 − 〈xn, ym〉| + |〈xn, ym〉 − 〈xm, ym〉|
= |〈xn, yn − ym〉| + |〈xn − xm, ym〉|
≤ ‖xn‖‖yn − ym‖ + ‖xn − xm‖‖ym‖.

Because the sequences (xn) and (yn) are Cauchy and bounded (cf. Theo-
rem 2.7), the sequence of scalars (〈xn, yn〉) is Cauchy and therefore conver-
gent.

If ‖xn − x‖ → 0 and ‖yn − y‖ → 0, then as before,

0 ≤ |〈xn, yn〉 − 〈x, y〉| = |〈xn, yn〉 − 〈xn, y〉 + 〈xn, y〉 − 〈x, y〉|
≤ |〈xn, yn〉 − 〈xn, y〉| + |〈xn, y〉 − 〈x, y〉|
= |〈xn, yn − y〉| + |〈xn − x, y〉|
≤ ‖xn‖‖yn − y‖ + ‖xn − x‖‖y|| → 0,

because the convergent sequence (xn) is bounded. �



156 7 Hilbert Spaces

Definition 7.3. A Hilbert space is a complete inner product space.

A subspace Y of an inner product space X is a vector subspace with the
inner product restricted to Y . A closed subspace of a Hilbert space is a Hilbert
space (cf. Exercise 7.8).

In the rest of this section, we prove that every inner product space can be
completed. The resulting completion is a Hilbert space, which is unique up
to isomorphism.

Theorem 7.5. Let X be an inner product space. Then there exist a Hilbert
space H and an isometry T : X → H such that T (X) is dense in H. The
space H is unique up to isomorphisms of inner product spaces.

Proof. By Theorem 4.2, we can always complete the normed space X to
obtain its Banach completion, which we denote by H. The image W = T (X)
is a normed space that is dense in H and isometric to X as a normed space.
We define an inner product on W by 〈Tx, Ty〉 = 〈x, y〉 for x, y ∈ X. By the
polarization identities (cf. Theorem 7.3), W is isomorphic to X as an inner
product space.

For x and y in H, let (xn) and (yn) be sequences in W converging to x
and y, respectively. By Theorem 7.4, the sequence (〈xn, yn〉) is convergent.
We define

〈x, y〉 = lim
n→∞〈xn, yn〉 (7.10)

and show that this limit does not depend on the choice of sequences (xn) and
(yn) converging to x and y, respectively. Suppose that (x′

n) and (y′
n) are other

sequences converging to x and y, respectively. By the previous argument, the
sequence (〈x′

n, y′
n〉) is convergent. We have

0 ≤ |〈xn, yn〉 − 〈x′
n, y′

n〉| ≤ |〈xn, yn〉 − 〈x′
n, yn〉| + |〈x′

n, yn〉 − 〈x′
n, y′

n〉|
= |〈xn − x′

n, yn〉| + |〈x′
n, yn − y′

n〉|
≤ ‖xn − x′

n‖‖yn‖ + ‖x′
n‖‖yn − y′

n‖ → 0.

It follows that limn→∞〈x′
n, y′

n〉 = limn→∞〈xn, yn〉, so 〈x, y〉 in (7.10) is well
defined.

We leave it to the reader to show that (7.10) is an inner product on the
space H (cf. Exercise 7.7). Now, for (xn) → x, where (xn) ∈ W and x ∈ H,
we have

‖x‖ = lim
n→∞ ‖xn‖ = lim

n→∞
√

〈xn, xn〉 =
√

〈x, x〉.
Therefore, the Banach space H is a Hilbert space.

Finally, suppose that a Hilbert space H ′ is another completion of the
space X. By Theorem 4.2, the Banach spaces H and H ′ are isometric. By
the polarization identities, the Hilbert spaces H and H ′ are isomorphic. �
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7.2 Orthogonality

Let us recall the definition of orthogonality that was introduced at the end
of Section 4.4. In a normed space X, two vectors x and y are said to be
orthogonal if ‖x − ky‖ ≥ ‖x‖ for all scalars k ∈ F. We write x⊥ y, for two
orthogonal vectors x and y.

In the case of an inner product space, we us a different definition that also
stems from geometry.

Definition 7.4. In an inner product space, vectors x and y are said to be
orthogonal if 〈x, y〉 = 0. The same notation x⊥ y is used for two orthogonal
vectors x and y.

In fact, it is not difficult to prove that in an inner product space, the two
definitions of orthogonality are equivalent.

Theorem 7.6. In an inner product space, 〈x, y〉 = 0 if and only if

‖x − ky‖ ≥ ‖x‖

for all scalars k ∈ F.

Proof. (Necessity.) Suppose that 〈x, y〉 = 0. Then for every k,

‖x − ky‖2 = ‖x‖2 − 2Re(k〈x, y〉) + ‖ky‖2 = ‖x‖2 + ‖ky‖2 ≥ ‖x‖2.

Hence ‖x − ky‖ ≥ ‖x‖.
(Sufficiency.) Suppose that ‖x − ky‖ ≥ ‖x‖ for all scalars k. Then for

t ∈ R,
‖x‖2 ≤ ‖x − ty‖2 = ‖x‖2 − 2tRe〈x, y〉 + t2‖y‖2.

Therefore,
2tRe〈x, y〉 ≤ t2‖y‖2.

If Re〈x, y〉 ≥ 0, choose t > 0, to obtain

Re〈x, y〉 ≤ t

2
‖y‖2,

and for Re〈x, y〉 < 0, choose t < 0, and obtain

−Re〈x, y〉 ≤ |t|
2

‖y‖2.

Because t is an arbitrary nonzero number, Re〈x, y〉 = 0. Similarly, it follows
that Im〈x, y〉 = Re〈x, iy〉 also equals zero, so 〈x, y〉 = 0. �

In the rest of this chapter, we use Definition 7.4.
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Example 7.6. A simple argument shows that unless an inner product space
X is one-dimensional (cf. Exercise 7.16), there are many pairs of mutually
orthogonal nonzero vectors in X. Indeed, let x, y ∈ X be linearly independent
vectors. We want to find a scalar λ such that the vector z = x − λy is
orthogonal to y. For this, we need

〈z, y〉 = 〈x, y〉 − λ〈y, y〉 = 0.

By setting λ = 〈x, y〉/‖y‖2 (note that y �= 0), we obtain z ⊥ y. In particular,
if ‖y‖ = 1, then

z = x − 〈x, y〉y is orthogonal to y.

It is clear that span{z, y} = span{x, y}.
The result of this example will be used later in the chapter.

We use the following notation. Let X be an inner product space. If x ∈ X
is orthogonal to every element of a nonempty subset E of X, then we say
that x is orthogonal to E and write x⊥E. If E and F are nonempty subsets
of X, the notation E ⊥F means that x⊥ y for all x ∈ E and y ∈ F . Also,
E⊥ = {y ∈ X : y ⊥x, for every x ∈ E}. The set E⊥ is called the orthogonal
complement of E.

We now proceed with proving the “direct sum decomposition theorem”
(Theorem 7.8 below), which is an important tool in the study of linear oper-
ators. First, we establish the existence of the projection of a vector in a
Hilbert space onto a closed subspace.

Theorem 7.7. Let E be a closed proper subspace of a Hilbert space H, and
x a vector in H \ E. Then there exists a unique vector y ∈ E that is closest
to x in the sense that

‖x − y‖ = d(x,E) = inf
u∈E

‖x − u‖.

This vector y is called the projection of x onto E.

Proof. Let d = d(x,E). By the definition of infimum, there is a sequence (yn)
of vectors in E such that ‖x − yn‖ → d. We apply the parallelogram identity
(cf. (7.7)) to the vectors x − yn and x − ym,

‖2x − yn − ym‖2 + ‖yn − ym‖2 = 2‖x − yn‖2 + 2‖x − ym‖2,

to obtain

‖yn − ym‖2 = 2‖x − yn‖2 + 2‖x − ym‖2 − ‖2x − yn − ym‖2. (7.11)

For ε > 0, there exists N ∈ N such that

‖x − ym‖2 < d2 + ε and ‖x − yn‖2 < d2 + ε
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for all m,n > N . Furthermore,

‖2x − yn − ym‖2 = 4
∥∥∥∥x − yn + ym

2

∥∥∥∥
2

≥ 4d2,

because (yn + ym)/2 ∈ E. Therefore, by (7.11),

‖yn − ym‖2 < 2(d2 + ε) + 2(d2 + ε) − 4d2 = 4ε, for m,n > N.

It follows that (yn) is a Cauchy sequence in E that converges to some y ∈ E,
since E is a closed subspace and therefore complete. By the continuity of the
norm,

‖x − y‖ = lim
n→∞ ‖x − yn‖ = d.

This proves the existence of a closest point.
The uniqueness of y follows again from the parallelogram identity. Suppose

that ‖x − y‖ = ‖x − y′‖ = d. Then, as in (7.11),

‖y − y′‖2 = 2‖x − y‖2 + 2‖x − y′‖2 − ‖2x − y − y′‖2 ≤ 4d2 − 4d2 = 0.

Hence y′ = y. �

Example 7.7. Consider the real Banach space H = �2∞ and the closed sub-
space E = {(x, 0) : x ∈ R} of H. The distance from the vector (0, 1) to a
vector (x, 0) ∈ E is max{|x|, 1} ≥ 1. Hence all vectors {(x, 0) ∈ E : |x| ≤ 1}
are closest to (0, 1).

Note that �2∞ is not an inner product space (cf. Example 7.4).

The statements of Theorems 7.7 and 7.8 are illustrated by the drawing in
Fig. 7.1.

Fig. 7.1 Orthogonal decomposition.

Theorem 7.8. If E is a closed subspace of a Hilbert space H, then

H = E ⊕ E⊥.
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Proof. By the result of Exercise 7.19(c), E⊥ is a closed subspace of H. If
x ∈ E and x ∈ E⊥, then 〈x, x〉 = 0. Hence x = 0. Therefore, E ∩ E⊥ = {0}.

For x ∈ H, let x1 ∈ E be its projection onto E (cf. Theorem 7.7). Then

‖x − x1‖ ≤ ‖x − (x1 + kv)‖, for every v ∈ E and k ∈ F,

because x1 − kv ∈ E. Put x2 = x − x1. Then

‖x2‖ ≤ ‖x2 − kv‖, for every v ∈ E and k ∈ F.

By Theorem 7.6, x2 ⊥ v. Because v is an arbitrary vector in E, the vector x2

belongs to E⊥. Since x = x1 + x2, we have proved that H = E ⊕ E⊥. �
The following example shows that Theorem 7.8 does not hold in general

for incomplete inner product spaces (cf. Exercise 7.20).

Example 7.8. Let X be the space C[−1, 1] of real continuous functions on
[−1, 1] with the inner product defined by

〈x, y〉 =
∫ 1

−1

x(t)y(t) dt, for x, y ∈ C[−1, 1]

(cf. Example 7.2). Consider the subspace

E = {x ∈ X : x(t) = 0, t ∈ [−1, 0]}

of X. This subspace is closed (cf. Exercise 7.20).
Let y be a nonzero function in E⊥. We may assume that there exists

t0 ∈ (0, 1) such that y(t0) > 0. Because y is a continuous function, there
exists δ > 0 such that y(t) > 0 on [t0 − δ, t0 + δ] ⊆ (0, 1).

Define x ∈ E as a continuous piecewise linear function on [−1, 1] with
nodes at (−1, 0), (t0 − δ, 0), (t0, y(t0)), (t0 + δ, 0), and (1, 0) (cf. Fig. 7.2).
Clearly, x(t)y(t) is positive over the interval (t0−δ, t0+δ) and zero otherwise.
We have

〈x, y〉 =
∫ 1

−1

x(t)y(t) dt =
∫ t0+δ

t0−δ

x(t)y(t) dt > 0,

contradicting our assumption that y ∈ E⊥. It follows that

E⊥ = {x ∈ X : x(t) = 0, t ∈ [0, 1]}.

Because E ⊕ E⊥ = {x ∈ X : x(0) = 0} �= X (cf. Exercise 7.20), the direct
decomposition theorem does not hold for the subspace E.

Let E be a nonempty subset of a Hilbert space H. Because ⊥ (orthogo-
nality) is a symmetric binary relation on H, every element of E is orthogonal
to E⊥. Hence, E ⊆ (E⊥)⊥ = E⊥⊥. If E is a closed subspace of H, then by
Theorem 7.8,
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Fig. 7.2 The function x in Example 7.8.

H = E ⊕ E⊥ = E⊥ ⊕ E⊥⊥.

Hence E cannot be a proper subspace of E⊥⊥. We established the following
corollary of Theorem 7.8.

Corollary 7.1. If E is a closed subspace of a Hilbert space H, then E⊥⊥ =
E.

For a nonempty subset S of a Hilbert space H, its closed span is the set
spanS, which is a closed subspace of H. Let E =span S. Because S ⊆S⊥⊥,
and S⊥⊥ is a closed subspace of H, it follows that E ⊆ S⊥⊥. On the
other hand, S ⊆ E clearly implies E⊥ ⊆ S⊥, which in turn implies, by
Corollary 7.1,

S⊥⊥ ⊆ E⊥⊥ = E.

We have proved another corollary:

Corollary 7.2. For a nonempty subset S of a Hilbert space H, its closed
span is S⊥⊥.

7.3 Orthonormal Sets

Example 7.9. We showed in Example 7.1 that the Banach space �2 with the
inner product defined by

〈x, y〉 =
∞∑

k=1

xkyk,

where x = (xn) and y = (yn) are vectors in �2, is an inner product space. Let
(en) be the standard Schauder basis for �2 (cf. Exercise 4.3). Every vector
x = (xn) in the space �2 admits the following expansion:
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x =
∞∑

k=1

xkek.

The vectors in (en) satisfy the conditions

‖en‖ = 1, for all n, and 〈ei, ej〉 = 0, for all i �= j.

By the continuity property of the inner product,

〈x, en〉 =
∞∑

k=1

xk〈ek, en〉 = xn, for all n ∈ N.

Therefore,

∞∑

k=1

|〈x, ek〉|2 = ‖x‖2 and x =
∞∑

k=1

〈x, ek〉ek.

These properties of the space �2 motivate most discussions in this section.

Definition 7.5. Let J be a nonempty set of indices. A family {ei}i∈J of
vectors in an inner product space X is said to be orthogonal if 〈ei, ej〉 = 0
for all i �= j in J , and it is said to be orthonormal if in addition, ‖ei‖ = 1 for
all i ∈ J .

If the family {ei}i∈J is orthonormal, then the mapping i �→ ei is one-to-
one, so we can talk about the orthonormal set {ei : i ∈ J}.

Example 7.10. The vectors of the Schauder basis (en) for the space �2 form
an orthonormal family (cf. Example 7.9).

Example 7.11. Let X be the vector space C[−π, π] of real continuous func-
tions on the interval [−π, π] with the inner product defined by

〈x, y〉 =
∫ π

−π

x(t)y(t) dt, for x, y ∈ C[−π, π]

(cf. Example 7.8). The family

{ 1√
π

sin(nt),
1√
π

cos(nt),
1√
2π

}

n∈N

is orthonormal (cf. Exercise 7.24).

An immediate property of an orthonormal family of vectors is the result
of the following lemma.

Lemma 7.1. An orthonormal family {ei}j∈J of vectors in an inner product
space X is linearly independent.
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Proof. Consider the equation
∑

i∈A

λiei = 0,

where A is a finite subset of J and {λi}i∈A is a family of scalars. For every
j ∈ A we have

0 =
〈 ∑

i∈A

λiei, ej

〉
=

∑

i∈A

λi〈ei, ej〉 = λj .

The result follows, because A is an arbitrary finite subset of J . �
Note that an orthogonal family is linearly dependent if it contains the zero

vector.
We adopt the following definition of summability of a family of vectors in

a normed space. (See also Section A.1.)

Definition 7.6. A family of vectors {xi}i∈J in a normed space X is said to
be summable with sum x ∈ X if for every ε > 0, there exists a finite subset
A of the set J such that ∥∥∥x −

∑

i∈B

xi

∥∥∥ < ε

for every finite set B with A ⊆ B ⊆ J . If {xi}i∈J is summable with sum x,
we write

∑
i∈J xi = x.

We can apply this definition to the one-dimensional real normed space R
to obtain the concept of a summable family of real numbers. The following
lemma gives a convenient criterion for summability of families of nonnegative
numbers.

Lemma 7.2. Let {ai}i∈J be a family of nonnegative numbers such that all
finite partial sums are bounded by the same number M , that is,

∑

i∈A

ai ≤ M, for all finite sets A ⊆ J.

Then the family {ai}i∈J is summable with sum a = supA

∑
i∈A ai, where the

supremum is taken over the family of all finite subsets of J . Furthermore,
∑

i∈J

ai ≤ M.

Proof. By the definition of supremum, for every ε > 0, there is a finite subset
A of J such that

a −
∑

i∈A

ai < ε.
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Let B be a finite subset of J such that A ⊆ B. Inasmuch as the numbers ai

are nonnegative, we have
∑

i∈A ai ≤ ∑
i∈B ai. Hence

a −
∑

i∈B

ai ≤ a −
∑

i∈A

ai < ε.

The result follows. �
The following property of families of nonnegative numbers is known as the

“principle of comparison.” The proof of this property is left to the reader
(cf. Exercise 7.25).

Lemma 7.3. Let {ai}i∈J and {bi}i∈J be two families of nonnegative numbers
such that ai ≤ bi for all i ∈ J . If the family {bi}i∈J is summable, then so is
{ai}i∈J , and ∑

i∈J

ai ≤
∑

i∈J

bi.

It can be shown that for a countable set J and every enumeration of its
elements J = {i1, i2, . . .}, one has

∑

j∈J

ai =
∞∑

k=1

aik

for a summable family of nonnegative numbers {ai}i∈J (cf. Exercise 7.28).
(This follows from the “rearrangement theorem” for absolutely convergent
series in real analysis.)

Lemma 7.4. For an arbitrary set J , there are at most countably many
nonzero elements in the summable family of nonnegative numbers {ai}i∈J .

Proof. Indeed, let J ′ = {i ∈ J : ai > 0}. Then J ′ =
⋃∞

k=1 Jk, where

Jk = {i ∈ J : ai > 1/k}.

Clearly, each set Jk is finite. Hence J ′ is at most countable. �
We will need another property of summable families of scalars. Informally,

it shows that zero terms do not contribute to the sum of a summable family.

Lemma 7.5. Let {ai}i∈J be a family of numbers and J0 = {i ∈ J : ai �= 0}.
If the family {ai}i∈J0 is summable with sum a, then {ai}i∈J is summable with
the same sum.

Proof. For ε > 0, let A be a finite subset of J0 such that |a−∑
i∈B ai| < ε for

every finite subset B of J0 such that A ⊆ B. Note that A ⊆ J . Let B′ be a
finite subset of J containing A and B = B′∩J0. Clearly,

∑
i∈B′ ai =

∑
i∈B ai.

Hence |a − ∑
i∈B′ ai| < ε, which proves the desired result. �

The result of the following lemma generalizes arguments in Example 7.6.
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Lemma 7.6. Let {ei}j∈J be an orthonormal family in an inner product space
X. For every nonempty finite subset A of J and x ∈ X, we have

(
x −

∑

i∈A

〈x, ei〉ei

)
⊥ ek, for all k ∈ A.

In particular, the vector x − ∑
i∈A〈x, ei〉ei is orthogonal to

∑
i∈A〈x, ei〉ei.

Proof. We have

〈x −
∑

i∈A

〈x, ei〉ei, ek〉 = 〈x, ek〉 − 〈x, ek〉 = 0,

because {ei}i∈A is an orthonormal family. The result follows. �

Theorem 7.9. (Bessel’s inequality.) Let {ei}i∈J be an orthonormal family
of vectors in an inner product space X. Then for every x ∈ X, one has

∑

i∈J

|〈x, ei〉|2 ≤ ‖x‖2. (7.12)

Proof. Let A be a finite subset of J . Consider the vector

y =
∑

i∈A

〈x, ei〉ei

and let z = x−y. By Lemma 7.6, z ⊥ y. By applying the Pythagorean theorem
(cf. Exercise 7.21), we obtain

‖x‖2 = ‖z + y‖2 = ‖z‖2 + ‖y‖2 = ‖z‖2 +
∑

i∈A

|〈x, ei〉|2.

Because ‖z‖2 ≥ 0, we have
∑

i∈A

|〈x, ei〉|2 ≤ ‖x‖2.

The result follows from Lemma 7.2 (with M = ‖x‖2). �

Definition 7.7. The inner products 〈x, ei〉 in (7.12) are called the Fourier
coefficients of x with respect to the orthonormal family {ei}i∈J .

Note that by Lemma 7.4, there is at most a countable number of Fourier
coefficients of a vector with respect to an orthonormal family in an inner
product space.
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Example 7.12. For the family {ek}k∈N of vectors in the Schauder basis for
the space �2, we have equality in (7.12) (cf. Example 7.9). However, for x = e1
and the orthonormal set {e2, e3, . . .}, we have strict inequality:

∞∑

k=2

|〈e1, ek〉|2 = 0 < ‖e1‖2 = 1.

The strict Bessel’s inequality in Example 7.12 is not surprising. Indeed,
if x is a nonzero vector in an inner product space that is orthogonal to the
orthonormal family {ei}j∈J , then the left-hand side in (7.12) is zero, whereas
‖x‖ �= 0. In this case, one may say that {ei}j∈J is not “big enough” to
produce equality in Bessel’s inequality. The following definition addresses
this problem.

Definition 7.8. An orthonormal family {ei}j∈J in an inner product space
X is said to be total if its orthogonal complement in X is the zero vector.

Lemma 7.7. If E = {ei : i ∈ J} is a total orthonormal set in a Hilbert space
H, then span E = H.

Proof. Suppose that span E is a proper closed subspace of H. Then by The-
orem 7.8, the orthogonal complement of this subspace contains a nonzero
vector, which contradicts the totality of the set E. Hence span E = H. �

Theorem 7.10. For a total orthonormal family {ei}i∈J in a Hilbert space H
and a vector x ∈ H, the family {〈x, ei〉ei}i∈J is summable with sum x, that
is, ∑

i∈J

〈x, ei〉ei = x. (7.13)

Proof. By Lemma 7.7, for ε > 0, there exist a finite set A ⊆ J and a family
of scalars {λi}i∈A such that

∥∥∥x −
∑

i∈A

λiei

∥∥∥ < ε.

For every finite subset B of J such that A ⊆ B, we have
∥∥∥x −

∑

i∈A

λiei

∥∥∥
2

=
∥∥∥x −

∑

i∈B

〈x, ei〉ei +
∑

i∈B

〈x, ei〉ei −
∑

i∈A

λiei

∥∥∥
2

.

By Lemma 7.6, the vectors

x −
∑

i∈B

〈x, ei〉ei and
∑

i∈B

〈x, ei〉ei −
∑

i∈A

λiei

are orthogonal. (Note that A ⊆ B.) Therefore, by the Pythagorean theorem,
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∥∥∥x −
∑

i∈A

λiei

∥∥∥
2

=
∥∥∥x −

∑

i∈B

〈x, ei〉ei

∥∥∥
2

+
∥∥∥

∑

i∈B

〈x, ei〉ei −
∑

i∈A

λiei

∥∥∥
2

.

Hence, ∥∥∥x −
∑

i∈B

〈x, ei〉ei

∥∥∥ ≤
∥∥∥x −

∑

i∈A

λiei

∥∥∥ < ε,

and the result follows (cf. Definition 7.6). �

Definition 7.9. A total orthonormal family {ei}i∈J in a Hilbert space H is
called a Hilbert basis of H.

Note that the numbers 〈x, ei〉 in (7.13) are the Fourier coefficients of x
with respect to the Hilbert basis {ei}i∈J (cf. Definition 7.7).

Theorem 7.11. (Parseval’s identity.) An orthonormal family {ei}i∈J in a
Hilbert space H is a Hilbert basis of H if and only if the family {|〈x, ei〉ei|2}i∈J

is summable for every x ∈ H, and
∑

i∈J

|〈x, ei〉|2 = ‖x‖2. (7.14)

Proof. (Necessity.) By Theorem 7.10, x =
∑

i∈J〈x, ei〉ei. Therefore, for every
ε > 0, there exists a finite set A ⊆ J such that

∥∥∥x −
∑

i∈B

〈x, ei〉ei

∥∥∥ <
√

ε,

for every finite set B such that A ⊆ B ⊆ J . Note that by the Pythagorean
theorem, ∥∥∥

∑

i∈B

〈x, ei〉ei

∥∥∥
2

=
∑

i∈B

|〈x, ei〉|2.

By Lemma 7.6, the vectors x−∑
i∈B〈x, ei〉ei and

∑
i∈B〈x, ei〉ei are orthog-

onal. Hence
‖x‖2 =

∥∥∥x −
∑

i∈B

〈x, ei〉ei

∥∥∥
2

+
∑

i∈B

|〈x, ei〉|2.

It follows that ∣∣∣‖x‖2 −
∑

i∈B

|〈x, ei〉|2
∣∣∣ < ε,

for every finite subset B of J such that A ⊆ B. Thus {|〈x, ei〉|2}i∈J is
summable with sum ‖x‖2 (cf. Definition 7.6).

(Sufficiency.) Suppose that (7.14) holds for every x ∈ H, but the family
{ei}i∈J is not total. Then there exists a nonzero vector x ∈ H that is orthog-
onal to every vector in the family {ei}i∈J . For this vector x, the left-hand side
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of (7.14) is zero, whereas the right-hand side is ‖x‖2 �= 0. This contradiction
proves that {ei}i∈J is a Hilbert basis of H. �

Theorem 7.12. Every Hilbert space has a Hilbert basis.

Proof. Let D be the family of all orthonormal sets of H, partially ordered by
inclusion. This family is not empty, because for a nonzero vector x ∈ H, the
vector e = x/‖x‖ trivially forms an orthonormal set {e} in H. Every chain
in D has a maximal element, namely the union of all sets in the chain. By
Zorn’s lemma, D has a maximal orthonormal set E = {ei : i ∈ J}. We prove
that E is a total set. If not, then there exists a nonzero vector y ∈ H that is
orthogonal to all vectors in E. Clearly, the set E ∪{y/‖y‖} is an orthonormal
set different from E and containing E. This contradicts the maximality of E.
The result follows. �

The “canonical” example of a Hilbert space is the space �2, which has a
countable Hilbert basis (cf. Example 7.10). Recall that the finite-dimensional
space �n

2 is the n-dimensional Euclidean space. The following example is an
“uncountable” version of the space �2.

Example 7.13. Let J be an uncountable set and �2(J) the set of all functions
f : J → F such that the family {|f(i)|2}i∈J is summable. For f, g ∈ �2(J),
the inner product is defined by

〈f, g〉 =
∑

i∈J

f(i)g(i).

This construction is justified in Appendix A.2.

Here is another example of an inner product space with an uncountable
orthonormal family of vectors.

Example 7.14. Let X be the vector space of all linear combinations of func-
tions in the family {eiλt}λ∈R defined on R. We define (for A > 0)

〈f, g〉 = lim
A→+∞

1
2A

∫ A

−A

f(t)g(t) dt, for f, g ∈ X.

It can be shown that the family {eiλt}λ∈R is a total orthonormal family in
the inner product space X (cf. Exercise 7.29).

Let H be a separable Hilbert space and S a countable dense subset of
H. By Theorem 7.12, there exists a basis {ei}i∈J in H. Consider the family
{B(ei,

√
2/2)}i∈J of open balls in H. It is clear that the balls in this family

are disjoint. Each of these balls contains a vector from S, and all these vectors
are distinct. Inasmuch as S is a countable set, the set J is at most countable.
We have established the following result.
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Theorem 7.13. Every basis of a separable Hilbert space is at most countable.

We used Zorn’s lemma in our proof that every Hilbert space has a basis
(cf. Theorem 7.12). In the case of separable Hilbert spaces, this result can be
established using the “Gram–Schmidt process,” which is also an important
tool in other applications.

Theorem 7.14. (Gram–Schmidt process.) Let {x1, . . . , xn} be a set of
linearly independent vectors in an inner product space X. Then there exists
an orthonormal set {e1, . . . , en} such that for every 1 ≤ k ≤ n,

span{x1, . . . , xk} = span{e1, . . . , ek}. (7.15)

Furthermore, if {x1, x2, . . .} is a countable set of linearly independent vec-
tors in X, then there exists a countable orthonormal set {e1, e2, . . .} in X
such that (7.15) holds for every k ∈ N and

span{x1, x2, . . .} = span{e1, e2, . . .}.

Proof. The proof of the first claim is by induction on k. For k = 1, we set
e1 = x1/‖x1‖. Equality (7.15) holds trivially.

Suppose that there is an orthonormal set {e1, . . . , ek} such that (7.15)
holds. By Lemma 7.6, the vector

y = xk+1 −
k∑

i=1

〈xk+1, ei〉ei

is orthogonal to all vectors in the set {e1, . . . , ek}. We define ek+1 = y/‖y‖.
It is not difficult to verify that

xk+1 ∈ span{e1, . . . , ek, ek+1}

and
ek+1 ∈ span{x1, . . . , xk, xk+1}.

Therefore,
span{x1, . . . , xk+1} = span{e1, e2, . . . , ek+1},

and the result follows by induction.
To prove the second claim of the theorem, it suffices to note that

span{x1, x2, . . .} =
∞⋃

k=1

span{x1, . . . , xk}

and

span{e1, e2, . . .} =
∞⋃

k=1

span{e1, . . . , ek}
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and apply (7.15). �
We apply the Gram–Schmidt process to construct a basis of a separable

Hilbert space from a linearly independent set.
Let H be a separable Hilbert space and S a countable dense subset of

H. Using elementary linear algebra (cf. Exercise 7.31), one can show that
S contains a linearly independent subset L such that span L = span S. By
Theorem 7.14, there is an at most countable orthonormal subset E of H such
that spanE = span L. We have

H = S = span S = span L = span E,

which means that E is an orthonormal basis of H.
We conclude this section by establishing an important result about sepa-

rable Hilbert spaces.

Theorem 7.15. Every separable infinite-dimensional Hilbert space is iso-
morphic to �2.

Proof. Let H be a separable infinite-dimensional Hilbert space. Choose an
orthonormal basis {e′

k}k∈N of H and define an operator T : H → �2 by

x =
∞∑

k=1

〈x, e′
k〉e′

k �→ (〈x, e′
1〉, . . . , 〈x, e′

k〉 . . .).

Clearly, T is a linear mapping. By Parseval’s identity (cf. (7.14)), T is an
isometry from H onto a complete subspace L (cf. Exercise 2.46) of �2. Inas-
much as Te′

k = ek for all k ∈ N, the subspace L contains all vectors of the
orthonormal basis of �2. Hence L⊥ = {0}, which implies T (H) = L = �2. It
follows that T is an isomorphism. �

Corollary 7.3. All separable infinite-dimensional Hilbert spaces over the
same field are isomorphic.

7.4 Linear Functionals on Hilbert Spaces

As was shown in Section 5.1 (cf. Corollary 5.1), the dual of the normed space
�2 is isomorphic to the space �2 itself. In this section we establish a similar
result for Hilbert spaces.

Theorem 7.16. (Riesz representation theorem.) Let H be a Hilbert
space and H∗ its dual. For every f ∈ H∗, there exists a unique y ∈ H
such that

f(x) = 〈x, y〉, for every x ∈ H. (7.16)
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Proof. For f ∈ H∗, let H1 be the null space N(f) of f . If H1 = H, then f is
the zero functional, and we may choose y = 0 in (7.16).

Otherwise, let H2 = H⊥
1 . Because H1 = N(f) is a closed subspace of H

(cf. Corollary 4.1), we have, by Theorem 7.8, H = H1 ⊕ H2. Let y0 be a
vector in the subspace H2 such that ‖y0‖ = 1. For every vector x ∈ H, we
have

〈x, y0〉 =
〈

x − f(x)
f(y0)

y0 +
f(x)
f(y0)

y0, y0

〉

=
〈

x − f(x)
f(y0)

y0, y0

〉
+

f(x)
f(y0)

〈y0, y0〉 =
f(x)
f(y0)

,

because

x − f(x)
f(y0)

y0 ∈ N(f) = H1 and y0 ⊥H1.

Let y = f(y0) y0. Then 〈x, y〉 = f(x) for all x ∈ H.
To prove uniqueness of the representation, suppose that

f(x) = 〈x, y1〉 = 〈x, y2〉, for all x ∈ H.

Then 〈x, y1 − y2〉 = 0 for all x ∈ H, which implies (y1 − y2) ∈ H⊥ = {0}.
Hence y1 = y2. �

By the Riesz representation theorem, every linear functional on a Hilbert
space H is of the form fy(x) = 〈x, y〉, where y is a unique vector in H, so
there is a one-to-one correspondence T between elements of H and its dual
space H∗.

Theorem 7.17. The correspondence T : H → H∗ defined by y �→ fy, y ∈ H,
is a conjugate-linear isometry.

A general remark is in order. For vector spaces X and Y over F, an oper-
ator T : X → Y is said to be conjugate-linear if

T (λu + μv) = λ Tu + μ Tv

for all u ∈ X, v ∈ Y , and λ, μ ∈ F. If F is the field of real numbers, then a
conjugate-linear operator is just a linear one.

Proof. For u, v ∈ H and λ, μ ∈ F, we have

T (λu + μv)(x) = 〈x, λu + μv〉 = λ〈x, u〉 + μ〈x, v〉 = λ Tu + μ Tv.

Therefore, T is a conjugate-linear map.
Furthermore, by the Cauchy–Schwarz inequality (cf. (7.5)),

|fy(x)| = |〈x, y〉| ≤ ‖x‖‖y‖,
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implying ‖fy‖ ≤ ‖y‖. On the other hand,

‖y‖2 = 〈y, y〉 = fy(y) ≤ ‖fy‖‖y‖,

so ‖fy‖ ≥ ‖y‖. Hence ‖fy‖ = ‖y‖. It follows that T is an isometry. �

Theorem 7.18. The space H∗ is a Hilbert space with the inner product
defined by

〈Tx, Ty〉1 = 〈y, x〉, for all x, y ∈ H, (7.17)

where T is as in Theorem 7.17. The space H is reflexive.

Proof. It can be readily verified (cf. Exercise 7.33) that (7.17) defines an inner
product on H∗ that induces a norm on H∗. As a dual space, H∗ is complete
and therefore is a Hilbert space.

To establish the reflexivity of H, we need to show that the canonical
mapping C : H → H∗∗ (cf. Definition 5.2) is surjective. For g ∈ H∗∗, we
have, by the Riesz representation theorem,

g(fy) = 〈Ty, Tx〉1 = 〈x, y〉 = fy(x), for some x ∈ H.

Hence Cx = g, and the result follows because g was an arbitrary element of
the space H∗∗. �

7.5 Sesquilinear Forms

According to the Riesz representation theorem, bounded linear functionals
on a Hilbert space are completely determined by the inner product. In a
similar way, bounded linear operators on Hilbert spaces are determined by
two-variable functions called “sesquilinear forms.”

Definition 7.10. Let X and Y be vector spaces over the field F. A sesquilin-
ear form is a function S : X × Y → F such that for all x, x1, x2 ∈ X,
y, y1, y2 ∈ Y , and λ1, λ2 ∈ F, we have

S(λ1x1 + λ2x2, y) = λ1S(x1, y) + λ2S(x2, y)

and
S(x, λ1y1 + λ2y2) = λ1S(x, y1) + λ2S(x, y2).

Thus the sesquilinear form S is linear in the first variable and conjugate-
linear in the second variable. This is why this function is called sesquilinear,
which means “one and a half linear.”
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If X and Y in Definition 7.10 are normed spaces and there exists a real
number C such that

|S(x, y)| ≤ C‖x‖‖y‖, for all x ∈ Xand y ∈ Y,

then S is said to be bounded. In this case, the number

‖S‖ = sup{|S(x, y)| : ‖x‖ = 1, ‖y‖ = 1}

is called the norm of S. (The reader may want to compare these definitions
with definitions of operator and functional norms in Section 4.2.)

Clearly, the inner product on an inner product space X is a sesquilinear
form on X × X. By the Cauchy–Schwarz inequality, this form is bounded.

For a bounded sesquilinear form S, we have

|S(x, y)| ≤ ‖S‖‖x‖‖y‖

(cf. Exercise 7.34).

Theorem 7.19. Let H1 and H2 be Hilbert spaces and

S : H1 × H2 → F

a bounded sesquilinear form. Then there exists a bounded linear operator T
from H1 into H2 such that

S(x, y) = 〈Tx, y〉, (7.18)

for all x ∈ X and y ∈ Y . This operator is uniquely determined by S and has
the same norm as S:

‖T‖ = ‖S‖. (7.19)

Proof. For a fixed x ∈ H1, the function S(x, y) is a linear functional on H2.
Therefore, by the Riesz representation theorem, there exists z ∈ H2 such that

S(x, y) = 〈y, z〉,

which yields
S(x, y) = 〈y, z〉 = 〈z, y〉,

where z is unique but depends on the fixed x ∈ H1. We define Tx = z, which
immediately implies (7.18). It remains to show that T is the desired operator.

First, we show that T is a linear operator. Indeed,

〈T (λ1x1 + λ2x2), y〉 = S(λ1x1 + λ2x2, y) = λ1S(x1, y) + λ2S(x2, y)
= λ1〈Tx1, y〉 + λ2〈Tx2, y〉 = 〈λ1Tx1 + λ2Tx2, y〉,

for all y ∈ H2. By Exercise 7.32, we obtain
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T (λ1x1 + λ2x2) = λ1Tx1 + λ2Tx2.

Second, we show that T is bounded. We may assume that T �= 0. In this
case, there exists x ∈ X such that Tx �= 0. We have

‖S‖ = sup{|S(x, y)| : ‖x‖ = 1, ‖y‖ = 1}
= sup{|〈Tx, y〉| : ‖x‖ = 1, ‖y‖ = 1}
≥ sup{|〈Tx, Tx/‖Tx‖〉| : ‖x‖ = 1, Tx �= 0}
= sup{‖Tx‖ : ‖x‖ = 1} = ‖T‖.

(Note that 〈Tx, Tx/‖Tx‖〉 = ‖Tx‖.)
Finally, we prove (7.19). By applying (7.18) and the Cauchy–Schwarz

inequality, we obtain

‖S‖ = sup{|〈Tx, y〉| : ‖x‖ = 1, ‖y‖ = 1}
≤ sup{‖T‖‖x‖‖y‖ : ‖x‖ = 1, ‖y‖ = 1} = ‖T‖.

The last two displayed inequalities yield ‖T‖ = ‖S‖. �

7.6 Hilbert-Adjoint Operator

The notion of the adjoint operator plays an important role in linear algebra,
where it is used to describe important classes of operators on inner product
spaces, especially, in connection with the spectral theorem. The adjoint of a
linear operator T : X → Y , where X and Y are inner product spaces, is the
operator T ∗ : Y → X such that

〈Tx, y〉 = 〈x, T ∗y〉,

for every x ∈ X and every y ∈ Y .

Example 7.15. The inner product on the Euclidean space �n
2 is defined by

〈x, y〉 =
n∑

k=1

xkyk

(cf. (7.1)). It is known from linear algebra that the adjoint of a linear map
defined by a matrix A is given by the conjugate transpose matrix A∗ = At.
Note that A∗ = At in the real case.

Consider now a linear operator T : H1 → H2, where H1 and H2 are Hilbert
spaces. If we want to extend the definition of adjoint to operators on Hilbert
spaces, it is natural to look for an operator S : H2 → H1 such that
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〈Tx, y〉 = 〈x, Sy〉, (7.20)

for all x ∈ H1 and y ∈ H2. The following theorem shows that the algebraic
condition (7.20) is strong enough to imply the continuity of operators T
and S.

Theorem 7.20. Let H1 and H2 be Hilbert spaces. If the operators

T : H1 → H2 and S : H2 → H1

satisfy the equation
〈Tx, y〉 = 〈x, Sy〉

for all x ∈ H1 and y ∈ H2, then T and S are bounded.

Proof. We prove that T is bounded by applying the closed graph theorem
(cf. Theorem 6.6). The proof for the operator S is similar.

Let (xn) and (Txn) be sequences such that xn → x and Txn → y in H1

and H2, respectively. For every z ∈ H2, we have

〈y, z〉 = lim
n→∞〈Txn, z〉 = lim

n→∞〈xn, Sz〉 = 〈x, Sz〉 = 〈Tx, z〉,

because inner products are continuous functions. It follows that Tx = y. By
Theorem 6.6, T is a bounded operator. �

The following corollary is known as the Hellinger–Toeplitz theorem. An
operator T on a Hilbert space H is said to be symmetric if 〈Tx, y〉 = 〈x, Ty〉
for all x, y ∈ H.

Corollary 7.4. A symmetric operator on a Hilbert space is bounded.

The result of Theorem 7.20 motivates the following definition.

Definition 7.11. For Hilbert spaces H1 and H2 and a bounded operator
T : H1 → H2, the Hilbert-adjoint operator T ∗ of T is the operator

T ∗ : H2 → H1

such that
〈Tx, y〉 = 〈x, T ∗y〉, for all x ∈ H1, y ∈ H2. (7.21)

(Note that the inner products on the left- and right-hand sides of the above
equation are on the spaces H2 and H1, respectively.)

Theorem 7.21 justifies this definition.

Theorem 7.21. The Hilbert-adjoint T ∗ of T (cf. Definition 7.11) exists, is
unique, and is a bounded linear operator with the norm

‖T ∗‖ = ‖T‖.



176 7 Hilbert Spaces

Proof. The function S(y, x) = 〈y, Tx〉 on H2 × H1 is a sesquilinear form.
Indeed, it is clearly linear in the first argument and conjugate-linear in the
second argument. By the Cauchy–Schwarz inequality, S is a bounded form:

|S(y, x)| = |〈y, Tx〉| ≤ ‖y‖‖Tx‖ ≤ ‖T‖‖x‖‖y‖.

Hence ‖S‖ ≤ ‖T‖.
Furthermore, for x ∈ H1 and y ∈ H2,

‖S‖ ≥ |S(y, x)|
‖y‖‖x‖ =

|〈y, Tx〉|
‖y‖‖x‖ .

By taking y = Tx in the above inequality, we obtain

‖S‖ ≥ |〈Tx, Tx〉|
‖Tx‖‖x‖ =

‖Tx‖
‖x‖ .

By the definition of ‖T‖, we have ‖S‖ ≥ ‖T‖. By combining this inequality
with the last inequality in the preceding paragraph, we obtain ‖S‖ = ‖T‖.

By Theorem 7.19, there exists a unique operator T ∗ : H2 → H1 such that

S(y, x) = 〈T ∗y, x〉, for all x ∈ H1 and y ∈ H2,

and ‖T ∗‖ = ‖S‖, which implies ‖T ∗‖ = ‖T‖. From the above displayed
equality, we obtain

〈y, Tx〉 = 〈T ∗y, x〉, for all x ∈ H1 and y ∈ H2,

which is equivalent to

〈Tx, y〉 = 〈x, T ∗y〉, for all x ∈ H1 and y ∈ H2.

Therefore, T ∗ is the Hilbert-adjoint of T . �

Example 7.16. Let S and T be the right and left shift operators on the Hilbert
space �2 defined by

S : (x1, x2, x3, . . .) �→ (0, x1, x2, . . .)

and
T : (x1, x2, x3, . . .) �→ (x2, x3, x4, . . .)

(cf. Example 4.4). It is easy to verify that S and T are linear operators and
‖S‖ = ‖T‖ = 1 (cf. Exercise 4.9). We have

〈x, Sy〉 = x2y1 + x3y2 + · · · = 〈Tx, y〉,

for all x, y ∈ �2. Hence T ∗ = S.
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There are useful properties of Hilbert-adjoint operators, some of which are
known from linear algebra.

Theorem 7.22. Let H be a Hilbert space, S : H → H and T : H → H
bounded linear operators, and λ a scalar. Then

(a) (S + T )∗ = S∗ + T ∗,
(b) (λT )∗ = λ T ∗,
(c) (ST )∗ = T ∗S∗,
(d) T ∗∗ = T ,
(e) ‖T ∗T‖ = ‖T‖2.
Proof. Parts (a) and (b) follow immediately from (7.21) and Exercise 7.32,
which we also use below for parts (c) and (d) of the theorem.

For all x, y ∈ H, we have

〈(ST )∗x, y〉 = 〈x, STy〉 = 〈S∗x, Ty〉 = 〈T ∗S∗x, y〉,

so (ST )∗ = T ∗S∗, and

〈T ∗∗x, y〉 = 〈(T ∗)∗x, y〉 = 〈x, T ∗y〉 = 〈Tx, y〉,

so T ∗∗ = T .
Finally, for part (e), we have (cf. Exercise 4.11)

‖T ∗T‖ ≤ ‖T ∗‖‖T‖ = ‖T‖2,

and by the Cauchy–Schwarz inequality, for every x ∈ H,

‖Tx‖2 = 〈Tx, Tx〉 = 〈T ∗Tx, x〉 ≤ ‖T ∗Tx‖‖x‖ ≤ ‖T ∗T‖‖x‖2,

which implies ‖T‖2 ≤ ‖T ∗T‖. Hence ‖T ∗T‖ = ‖T‖2. �
Recall that we denote by N(T ) the null space of an operator T : H → H.

Similarly, we denote by R(T ) = T (H) the range of T .

Theorem 7.23. For all bounded linear operators T : H → H,

(a) N(T ∗) = R(T )⊥,
(b) N(T ) = R(T ∗)⊥.

Proof. For x ∈ H, we have x ∈ N(T ∗) if and only if T ∗x = 0, which occurs if
and only if 〈T ∗x, y〉 = 0, for all y ∈ H, which occurs if and only if 〈x, Ty〉 = 0,
for all y ∈ H, which occurs if and only if x ∈ R(T )⊥.

By replacing T by T ∗ in part (a), we prove part (b), because
T ∗∗ = T . �
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7.7 Normal, Self-adjoint, and Unitary Operators

In this section we introduce three major classes of bounded linear operators
on a Hilbert space and establish their properties. In the finite-dimensional
case, these classes are well known from linear algebra.

Definition 7.12. A bounded linear operator T on a Hilbert space H is said
to be

1. normal if TT ∗ = T ∗T ,
2. self-adjoint if T ∗ = T ,
3. unitary if TT ∗ = T ∗T = I, where I is the identity operator on H.

It clear from the definition that self-adjoint and unitary operators are
normal.

Example 7.17. For a given a = (an) ∈ �∞, define an operator Ta : �2 → �2 by

Ta(xn) = (anxn), for (xn) ∈ �2.

Clearly, Ta is a linear operator, and

‖Ta(xn)‖2 =

√√√√
∞∑

k=1

|anxn|2 ≤ ‖(an)‖∞‖(xn)‖2

shows that Ta is bounded. For all x = (xn) and y = (yn) in the Hilbert space
�2, we have

〈Ta x, y〉 =
∞∑

k=1

(akxk)yk =
∞∑

k=1

xk ak yk = 〈x, Ta y〉,

where a = (an). Hence T ∗
a = Ta.

Because TaTb = TbTa = Tab for all a, b ∈ �∞, it follows that Ta is normal.
Note that in the real case, T ∗

a = Ta, so Ta is self-adjoint.

Example 7.18. Let S and T be the right and left shift operators on �2
(cf. Example 7.16). We have

SS∗ = ST : (x1, x2, x3, . . .) �→ (0, x2, x3, . . .)

and
S∗S = TS : (x1, x2, x3, . . .) �→ (x1, x2, x3, . . .).

It follows that S and T are not normal operators.

In the following example we present a sample of operators that illustrate
relations between classes of normal, self-adjoint, and unitary operators. For
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simplicity’s sake, we consider the Hilbert space �22 with a standard basis, and
represent operators by their matrices with respect to this basis. The reader
should verify the statements in this example (cf. Exercise 7.41).

Example 7.19.

(A)
(

2i 0
0 2i

)
normal, not self-adjoint, not unitary

(B)
(

0 2
2 0

)
self-adjoint, not unitary

(C)
(

cos ϕ − sin ϕ
sin ϕ cos ϕ

)
0 < ϕ < π/2 unitary not self-adjoint

(D)
(

0 1
1 0

)
unitary and self-adjoint

The three major classes of bounded operators are shown schematically in
Fig. 7.3.

Fig. 7.3 Classes of bounded operators on Hilbert space.

In the following two theorems we establish some properties of normal
operators.
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Theorem 7.24. An operator T on a Hilbert space H is normal if and only
if ‖Tx‖ = ‖T ∗x‖ for all x ∈ H.

Proof. (Necessity.) Suppose that T : H → H is a normal operator, that is,
TT ∗ = T ∗T . We have

‖Tx‖2 = 〈Tx, Tx〉 = 〈T ∗Tx, x〉 = 〈TT ∗x, x〉 = 〈T ∗x, T ∗x〉 = ‖T ∗x‖2,

so ‖Tx‖ = ‖T ∗x‖ for all x ∈ H.
(Sufficiency.) First, suppose that ‖Tx‖ = ‖T ∗x‖ for all x in a complex

Hilbert space H. Then

‖Tx‖2 = 〈Tx, Tx〉 = 〈T ∗Tx, x〉

and
‖T ∗x‖2 = 〈T ∗x, T ∗x〉 = 〈TT ∗x, x〉.

Therefore, 〈T ∗Tx, x〉 = 〈TT ∗x, x〉 for all x ∈ H, so 〈(T ∗T − TT ∗)x, x〉 = 0,
for all x ∈ H. By the result of Exercise 7.36, T ∗T = TT ∗; hence T is normal.

Suppose now that H is a real Hilbert space and ‖Tv‖ = ‖T ∗v‖ for all
v ∈ H. We have

‖Tx + Ty‖2 − ‖Tx‖2 − ‖Ty‖2 = 2〈Tx, Ty〉 = 2〈T ∗Tx, y〉

and

‖T ∗x + T ∗y‖2 − ‖T ∗x‖2 − ‖T ∗y‖2 = 2〈T ∗x, T ∗y〉 = 2〈TT ∗x, y〉.

Inasmuch as ‖Tv‖ = ‖T ∗v‖ for all v ∈ H, we obtain 〈T ∗Tx, y〉 = 〈TT ∗x, y〉,
for all x, y ∈ H, which implies T ∗T = TT ∗ (cf. Exercise 7.32). �

The results of the next theorem are concerned with the eigenvalues and
eigenvectors of normal operators. Let us recall that a scalar λ ∈ F is called
an eigenvalue of a linear operator T on a vector space X if there exists a
nonzero vector x ∈ X such that Tx = λx. If λ ∈ F is an eigenvalue of
a linear operator T : X → X, then a nonzero vector x ∈ X is called an
eigenvector of T corresponding to λ if Tx = λx.

Theorem 7.25. Let T be a normal operator on a Hilbert space H. Then:

(a) If x ∈ H is an eigenvector of T with eigenvalue λ, then x is also an
eigenvector of T ∗ with eigenvalue λ.

(b) Eigenvectors corresponding to distinct eigenvalues are orthogonal.

Proof. (a) The operator T − λI is normal (cf. Exercise 7.43). Therefore, by
Exercise 7.42 and Theorem 7.24,

0 = ‖(T − λI)x‖ = ‖(T ∗ − λI)x‖.
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It follows that x is an eigenvector of T ∗ corresponding to the eigenvalue λ.
(b) Let x and y be eigenvectors of T corresponding to distinct eigenvalues

λ and μ, so Tx = λx, Ty = μy, and λ �= μ. By part (a) of the theorem,

λ〈x, y〉 = 〈λx, y〉 = 〈Tx, y〉 = 〈x, T ∗y〉 = 〈x, μy〉 = μ〈x, y〉.

Because λ �= μ, it follows that 〈x, y〉 = 0. Hence x⊥ y. �
Because self-adjoint operators are normal, they have properties that were

established in the previous two theorems. Additional properties that are spe-
cific to self-adjoint operators are the subject of the next two theorems.

Theorem 7.26. Let T be a bounded operator on a Hilbert space H. Then:

(a) If T is self-adjoint, then 〈Tx, x〉 is real for all x ∈ H.
(b) If the space H is complex and 〈Tx, x〉 is real for all x ∈ H, then T is

self-adjoint.
(c) If T is self-adjoint, then all eigenvalues of T are real.

Proof. (a) For every x ∈ H, we have

〈Tx, x〉 = 〈x, Tx〉 = 〈Tx, x〉.

Hence 〈Tx, x〉 is real.
(b) If 〈Tx, x〉 is real for all x ∈ H, then

〈Tx, x〉 = 〈Tx, x〉 = 〈x, T ∗x〉 = 〈T ∗x, x〉,

for all x ∈ H. Because H is complex, T ∗ = T (cf. Exercise 7.36).
(c) Suppose that Tx = λx for some x �= 0. By Theorem 7.25(a), Tx = λx.

Hence, λx = λx, which implies λ = λ, because x �= 0. �

Theorem 7.27. The product of two self-adjoint operators S and T on a
Hilbert space is self-adjoint if and only if the operators commute, that is,
ST = TS.

Proof. By Theorem 7.22(c),

(ST )∗ = T ∗S∗ = TS,

because S and T are self-adjoint. Therefore,

(ST )∗ = ST if and only if ST = TS,

whence the result. �
Traditionally, unitary operators on a Hilbert space are denoted by U . In

what follows, we discuss some properties of unitary operators. First, we estab-
lish equivalent descriptions of the unitary operators.
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Theorem 7.28. For a bounded linear operator U on a Hilbert space H, the
following statements are equivalent:

(a) U is a unitary operator.
(b) U is a bijection and 〈Ux,Uy〉 = 〈x, y〉 for all x, y ∈ H.
(c) U is a bijection and ‖Ux‖ = ‖x‖ for every x ∈ H.

Proof. (a) implies (b). For every x ∈ H, x = UU∗x = U(U∗x). Hence U
maps H onto H. Furthermore,

〈Ux,Uy〉 = 〈x,U∗Ux〉 = 〈x, y〉, for all x, y ∈ H,

because U∗U = I.
(b) implies (c). Obvious.
(c) implies (a). First, suppose that H is real. By Theorem 7.3 (polarization

identities), for all x, y ∈ H,

〈U∗Ux, y〉 = 〈Ux,Uy〉 = 1
4

(‖Ux + Uy‖2 − ‖Ux − Uy‖2)

= 1
4

(‖x + y‖2 − ‖x − y‖2) = 〈x, y〉.

Hence U∗U = I (cf. Exercise 7.32).
If H is a complex space, then the complex part of Theorem 7.3 yields the

same result: U∗U = I.
Because U is onto and preserves norms, it is an isometry of H onto itself.

Hence U is invertible. Because U∗U = I, we have U∗ = U−1, which implies
UU∗ = I. Therefore, U is a unitary operator. �

Corollary 7.5. A unitary operator U : H → H is an isomorphism (cf. Def-
inition 7.2) of the Hilbert space H onto itself. It is called a Hilbert automor-
phism of H.

7.8 Projection Operators

Now we turn our attention to projection operators on a Hilbert space H. Sup-
pose that E is a closed subspace of H. According to Theorem 7.8, there is a
decomposition H = E⊕E⊥, that is, every x ∈ H has a unique representation

x = u + v, u ∈ E, v ∈ E⊥. (7.22)

The vector u in this representation is said to be the projection of x (cf. The-
orem 7.7) onto the subspace E.

Because u in (7.22) is unique, the operator P : x �→ u is well defined.
Clearly, it is a linear operator on H. The operator P is called a projection
(or more specifically, the projection of H onto E) and sometimes denoted
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by PE if projections onto different subspaces are considered simultaneously.
Note that P{0} = 0, the zero operator, and PH = I, the identity operator.

Inasmuch as Px ∈ E for all x ∈ H, we obtain P (Px) = P 2x = Px for all
x ∈ H. Hence

P 2 = P.

An operator P satisfying this condition is said to be idempotent.
We write (7.22) as

x = Px + (I − P )x, for all x ∈ H,

and apply the Pythagorean theorem (cf. Exercise 7.21) to obtain

‖x‖2 = ‖Px‖2 + ‖(I − P )x‖2, for all x ∈ H.

It follows that P and I − P are bounded operators. Moreover, ‖P‖ ≤ 1
and ‖I − P‖ ≤ 1. Because ‖P (Px)‖ = ‖Px‖, we conclude that ‖P‖ ≥ 1.
Therefore, ‖P‖ = 1 if P �= 0.

Theorem 7.29. A bounded operator P : H → H is a projection if and only
if P is self-adjoint and P 2 = P .

Proof. (Necessity.) Suppose that a bounded operator P on a Hilbert space is
an orthogonal projection, and let E = P (H). We have already proved that
P 2 = P .

Let x = u + v and x′ = u′ + v′, where u, u′ ∈ E and v, v′ ∈ E⊥. Then

〈Px, x′〉 = 〈u, u′ + v′〉 = 〈u, u′〉 = 〈u + v, u′〉 = 〈x, Px′〉.

Hence P is self-adjoint.
(Sufficiency.) Suppose that P 2 = P = P ∗, and as before, let E = P (H).

The subspaces E = P (H) and (I − P )(H) are orthogonal. Indeed,

〈Px, (I − P )y〉 = 〈x, P (I − P )y〉 = 〈x, (P − P 2)y〉 = 0,

for all x, y ∈ H. From

x = Px + (I − P )x, for all x ∈ H,

we obtain (I − P )(H) = E⊥, so H = E ⊕ E⊥.
It remains to show that E is a closed subspace of H. First, we prove that

E = {x ∈ H : Px = x}. If Px = x, then clearly, x ∈ E. On the other hand, if
x ∈ E, then there exists y ∈ H such that x = Py. The following shows that
Px = x:

Px = P 2y = Py = x.

Finally, we have

N(I − P ) = {x ∈ H : (I − P )x = 0} = {x ∈ H : Px = x} = E.
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Because I − P is a bounded operator, E is closed. �
Theorem 7.29 establishes the correspondence between projections defined

in algebraic terms with closed subspaces of a Hilbert space. The next theorem
provides a simple algebraic (and geometric) property of projection operators.
More properties of projections are found in Exercises 7.54–7.56.

Theorem 7.30. Let E and E′ be closed subspaces of a Hilbert space H and
let P = PE, Q = PE′ be the corresponding projection operators. Then PQ
is a projection if and only if P and Q commute, that is, PQ = QP . In this
case, PQ is the projection onto the closed subspace E ∩ E′.

Proof. (Necessity.) Suppose PQ is a projection. Then by Theorem 7.22 (c),

PQ = (PQ)∗ = Q∗P ∗ = QP.

(Sufficiency.) If PQ = QP , then

(PQ)∗ = Q∗P ∗ = QP = PQ.

Hence PQ is self-adjoint. Furthermore,

(PQ)2 = (PQ)(PQ) = PQPQ = PPQQ = PQ.

It follows that PQ is a projection.
For every x ∈ H, we have

(PQ)x = P (Qx) = Q(Px).

We have P (Qx) ∈ E and Q(Px) ∈ E′. Therefore, (PQ)x ∈ E ∩ E′, so PQ
projects H into E ∩E′. If y ∈ E ∩E′, then y ∈ E and y ∈ E′, so Py = y and
Qy = y. We have

(PQ)y = P (Qy) = Py = y.

It follows that PQ projects H onto E ∩ E′. �

Notes

The inner product generalizes the dot product—a concept well known from
Euclidean geometry and physics. In the Euclidean space R3, the dot product
of two vectors x = (x1, x2, x3) and y = (y1, y2, y3) is defined by

x · y = x1y1 + x2y2 + x3y3,

and equivalently, by x · y = |x||y| cos ϑ, where |x| and |y| are the respective
magnitudes of the vectors x and y, and ϑ is the angle between these two
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vectors. In physics, for instance, the mechanical work is the dot product of
the force and displacement vectors.

Theorem 7.7 is an instance of a more general result that can be easily
deduced from the proof of the theorem (cf. Exercise 7.23). Namely, let E be
a closed convex subset of a Hilbert space. Then for every x ∈ H, there is a
unique y ∈ E such that

‖x − y‖ = d(x,E) = inf
u∈E

‖x − u‖.

According to Lemma 7.4, a family {ai}i∈J of nonnegative numbers is
summable in R only if the set of indices i such that ai �= 0 is at most count-
able. Thus, the study of summable families reduces essentially to the study of
summable sequences. However, as examples in Section 7.3 and Appendix A
demonstrate, we have to consider possibly uncountable families in the main
theorems of Section 7.3. Our definition of summable families (cf. Defini-
tion 7.6) is adopted from Bourbaki (1966), Section 5.1.

All bases of a Hilbert space H have the same cardinality. This result can be
easily established for separable spaces (including finite-dimensional spaces).
However, for a general H this is not a simple fact. The proof can be found,
for instance, in Dunford and Schwartz (1958), (Chapter IV, Section 4, The-
orem 14). The cardinality of a basis of the space H is called the Hilbert
dimension of H. It can be proved (cf. Corollary 7.3) that every two Hilbert
spaces of the same dimension are isomorphic.

We did not prove that the space �2(J) from Example 7.13 is indeed a
Hilbert space. For this, the reader is referred to Appendix A.2.

The vector space X from Example 7.14 becomes a normed space if the
norm is defined by

‖f‖ = sup
x∈R

|f(x)|.

The completion of X with respect to this norm is a normed space of almost
periodic functions on R (Dunford and Schwartz 1958, Chapter IV, Section 7).
Note that this norm is not the same as the norm generated by the inner
product introduced in Example 7.14.

There are unbounded operators T on a Hilbert space in quantum mechan-
ics that satisfy the relation 〈Tx, y〉 = 〈x, Ty〉. By the Hellinger–Toeplitz
theorem (cf. Corollary 7.4), such operators cannot be defined on the entire
space. The theory of unbounded operators is beyond the scope of this book.

The classes of normal, self-adjoint, unitary, and projection operators have
been studied extensively because of their role in more advanced parts of func-
tional analysis and its applications (see, for instance, Chapter VI in Dunford
and Schwartz 1958), where other important classes of operators are also intro-
duced and studied).

The conditions P 2 = P = P ∗ are often used as the definition of the
projection operator P . Projection operators play a significant role in the
spectral theory of self-adjoint operators.
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In geometry, Apollonius’s identity (cf. Exercise 7.10) states that the sum
of the squares of any two sides of any triangle equals twice the square of half
the third side, together with twice the square of the median bisecting the
third side.

Exercises

7.1. Let X be an inner product space. Show that

1. 〈λx + μy, z〉 = λ〈x, z〉 + μ〈y, z〉,
2. 〈x, λy + μz〉 = λ〈x, y〉 + μ〈x, z〉,
for every x, y, z ∈ X and λ, μ ∈ F.

7.2. Prove that (7.1) defines an inner product on �2.

7.3. Prove that the integral of a continuous nonnegative function x(t) on the
interval [a, b] is zero if and only if the function x is the zero function.

7.4. Let X1 be the vector space C[a, b] endowed with the norm ‖ · ‖∞, and
X2 the same vector space endowed with the norm

‖x‖ =

√∫ b

a

|x(t)|2 dt

(cf. Example 7.2). Show that the identity map x → x of X1 onto X2 is
continuous.

7.5. Show that 〈x, 0〉 = 〈0, y〉 = 0 for all x and y in an inner product space.

7.6. Show that ‖λx‖ = |λ|‖x‖ for every λ ∈ F and x ∈ X, where X is an
inner product space.

7.7. Show that 〈x, y〉 is an inner product on the space H in the proof of
Theorem 7.5.

7.8. Let Y be a subspace of a Hilbert space H. Prove that

(a) Y is complete if and only if it is closed in H.
(b) If Y is finite-dimensional, then Y is complete.

7.9. Let x and y be vectors in an inner product space X. Show that

〈x, x〉〈y, y〉 ≥ 1
4
(〈x, y〉 + 〈y, x〉)2.
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7.10. (Apollonius’s identity.) Let x, y, and z be vectors in an inner product
space X. Show that

‖z − x‖2 + ‖z − y‖2 = 1
2‖x − y‖2 + 2‖z − 1

2 (x + y)‖2.

7.11. Let (xn) be a sequence in an inner product space. Show that the con-
ditions ‖xn‖ → ‖x‖ and 〈xn, x〉 → 〈x, x〉 imply xn → x.

7.12. Show that

X =
{

x = (xn) ∈ �2 :
∞∑

n=1

xn/n = 0
}

is a closed subspace of �2.

7.13. Let x and y be linearly independent vectors in an inner product space
such that ‖x‖ = ‖y‖ = 1. Show that

‖tx + (1 − t)y‖ < 1, for 0 < t < 1.

7.14. If a vector x is orthogonal to every vector in the set {x1, . . . , xn}, then
it is orthogonal to every linear combination of these vectors.

7.15. Prove that in an inner product space, x⊥ y if and only if

‖x + λy‖ = ‖x − λy‖,

for all scalars λ ∈ F.

7.16. Show that in 1-dimensional Hilbert space, x⊥ y if and only if at least
one of the vectors x and y is the zero vector.

7.17. Let X be an inner product space and E a nonempty subset of X. Show
that

E⊥ =
⋂

x∈E

{x}⊥.

7.18. (a) Prove that for every two subspaces X1 and X2 of a Hilbert space,

(X1 + X2)⊥ = X⊥
1 ∩ L⊥

2 .

(b) Prove that for every two closed subspaces X1 and X2 of a Hilbert space,

(X1 ∩ X2)⊥ = X⊥
1 + X⊥

2 .

7.19. Let X be an inner product space and E a nonempty subset of X. Prove
the following properties:

(a) If x⊥E, then x⊥ spanE.
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(b) If E is dense in X and x⊥E, then x = 0.
(c) The set E⊥ is a closed subspace of X.

7.20. Show that the space X in Example 7.8 is not complete and the subspace
E is closed in X. Also show that E ⊕ E⊥ = {x ∈ X : x(0) = 0}.

7.21. (Pythagorean theorem.) Let X be an inner product space. Prove
that

(a) If x⊥ y in X, then ‖x + y‖2 = ‖x‖2 + ‖y‖2.
(b) If {x1, . . . , xn} is a set of mutually orthogonal vectors in X, then

∥∥∥∥
n∑

k=1

xk

∥∥∥∥
2

=
n∑

k=1

‖xk‖2.

(c) If (xn) is a sequence of mutually orthogonal vectors in X such that the
sum

∑∞
k=1 xk converges, then the sum

∑∞
k=1 ‖xk‖2 also converges and

∥∥∥∥
∞∑

k=1

xk

∥∥∥∥
2

=
∞∑

k=1

‖xk‖2.

7.22. (a) Let E1 and E2 be subspaces of an inner product space. Prove that
E1 ⊥E2 if and only if

‖x1 + x2‖2 = ‖x1‖2 + ‖x2‖2

whenever x1 ∈ E1, x2 ∈ E2.
(b) In contrast to part (a), give an example of a Hilbert space H and vectors

x1, x2 ∈ H such that ‖x1 + x2‖2 = ‖x1‖2 + ‖x2‖2, but 〈x1, x2〉 �= 0.

7.23. Let E be a closed convex subset of a Hilbert space. Prove that for every
x ∈ H, there is a unique y ∈ E such that

‖x − y‖ = d(x,E) = inf
u∈E

‖x − u‖.

Show that the statement does not necessarily hold if E is not closed or not
convex.

7.24. Prove that the family
{ 1√

π
sin(nt),

1√
π

cos(nt),
1√
2π

}

n∈N

from Example 7.14 is orthonormal.

7.25. Prove Lemma 7.3.
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7.26. Let (ek) be an orthonormal sequence in an inner product space X.
Prove that ∞∑

k=1

|〈x, ek〉〈y, ek〉| ≤ ‖x‖‖y‖,

for all x, y ∈ X.

7.27. Let {xi}i∈J be a summable family of nonnegative numbers with sum
x. Prove that for every nonempty subset J0 of J , one has

∑
i∈J0

xi ≤ x.

7.28. Let J be a countable set and {ai}i∈J a summable family of real or com-
plex numbers with sum a. Prove that for every enumeration J = {i1, i2, . . .},
one has ∞∑

k=1

aik = a.

7.29. Show that the family {eiλt}λ∈R in Example 7.14 is orthonormal and
total in the space X.

7.30. Let P be the vector space of all real polynomials on [−1, 1]. Show that

〈x, y〉 =
∫ 1

−1

x(t)y(t) dt

defines an inner product on P . Use the Gram–Schmidt process to orthonor-
malize the set {1, t, t2}.

7.31. Show that a countable subset S of a vector space V contains a linearly
independent subset L such that spanL = span S.

7.32. If 〈x1, y〉 = 〈x2, y〉 for all y in an inner product space X, then x1 = x2.

7.33. Show that (7.17) defines an inner product on H∗ that induces a norm
on H∗.

7.34. Let S be a bounded sesquilinear form on X × Y . Show that

‖S‖ = sup
{ |S(x, y)|

‖x‖‖y‖ : x ∈ X \ {0}, y ∈ Y \ {0}
}

and
|S(x, y)| ≤ ‖S‖‖x‖‖y‖,

for all x ∈ X and y ∈ Y .

7.35. Let X and Y be inner product spaces and T : X → Y a bounded linear
operator. Show that T = 0 if and only if 〈Tx, y〉 = 0 for all x ∈ X and y ∈ Y .
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7.36. Let X be a complex inner product space and T : X → X a bounded
linear operator. Show that 〈Tx, x〉 = 0 for all x ∈ X implies T = 0.

Show that the conclusion may not hold if X is real. (Hint: Consider rota-
tions in the real plane R2.)

7.37. Let T : �2 → �2 be defined by

T : (x1, . . . , xn, . . .) �→ (x1, . . . ,
1
nxn, . . .).

Show that R(T ) is not closed in �2.

7.38. Show that R(T ∗) = N(T )⊥ and R(T ) = N(T ∗)⊥ (cf. Theorem 7.23).

7.39. Let S = I + T ∗T , where T : H → H is a bounded operator. Show that
S is a one-to-one mapping from H to S(H).

7.40. Let T be a bijective self-adjoint operator on a Hilbert space. Show that
T−1 is self-adjoint.

7.41. Verify the statements in Example 7.19.

7.42. Show that T ∗ − λI is the adjoint operator of T − λI, where T is a
bounded operator on a Hilbert space and λ ∈ F.

7.43. Show that the operator T − λI, where T is a normal operator on a
Hilbert space, is also normal (cf. Exercise 7.42).

7.44. Show that the right shift operator on �2 has no eigenvalues, whereas
every λ such that |λ| < 1 is an eigenvalue of the left shift operator on �2
(cf. Example 7.16).

7.45. Show that if T is a self-adjoint operator, then so is Tn, where n ∈ N.

7.46. Let T be a bounded operator on a complex Hilbert space H.

(a) Show that the operators

T1 =
1
2
(T + T ∗) and T1 =

1
2i

(T − T ∗)

are self-adjoint.
(b) Show that T is normal if and only if the operators T1 and T2 commute.

7.47. Prove that if T : H → H is a self-adjoint operator and T �= 0, then
Tn �= 0 for all n ∈ N.

7.48. Show that an isometric operator T : H → H that is not unitary maps
the Hilbert space H onto a proper closed subspace of H.

7.49. Let X be a finite-dimensional inner product space and T : X → X an
isometric linear operator. Show that T is unitary.
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7.50. Suppose that a sequence (Tn) of normal operators on a Hilbert space
H converges (in operator norm) to an operator T . Show that T is a normal
operator.

7.51. Suppose that S and T are normal operators such that ST ∗ = T ∗S.
Show that S + T and ST are normal operators.

7.52. Show that if P is a projection operator, then I −P is also a projection
operator. Moreover, ‖I − P‖ = 1 if P �= I.

7.53. If P is a projection operator on a Hilbert space H, then

‖Px − Py‖ ≤ ‖x − y‖,

for all x, y ∈ H, that is, P is a nonexpansive operator.

7.54. Show that two closed subspaces E and E′ of a Hilbert space are orthog-
onal if and only if PEPE′ = 0.

7.55. If P and Q are projections of a Hilbert space H onto closed subspaces
E and E′, respectively, and PQ = QP , then

P + Q − PQ

is a projection of H onto E + E′.

7.56. Prove that PEPE′ = PE if and only if E ⊆ E′.

7.57. Show that U is a self-adjoint unitary operator if and only if U = 2P −I
for some projection operator P .

7.58. Show that U is a self-adjoint unitary operator on a Hilbert space H if
and only if there exist orthogonal closed subspaces E1, E2 such that H is the
direct sum E1 ⊕ E2 and for every x = x1 + x2 with x1 ∈ E1, x2 ∈ E2,

Ux = x1 − x2,

that is, U is a reflection.



Appendix A

The Hilbert Spaces �2(J)

In this appendix, we describe in detail the Hilbert spaces �2(J) that were
introduced in passing in Example 7.13. For this we need more results on
summable families than those found in Section 7.3. This material is covered
in Section A.1, while the Hilbert spaces are the subject of Section A.2.

A.1 Summable Families of Vectors in a Normed Space

In what follows, J is a nonempty set of indices (finite or infinite) and {xi}i∈J

a family of vectors in a normed space X. For a finite subset I ⊆ J , xI stands
for the partial sum

∑
k∈I xk. We begin by expanding Definition 7.6 from

Section 7.3.

Definition A.1. A family {xi}i∈J in X is said to be summable with sum
x ∈ X if for every ε > 0, there exists a finite subset J0 of J such that

‖x − xI‖ < ε

for every finite subset I of J containing J0. If {xi}i∈J is summable with sum
x, we write

∑
i∈J xi = x.

A family {xi}i∈J is said to be a Cauchy family if for every ε > 0 there
exists a finite subset J0 of J such that for every finite subset K disjoint from
J0, the inequality ‖xK‖ < ε holds.

Theorem A.1. A family of vectors {xi}i∈J in a Banach space X is summable
if and only if it is a Cauchy family.

Proof. (Necessity.) Suppose that {xi}i∈J is summable with sum x. For ε > 0,
there exists a finite set J0 ⊆ J such that if a finite set I contains J0, then
‖xI − x‖ < ε/2. Let K be a finite subset of J disjoint from J0. Then

‖xJ0 − x‖ <
ε

2
and ‖xJ0∪K − x‖ <

ε

2
.
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Hence

‖xK‖ = ‖xJ0∪K − xJ0‖ = ‖xJ0∪K − x + x − xJ0‖
≤ ‖xJ0∪K − x‖ + ‖xJ0 − x‖ < ε.

It follows that {xi}i∈J is a Cauchy family.
(Sufficiency.) Suppose that {xi}i∈J is a Cauchy family and let (εk) be a

strictly decreasing sequence of positive numbers converging to zero. We con-
struct inductively a nested sequence of closed subsets of X whose intersection
is a singleton {x} in X and show that {xi}i∈J is summable with sum x.

Step 1. Let ε = ε1. Inasmuch as the family {xi}i∈J is Cauchy, there exists
a finite subset J1 such that for every finite set K disjoint from J1, we have
‖xK‖ < ε1/2. Therefore, for every two finite sets I ′ and I ′′ containing J1, we
have

‖xI′ − xJ1‖ = ‖xI′\J1‖ <
ε1
2

and ‖xI′′ − xJ1‖ = ‖xI′′\J1‖ <
ε1
2

.

It follows that
‖xI′ − xI′′‖ < ε1.

We define
X1 = {xI : J1 ⊆ I, I a finite set}.

Clearly, diam(X1) ≤ ε1.
Step 2. Let ε = ε2. By the same arguments as in Step 1, there is a finite

subset J2 of J such that for every I ′ and I ′′ containing J2, we have

‖xI′ − xI′′‖ < ε2.

We define
X2 = {xI : J1 ∪ J2 ⊆ I, I a finite set}.

Clearly, X2 ⊆ X1 and diam(X2) ≤ ε2.
By continuing this process inductively, we obtain sequences of sets (Jn)

and (Xn) such that

Xn =
{

xI : I ⊇
n⋃

k=1

Jk

}
and diam(Xn) ≤ εn.

It is clear from the inductive construction that Xn+1 ⊆ Xn, which implies
Xn+1 ⊆ Xn.

Because diam(Xn) = diam(Xn) (cf. Exercise 2.39) and εn → 0, we con-
clude (cf. Theorem 2.9) that the intersection

⋂∞
k=1 Xk is a singleton, say {x}.

We show that x is the sum of the family {xi}i∈J .
For a given ε > 0, we choose n such that εn < ε. For J0 =

⋃n
k=1 Jk and

every finite I ⊇ J0, we have xI ∈ Xn. Since x ∈ Xn and diam(Xn) ≤ εn < ε,
it follows that ‖xI − x‖ < ε. Therefore,

∑
i∈J xi = x. �

https://doi.org/_2
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Two properties of summable families are the subject of the next theorem.

Theorem A.2. Let {xi}i∈J and {yi}i∈J be summable families in a normed
space X with sums x and y, respectively. Then:

(a) The family {xi + yi}i∈J is summable with sum x + y.
(b) For every λ ∈ F, the family {λxi}i∈J is summable with sum λx.

Proof. (a) Let ε > 0. There exist finite subsets J ′
0 and J ′′

0 of the set J such
that

‖x − xI‖ <
ε

2
and ‖y − yI‖ <

ε

2
,

for every finite set I containing J0 = J ′
0 ∪ J ′′

0 . We have

‖x + y − (x + y)I‖ = ‖x + y − xI − yI‖ ≤ ‖x − xI‖ + ‖y − yI‖ < ε.

Because ε is an arbitrary positive number, the family {xi+yi}i∈J is summable.
(b) The claim is trivial for λ = 0, so we may assume that λ 	= 0. For every

ε > 0, there exists a finite set J0 ⊆ J such that

‖x − xI‖ <
ε

|λ|
for every finite set I containing J0. Hence, ‖λx − (λx)I‖ < ε, and the result
follows. �

Another property of a summable family is the result of the next theorem.

Theorem A.3. Let {xi}i∈J be a summable family in a normed space X. For
every ε > 0 there exists a finite set J0 such that ‖xi‖ < ε for all i ∈ J \ J0.

Proof. Let x =
∑

i∈J xi. There exists a finite set J0 ⊆ J such that for every
finite set I containing J0,

‖x − xI‖ <
ε

2
.

Let i ∈ J \ J0 and I = J0 ∪ {i}. We have

‖x − xI‖ <
ε

2
and ‖x − xJ0‖ <

ε

2
.

Then
‖xi‖ = ‖xI − xJ0‖ = ‖(x − xJ0) − (x − xI)‖ < ε,

because {i} = I \ J0. �

Corollary A.1. (Cf. Lemma 7.4.) There are at most countably many nonzero
vectors in a summable family.

https://doi.org/_7
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Proof. Let {xi}i∈J be a summable family in X, J ′ = {i ∈ J : xi 	= 0}, and

Jn = {i ∈ J : ‖xi‖ > 1/n}.

By Theorem A.3, Jn is a finite set for every n ∈ N. Inasmuch as J ′ = ∪n∈NJn,
the set J ′ is at most countable. �

In spite of obvious similarities between convergent series and summable
families of numbers, these are quite different notions, as the following example
suggests.

Example A.1. As is well known, the alternating series

∞∑

k=1

(−1)k+1

k
= 1 − 1

2
+

1
3

− 1
4

+ · · ·

converges. However, the family {xk = (−1)k+1

k }k∈N is not summable. Indeed,
otherwise, for ε = 1, there must be a finite set J0 ⊆ N such that the set of
partial sums

{xI : I is a finite subset of N containing J0}

is bounded. For if x =
∑

i∈N xi, then ‖x − xI‖ < 1 for all finite sets I ⊆ N
containing J0. Let N = max J0. We may assume that N is an even number.
Let

In = J0 ∪ {1/(N + 1)} ∪ · · · ∪ {1/(N + 2n − 1)}
for n ∈ N. Because the harmonic series diverges, the family of partial
sums {xIn} is unbounded. This contradicts our assumption that the fam-
ily {xi}i∈N} is summable.

The last theorem in this section is an analogue of the theorem in analysis
claiming that an absolutely convergent series converges.

Definition A.2. A family {xi}i∈J in X is said to be absolutely summable if
the family of real numbers {‖xi‖}i∈J is summable.

Theorem A.4. If a family of vectors {xi}i∈J in a Banach space X is abso-
lutely summable, then it is summable.

Proof. Let ε > 0. Because {‖xi‖}i∈J is summable, by Theorem A.1, there
exists a finite subset J0 of the set J such that for every finite set K ⊆ J
disjoint from J0, we have

∑
i∈K ‖xi‖ < ε. Then

∥
∥
∥

∑

i∈K

xi

∥
∥
∥ ≤

∑

i∈K

‖xi‖ < ε.

By Theorem A.1, the result follows. �
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A.2 The Hilbert Spaces �2(J)

Let J be a nonempty set. We denote by �2(J) the set of all families {xi}i∈J

of numbers in F such that the family {|xi|2}i∈J is summable. Operations of
addition and scalar multiplication on �2(J) are defined by

{xi}i∈J + {yi}i∈J = {xi + yi}i∈J and λ{xi}i∈J = {λxi}i∈J , (A.1)

respectively.

Theorem A.5. The set �2(J) is a vector space with respect to the operations
of addition and scalar multiplication defined by (A.1).

Proof. Suppose that {xi}i∈J and {yi}i∈J are in �2(J). For every i ∈ J , we
have

|xi + yi|2 ≤ 2(|xi|2 + |yi|2)
(cf. Exercise 1.5 (c)). By Theorem A.2, the family {2(|xi|2 + |yi|2)}i∈J is
summable. By Lemma 7.3, the family {|xi + yi|2}i∈J is summable. Hence
{xi + yi}i∈J ∈ �2(J), so �2(J) is closed under addition.

It is clear that {λxi}i∈J ∈ �2(J) for every λ ∈ F, provided that {xi}i∈J is
in �2(J). Thus �2(J) is closed under multiplication by scalars. �

Let x = {xi}i∈J and y = {yi}i∈J be vectors in �2(J). The inner product
on the space �2(J) is defined by

〈x, y〉 =
∑

i∈J

xiyi. (A.2)

The next theorem justifies this definition.

Theorem A.6. For every two families {xi}i∈J and {yi}i∈J in �2(J), the
family {xiyi}i∈J is summable.

Proof. For every i ∈ J ,

2|xi||yi| ≤ |xi|2 + |yi|2.

By Theorem A.2, the family {|xi|2 + |yi|2}i∈J is summable. By Lemma 7.3,
the family {|xiyi|}i∈J is summable. Hence the family {xiyi}i∈J is absolutely
summable. By Theorem A.4, this family is summable. �

It is not difficult to verify that 〈x, y〉 defined by (A.2) is indeed an inner
product on �2(J), so �2(J) is an inner product space. The norm induced by
the inner product on �2(J) is given by

‖x‖ =
√

〈x, x〉 =
√∑

i∈J

|xi|2.
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The inner product space �2(J) is a Hilbert space, as the next theorem
claims. In the proof, we imitate the steps from the proof of Theorem 3.5.

Theorem A.7. The inner product space �2(J) is complete.

Proof. Let (x(n)) be a Cauchy sequence in �2(J), where x(n) = {x
(n)
i }i∈J .

Then for every ε > 0, there exists N ∈ N such that for all m,n > N ,

‖x(m) − x(n)‖ =
√∑

i∈J

|x(m)
i − x

(n)
i |2 < ε. (A.3)

Therefore, for every i ∈ J ,

|x(m)
i − x

(n)
i | < ε, for all m,n > N

(cf. Exercise 7.27). It follows that for every i ∈ J , the sequence (x(n)
i ) is a

Cauchy sequence in F and therefore converges to some limit xi as n → ∞.
We define x = {xi}i∈J and show that x ∈ �2(J) and x(m) → x as m → ∞.

Let I be a finite subset of J . By the result of Exercise 7.27, we obtain
from (A.3) ∑

i∈I

|x(m)
i − x

(n)
i |2 < ε2, for all m,n > N.

By taking the limit as n → ∞ (note that I is a finite set), we obtain
∑

i∈I

|x(m)
i − xi|2 ≤ ε2, for all m > N.

By Lemma 7.2, we have
∑

i∈J

|x(m)
i − xi|2 ≤ ε2, for all m > N. (A.4)

It follows that (x − x(m)) ∈ �2(J). Because x = x(m) + (x − x(m)), we have
proved that x ∈ �2(J).

Finally, by (A.4), ‖x(m) −x‖ ≤ ε for all m > N . Hence x(m) → x in �2(J).
The result follows. �

For k ∈ J , we define a vector ek ∈ �2(J) as a family {xi}i∈J such that

xi =

{
1, if i = k,

0, if i 	= k.

It is easy to verify that the family {ek}k∈J is an orthonormal family in �2(J).
Because for x = {xi}i∈J , we have 〈x, ek〉 = xk, the zero vector is the only
vector in �2(J) that is orthogonal to the family {ek}k∈J . Hence {ek}k∈J is
an orthonormal basis of �2(J).
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Notes

Our coverage of summable families in normed spaces and Hilbert spaces
�2(J) is based on presentations of these subjects in Dixmier (1984), Bour-
baki (1966), and Bourbaki (2003).

As we mentioned before, there is a considerable difference between the
notions of convergent series and summable families (cf. Example A.1). The
following statement is another illustration of this difference: A family of real or
complex numbers is summable if and only if it is absolutely summable (The-
orem 9.4.6 in Dixmier 1984).

The spaces �n2 and �2 are instances of the spaces �2(J) for J = {1, . . . , n}
and J = N, respectively.

Every Hilbert space is isomorphic to a space �2(J) (Theorem 9.5.5 in
Dixmier 1984).
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A

absorbing set, 115

affine set, 115

B

Baire Category Theorem, 34

ball

closed, 22

open, 22

Banach space, 48

base

of topology, 39

basis

Hamel, 13

Hilbert, 167

of topology, 39

Schauder, 76

Bolzano–Weierstrass Theorem, 36

C

canonical map, 10

canonical mapping, 123

Cantor Intersection Property, 28

category

first, 41

second, 41

chain, 12

Closed Graph Theorem, 139

closure, 23

codimension, 115

completion, 32

Banach, 78

conjugate exponents, 4

contracting family, 28

convex combination, 14

convex set, 115

covering, 36

D

distance, 19

distance function, 19

E

eigenvalue, 180

eigenvector, 180

equivalence class, 10

expansion, 76

F

family

Cauchy, 193

orthogonal, 162

orthonormal, 162

total, 166

summable, 163, 193

absolutely, 196

Fourier coefficient, 165

function, 29

affine, 16

BV-, 67

codomain of, 29

concave, 1

convex, 1

domain of, 29

of bounded variation, 67

step, 113

functional, 79

bounded, 79

continuous, 79

dominated, 106

Minkowski, 116

positive homogeneous, 112

separating, 117

subadditive, 112

sublinear, 112
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G

Gram–Schmidt Process, 169

H

Hahn–Banach Theorem

complex, 109

real, 107, 112

Hausdorff space, 39

Hellinger–Toeplitz Theorem, 175

hyperplane, 115

I

inequality

Bessel’s, 165

Cauchy–Schwarz, 5, 7, 9, 151

Hölder’s, 4, 6, 8

Minkowski, 5, 7, 9

triangle, 19, 20, 152

Young, 4

inner product, 149

interior, 22

point, 22

isometric, 30

isometry, 30

isomorphic

inner product spaces, 155

topological vector spaces, 52, 90

K

Kronecker delta, 92

L

Limit

of sequence, 25, 75

point, 23

M

mapping

continuous, 29, 39

at point, 29, 39

meager, 41

metric, 19

trivial, 20

N

neighborhood, 22, 38

norm, 21, 48

equivalent, 89

operator, 82

nowhere dense, 41

O

Open Mapping Theorem, 135

operator, 79

bounded, 79

continuous, 79

differentiation, 81

Hilbert-adjoint, 175

idempotent, 183

indefinite integration, 85

integral, 81

normal, 178

projection, 182

self-adjoint, 178

shift, 84

symmetric, 175

unitary, 178

order

linear, 11

partial, 11

simple, 11

total, 11

orthogonal, 95, 157

complement, 158

orthonormal set, 162

P

Parseval Identity, 167

perpendicular, 95

point

accumulation, 23

limit, 23

Polarization Identities, 154

projection, 182

pseudometric, 21

R

rare, 41

relation

binary, 9

equivalence, 9

Riemann–Stieltjes integral, 118

Riesz Representation Theorem, 170

Riesz’s Lemma, 93

S

seminorm, 21, 48

sequence

bounded, 26

Cauchy, 25, 75

constant, 25

convergent, 25

divergent, 25

fundamental, 25

series, 76

convergent, 76

absolutely, 76

sesquilinear form, 172
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bounded, 173
set

bounded, 26
closed, 23
dense, 24
diameter of, 28
open, 22
partially ordered, 12

space
Banach, 48
discrete, 20
Hilbert, 156, 198
inner product, 150
metric, 19

compact, 35
complete, 26
incomplete, 26
vector, 47

normed, 48
points, 19
polynormed, 58
pseudometric, 21
reflexive, 123
second dual, 123
seminormed, 48
separable, 24
topological, 38

Hausdorff, 39

homeomorphic, 39
metrizable, 39
vector, 47

subcovering, 36
sum, 76

partial, 76, 193
summability, 163

T
topology, 38

discrete, 38
metric, 38
product, 40
subspace, 38
trivial, 38

translation invariance, 50
triangle inequality, 3

U
Uniform Boundedness Theorem, 131

V
Variation, 67

total, 67
Volterra operator, 97

Z
Zorn’s lemma, 13
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